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ON S-ASYMPTOTICALLY (w,Q)-PERIODIC MILD
SOLUTIONS FOR SOME NEUTRAL FRACTIONAL
STOCHASTIC EVOLUTION EQUATIONS

0. TOURE - M. M. MBAYE - A. DIOP

Recent results concerning (@, Q)-periodic functions are extended to
recurrent stochastic processes in the square mean sense, termed S-asymp
-totic (@, Q)-periodic processes, where Q denotes a linear isomorphism
from a Hilbert space to itself. These quasi-periodic stochastic processes
covers S-asymptotic @-(anti-)periodic processes, Bloch and (®, ¢)-perio
-dic stochastic processes in Hilbert spaces. We prove the completeness,
convolution and superposition theorems for the S-asymptotic (@, Q)-perio
-dic process in abstract spaces. We also consider some existence re-
sults for S-asymptotically (@, Q)-periodic mild solutions to stochastically
forced fractional evolution equations under some different conditions.
Somme examples are given to illustrate the existence results.

1. Introduction

In the last decades, many scholars have great interest in studying the properties
of periodic solutions of stochastic and deterministic evolution equations due to
their importance for both pure and applied mathematics. Many real-world phe-
nomena do not satisfy conditions of strict periodicity, which are often tough to
fulfil. Researchers have developed some generalized quasi-periodic functions,
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such as almost periodic functions, asymptotic periodic functions, asymptotic
almost periodic functions, pseudo almost periodic functions and S-asymptotic
periodic functions and so on, to better investigate and represent these periodic
behaviours and their mathematical models. These type of functions are not ex-
actly periodic, but posses some periodic characteristics. They are helpful for
modelling complex systems that have fluctuations or perturbations. For more
details on these subjects, see the monographs [16, 21, 22] and references therein.

Particularly, the class of (w,c)-periodic functions was introduced and for-
mally examined by E. Alvarez, A. Gomez and M. Pinto [11] in 2018 and rapidly
explored by many others such as Abadias et al. [8], Mophou and N’Guérékata
[9], Li et al. [19]. Assume that (E, || -||) is a complex Banach space, J = [0, o)
or J =R and let ® > 0 and ¢ a non-zero complex number. A continuous func-
tion ¥ : J — E is said to be (o, c)—periodic if ¥ (7 + ®) = ¢ (¢). By Floquet’s
theorem, linear system involving periodic coefficients generate (@, c)—periodic
solutions. Some mathematicians have also examined how small changes can af-
fect (@, c)-periodic functions in abstract spaces. For example, Alvarez, Castillo
and Pinto [12, 13] defined the concepts of (@, c)-asymptotically periodic func-
tions and (@, c)-pseudo periodic functions in abstract spaces and applied them
to the abstract Cauchy problem of first order and the Lasota-Wazewska model
with unbounded and ergodic production of red cells. Recently, the concept of
pseudo S-asymptotically (m,c)-periodic was introduced by Chang et al. [14],
which extends the S-asymptotically @-periodic functions. A study on funda-
mental properties and applications of S-asymptotically w-periodic functions can
be found in [15, 16, 21]. Recent progress in stochastic models, have broad-
ened the purview of periodicity analysis. For instance, authors of [3] explored
S-asymptotically (@, c)-type periodicity and its applications to stochastic evolu-
tion equations, whereas [25] studies the Stepanov-like pseudo S-asymptotically
(w,c)-periodic solutions of a class of stochastic integro-differential equations.
For more developments on quasi-periodicity of stochastic systems, we refer to
[28, 29].

Very recently, M. FeCkan, K. Liu and J. Wang [23] generalized the no-
tions Q-affine-periodicity [24] and (, ¢)-periodicity [11] to (®, Q)-periodicity,
where Q is linear isomorphism on a Banach space X (precisely a continuous
function ¥ : J — E is referred as (w, Q)—periodic if ¥(r + @) = Q0¥(z)). The
conceptual necessity of replacing the scalar factor ¢ € C by a linear isomor-
phism Q is already visible at the deterministic level. In the foundational work
of Zhang, Yang and Li [24], a system ¥ = f(z,9) is called Q-affine-periodic if
there exist 7 > 0 and Q € GL(n) such that

ft+T,9) = Qf(t,07'¥),  V(,9) eRxR"

This single structural condition simultaneously encodes three qualitatively dis-
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tinct types of behaviour, depending on the choice of Q. When Q =id, the system
is reduced to classical T-periodicity; when Q = —id, it captures anti-periodicity;
and when Q € SO(n), it describes rotating periodicity: solutions that rotate in
the state space as time advances by one period 7. None of these last two cases
can be subsumed under an (o, c)-periodic framework with a mere scalar ¢ as
demonstrated in [24]. As a concrete illustration, consider the simple equation

V420 =¢".

For any 7 > 0, setting Q = e * gives f(t +7,0) = e " f(t,e*®) with f(¢,0) =
—29 +e77, and all solutions satisfy the dissipativity condition |e™" O (t +mT)| <
e~ ?|c|+ 1, which is uniformly bounded. By the main theorem of [24], this sys-
tem therefore admits a Q-affine-periodic solution, which is precisely ¥(¢) = e/,
a solution that is distinct from any classically periodic solution. Moreover,
they proved that affine-dissipativity, ultimate boundedness of the rescaled orbit
Q"% (t +mT), is sufficient for the existence of a Q-affine-periodic solution,
constituting a far-reaching generalisation of Yoshizawa’s classical theorem for
dissipative periodic systems. Beyond scalar rescaling, phenomena that require
a linear isomorphism Q arise in several concrete settings. In multidimensional
neural networks, synaptic coupling between nodes introduces a linear mixing of
state variables between successive periods that no scalar ¢ can encode; see [27]
for (w, Q)-periodic solutions applied to Hopfield-type models. In stochastic dy-
namical systems subject to affine-periodic forcing, both the drift and diffusion
coefficients satisfy f(t +T,9) = Qf(t,Q~'9) and g(t + T, ) = Qg(t,Q~'9)
for an invertible matrix Q, so that when Q € SO(n) the model describes rigid-
body rotation under stochastic perturbation [32, 33]. In rotating and precessing
mechanical systems, Q € SO(n) is the rotation matrix by the precession angle
accumulated over one period, a setting extensively studied in [24]. Finally, in in-
terconnected biological or economic compartment models, the coupling matrix
between compartments induces a non-scalar transformation of the state vector
across successive periods [30, 31]. In each of these settings, replacing the scalar
¢ by the operator Q is not a formal abstraction but a modelling necessity: the
structural evolution of the state between successive periods is linear but non-
scalar.

The stochastic and fractional analogue of this picture is the subject of the
present paper. More precisely, classical S-asymptotic periodicity is insufficient
for the systems described above for the same reason that (o, c)-periodicity is
insufficient: the asymptotic periodicity of the orbit is governed, in the limit,
not by a scalar rescaling but by a linear transformation Q. This motivates
the introduction of S-asymptotically (@, Q)-periodic stochastic processes in the
square-mean sense, as the natural stochastic-fractional counterpart of the affine-
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periodic framework of [24]. Specifically, taking Q = id recovers the classi-
cal square-mean S-asymptotically w-periodic processes, while Q = —id yields
the square-mean S-asymptotically @-anti-periodic ones. Setting Q = ¢l for
¢ € C\ {0} recovers the S-asymptotically (@, ¢)-periodic stochastic processes of
[3], and for general Q € GL(H) one captures Bloch-type and rotating-periodic
stochastic behaviour not accessible by any of the above special cases. The aim
of this work is to develop this stochastic analogue of (@, Q)-periodicity by intro-
ducing the concept of S-asymptotically (@, Q)-periodic processes in the square-
mean sense, and to establish some fundamental properties of such stochastic
processes, including completeness, convolution invariance, and a superposition
principle. As an application, we develop existence and uniqueness theorems
for S-asymptotically (o, Q)-periodic process solutions to

t(t—s5)%2
AN (1,v,) = / AN (s,vs)dsdt + £(t,v)dt + g(t,v)dW (1), 1 > 0

0 F(Oc — 1)
v(t) = y(t),1 € [—q,0]

(1
where € (1,2), N'(t,0)=@(0)+h(t,9), withA : D(A) CL*(Q, H) — L?(Q,H)
a linear densely defined operator of sectorial type on a real separable Hilbert
space H, v, be defined by v,(¢) = v(t + £) pour £ € [—q,0]. f:R" x By —
L2(Q,H) and g : R* x By — L2(Q, H) are continuous functions subject to some
additional conditions where IL?(Q,H and the phase space 3y are appropriate
functions spaces which will be appointed later. W(¢) is a one-sided and standard
one-dimensional Brownian motion on a separable Hilbert space K. Specifically,
under global and local Lipschitz condition on non-linear terms, we show two
existence and uniqueness theorems (see Theorem 4.2 and Theorem 4.3). Finally,
two examples are also provided to illustrate our theoretical outcomes.

2. Preliminaries and notations

Let A: D(A) C H — H be a closed, linear and sectorial operator of type u and
angle 6 which means that there exist 0 < 8 < /2, M > 0 and u € R such that
the resolvent p(A) of A exists outside the sector

pASo={p+A: A eC,larg(—A)|<O6}and [|(A—A)""| < A u+Se.

M
A —u|

The operator A is the generator of a solution operator if there exist 4 € R and a
strongly continuous function Jy : R™ — B(H) such that

{A%:Re(A)>p}cp(A) and A%~ (ﬂta—A)_lx:/:_’l’ja(t)dt, Re(A)>u,xeH.
0
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Ju(+) is called the solution operator generated by A. From [2], it follows that
if A is sectorial of type u with 1 < 6 < (1 —¢), then A is the generator of a
solution operator given by

Talt) = 5 [ #1207 a0 )z,
Y

T 2mi
where 7 is a is a suitable path lying outside the sector it +Sg. According to [1]

if A is a sectorial operator of type y < 0, for some M >0and0 < 6 < (1 —§),
there is C > 0 such that

cM
19O < T e *20
By using the same setting as in [3], we suppose that (Q, F,PP) represents a
probability space, H is separable Hilbert space, and K indicates a real separable
Hilbert space. For convenience, the same notations || - || and (-, -) are applied to
denote the norms and the inner products in H and K. We denote by £(KK,H)
the Banach space of all bounded linear operators from K to H endowed with the
topology defined by the operator norm, and I.?(,H) stands for the collection
of all strongly-measurable, square-integrable H-valued random variables, which
is a Hilbert space endowed with the norm

Ve = (ElVI)!?, u € L2(Q,H)

where E(-) is the expectation defined by E||v||> = / |v||*dP. In addition, let
Q

L3(Q,H) = {v € L*(Q,H) | vis Fy measurable}

and
By=C ([_an]aL(Z)(Q7H))
the Banach space of all bounded continuous stochastic process from [—g, 0] into
L3(Q,H) equipped with the norm ||v||%5,0 = sup E|v(r)|*
—q<r<0

Definition 2.1. A stochastic process v : R* — L*(Q,H) is said to be:

(i) bounded if there exists a constant M > 0 such that ||v||. = sup [|v(7)]| < M.
teR*

(ii) continuous if }imEHv(t) —v(s)|*=0 forall secRT.
—S
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We denote BC(R*,L2(Q,H)) resp. C(R*,L2(Q,H)) the Banach space of
all bounded and continuous (resp. continuous) stochastic processes v from R™

1/2
into L2(Q, H) with the norm ||v||.. = < sup E\|v(t)||2) . The space BC(R™ x
teR*

By, L*(Q,H)) is the collection of all functions 4 : R x By —, L*(Q,H) such that
h(-,¢) € BC(R*,L?(Q,H)) uniformly for each ¢ € By.

In the sequel, the set C(R* x L*(Q,H),L*(Q,H)) represents the collection
of all continuous function g : R* x L2(Q, H) — L*(Q, H).

3. Square-mean S-asymptotically (®, Q)-periodic process

We commence this section with the definition of square mean S—asymptotically
(w, Q)-periodic processes and basic facts about the space of these processes.

Definition 3.1. Let Q : H — H a linear isomorphism. A stochastic process
v € BC(R*,L?(Q,H)) is called square mean S-asymptotically (@, Q)-periodic
if for given @ > 0
. . 2 _
i E[v(i+ @) - 0v(1)|* =0,

The collection of square mean S-asymptotically (o, Q)-periodic stochastic pro-
cess v: RT — L2(Q,H) is then denoted by SAP, o(RT,L*(Q, H)).

Definition 3.2. Let Q : H — H a linear isomorphism, ¢ > 0 and @ > 0. A
stochastic process v : [—g, +o0) — L2(Q,H) is referred to be square mean S-
asymptotically (@, Q)-periodic if v|;_, o) € C ([—¢,0],L*(Q,H)) and

vh = v’[O’Jroo) S S.AP@,Q(R+,L2(Q,H)).

The collection of theses stochastic process will be denoted by
SAPy o([—g,+),L*(Q,H)). As a starting point we establish the following
two lemmas.

Lemma 3.3. Let vy, vs € SAP, o(RT,L?(Q,H)), o € C and b € R". Then:
(i) vi+ovy € SAPy o(RT,L?(Q,H)).

(i) (SAPyo(R™,L*(Q,H)),| - [l=) is a Banach space, where
IVIZ = sup {E[[v(t)|*}, v € SAPy o(RT,L*(Q,H)).
teR*
Proof. (i) Let @ € C and € > 0. From definition 3.1, there exists a constant
T: > 0 such that for each t > T, we have:

2 € 2 -
Evi(t+@)—on@)|* <, Elva(t+o) =) RCIEES)
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and

E|/(vi + o) (t + ®) — O(vi + o) (1)|?
<2E||vi(t+ @) — Qv (1)[|* +2|at[*E||v2(t + @) — Qv (1)
£ €
<41 ¢
=5 + 5 €
Thus v + vy € SAP, o(RT,L2(Q,H)).

(i) Let {vy}nen C SAPy o(RY,L*(Q,H)) such that v, — X as n — +oo.
Then for any € > 0, there exist N > 0 and 7 > 0 such that

€
n—X|2 < ——°——— for n>Ns
" (91O () +1)
and
E|va(t+ @) — Qva(0)||> <&, for t>T;.

For t > T, we have

E||IX(t + ) — 0X (1)|*

=E[|X(t+ ®) —vu(t + ©) +va(t + ©) — Qva(t) + Qua(t) + OX (1) |

<3E|X(t + @) = vt + 0)|* + 3E [[va(t + @) — Qva(1)|?
+3E(|Qva(r) — OX (1)

<3|X (1 + @) = vt + )12+ 3][va(r + @) = Qv (1) 12
+301 0 Z e v (1) =X ()12,

JEL €L £,

-3 3 3 7

This implies that the space SAP, o(RT,L?(Q,H)) is a closed sub-space

of BC(R™,L?(Q,H)). Thus it is a Banach space endowed with the norm

- feo-
O

Lemma 3.4. Let X : [—g, +o0) — L*(Q,H) be a continuous stochastic process
with Xo € Bp and X" =X|, € SAPy o(RT,L*(Q,H)). Then, the stochastic
process X(.) : R™ — By (expressed by X,(r) = X(t +r), r € [—¢,0]) belongs to
SAP, o(RT, By)
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Proof. First, let’s show that t — X, € BC(R",By). For ¢t > 0, since X; € By is
continuous on [—g, 0] which is compact, there exists r* € [—q, 0] such that

IX: |, = sup ENX(t+1)|?=E|X(+r)|?
—q<r<0

< sup E|Xo(r)|>+ sup EJX*(1)]}
re[~q.0) reRY

< o0,
For s € R*, we have
: w2 B 2
lim [, xsygo_;gg<_g§0m<t+r> x<s+r>u>

=lmE|X(t+7r") —X(s—i—r*)H2 =0.
t—s
Moreover, for t > —r*, we have

IXi0 — OXill, = sup E|X(1+0+r)—OX(1+7)|

—q<r<0
=E|X(t+r" + @) = 0X (1 + )|
=E|XT(t+r"+@)—0XT(t+r)|* =0 as t—oo

. . 2
This means that IHTW HXt+a) — 0X; HBO = 0. Thus X € SAP, o(RT,By). O

For the convenience, we introduce the following space

h € BC(R' x By,X) such that
SAPyo(R* x By,X) = {  lim E||h(t+o,b) —Oh(t,0"'b)|* =0
for all b € By.

where X is a Banach space.

Now, we state some compositions and convolution theorems, under the fol-
lowing conditions: Let 7 € BC(RT x By, L*(Q,H)) and consider the following
conditions:

(A1) There exist L > 0 such that, for all ¢,y € By, t € RT,
1h(t, @) = h(z, w)|* < Ll o — yli3,-

(A2) For any € > 0 and any bounded subset C in I.?(, H), there exists con-
stants T; ¢ and Og ¢ > 0 such that

E||h(t, 1) —h(t,92)[* <
for all @1, ¢ € By with E||@; — ¢2||> < Secand t > Te c.
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(A3) There exists a function L : RT — R such that for each A > 0 and for all
O, P2 € BO
E|[h(t,1) = h(t, ) [> <L(A)[lo1 — 2[5,
with [|@1][3, < A, [[@2||3, < A uniformly for all € R

Theorem 3.5. Let h€ S AP, o(R™xBy,L*(Q,H)) verifying the assumption (A1).
Then for every () € SAP, oR¥Bo), t — z()=h(t,9 () ESAPy o(RTL*(QH)).

Proof. Since ¢ € SAPy o(R",By), then lim E|0 'o(t+ ) —Qo())||> =0

E[[h(t + 0, 9(t + @) — Oh(r, 9(1)) |
< 2E|h(t + 0, 9t + ©)) — 00(1, 0 (1 + )|
+2E|Qh(1, 0 9(t+ ®) — Oh(t, ()|
< 2E|h(t + o, 9t + 0)) — Of (1,0 p(t + @)
+2L) QI B0 (1t + @) — 9(1) F — 0

t—roo
ie h(-, (")) € SAPy o(R,L*(Q,H)). O
Theorem 3.6. Let heSAP, o(R™x By,L?(Q,H)) verifying the assumption (A2).
Then for every @(-) € SAP, o(RT,By), h(-,¢(-)) € SAP, o (RT,L*(Q,H)).
Proof. Let€>0. For ¢ € SAPy o(R™,By) and h €S AP, o (R By, L*(Q, H)),
there exists T, > 0 such that for r > T,
_ £
E||h(t+,9(r+0)) — Qh(1,0” ' p(1+@))|?< 7 and]|¢(r+w)—Q00(r)|3, <€.

Using condition (A2), there exists 8 ¢ := € and T ¢ := T¢ such that
€

E|lh(1,0" (1 + @) = h(t,0(1)|* < PITIE
£

anytime ||@(t + o) — Q(p(t)H%gO <eandt>T;.
We have

E|h(t+@,¢(t +®)) — Qh(1,0(t))|
<2E|h(t +,9(t + ) - Oh(t,0 ' ¢(t + @) |?
+2E(|Qh(1,0" o (t + @) — Qh(z, (1)) ||
< 2E|[|h(t + 0,9 (t + @) — Oh(1,0” (1 + @))||*
+2/| Q7 Ell(2, 0 (1 + @) — h(t, (1)) >
<e for t>T;.
Hence (-, 9(-)) € SAPy o(RT,L?(Q,H)) O
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Since (A2) = (A3), we get the following result.

Corollary 3.7. Let h€ SAP, o(R™xBy,L*(Q,H)) verifying the assumption (A3).
Then for each 9 () ESAPy o (RT, By), 1+ h(t, 9(t)) € SAP, o (RT,L*(Q,H)).

Theorem 3.8. Let (Ju(t)),>( be an integrable solution operator on H such that

| T (2) forallt >0 with K >0,

<5
1+l

fE€SAP, o(RT,L?(Q,H)) and g € SAP, (R, L*(Q, L(K,H)), then

t °t
— /O Talt —5)f(s)ds+ /O Talt —5)g(s)dW (s) € SAPy o (R, L2(Q, H)).
Proof. We subdivide the proof in two claims.
Claiml. z =z, +z, € BC(R",L?(Q,H)) where z¢(t / Ja(t—s)f(s)ds and

Zg(t) = / Jo(t —5)g(s)dW (s), t > 0. By using Cauchy-Schwartz inequality

and Itd’s isometry property, we obtain,

E|lz(1)|]?
<2(E||zs(1)|1* + El|zg (1))

<28 ( [ 17at =) 6)ds) +2 [ 17l 9)IPENg(s) s

t K ; K ,
<2 1+|ur<r—s>a”’s/o T —sye W Ilds
! 1
+2ARP 18I ||

K 2 (K)? d 1
<2k PIfE( [ st) + 5162 [ e )wds

|]r® a1 M
2RPIR( [ ) HRPII [ e
0 alufe(1+2) P

ZZa -1

201 £112 mL 2 BTV
SRR | o det 2R Ll / TN
(- D2 EEE e Ly - Ly

200 200
K 2 u —I/Otn-
112+ R gl | <

21y |-1/a
o (04
(K)|u oz
a(sin %)

IN

2
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Let t,tp € R such that 7 > 1y, we have
2
Ellzf(r) —z¢(t0) |

=& [ Zutt=5)70)as— [ Tulto—s)rs)as|

<FE /tja (8)f(t—5) ds—/toja (s)f(to—s) dsH2

<E /Ja flt—s) ds—f(to—s>dsH

1 t 1 5
< (K)? zOH—LLL(t—S)ds/tO (WE|’f(f—s)ds—f(fo—S)|| )ds
< 4K flA(t —10)* = Oast — 1.

and
5 t 10 2
E||zg(t) —zg(t0)||" =E / Ta(t —s)g(s)dW (s —/ Ta(to—s)g(s) dW(s)H

=F /ja (t—s)dW (t—s) /ja flto—s)dW (to— sH

<& [ 7u(5)(st0-5) - stt0-9) )W (5
<4 / W_s>||2EHzg<s>szs
<4(K)*||g||%(t —1t0) — Oast — 1.

where, for & > 5> 0, W(s) = W(E) —W (& —s) define a Brownian motion and
has the same distribution as W. Therefore, Ito’s isometry property yield that

E|lzg(r) — 24(10) 5) (s —5) ~ glto —))aW )|

<4 [ 1ale=5) PEle(s) s
<4(K)?||gll2(t —t0) — Oast — to.
Hence
Ell2(r) — 2(t0) > < 2E l27(t) — 24(10) >+ 2E | 2g(r) — 2 )|> — 0 as t =17

Similarly, we get E||z(t) —z(to)||> — O as t — 1, .

Thus, z = z7 +z, € BC(R',L*(Q,H)).
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. . 2
Claim 2. IETOOEHZ(t+w) —Qz()||* =
We show that}LmE|’Zf(t+W)—Q #(t )H2 0. We have
E|jzf(t+ ©) — 0z (1) |
t+m t 2
:EH/O ja(t—s)f(s)ds—Q/O Ja(t—f—a)—s)h(s)dsH
<2E| [ Tu+ 0—s)£6)ds| +2E|| [ Tult - ) (F(s+ ) — 0f ) ds]|
< A A

<26 ([“19ate+0 -9 ds) +2( [ 17a6-9)l5 s+ @)~ Qs (s)]as)

(0] 1 o 1
<2K2/ d/ E Zd
o ( ) 0 1+|I-L‘(t+a)—s)0‘ s 0 1+|,LL|(I+(D—S)O‘ Hf(S)H N

! 1 ! 1
#2(K" | 1+\H\(t—s)“ds/o Tl et M+ @)= flds
=2A(t)+2B(t).

Next, we show that tlimA(t) =1limB(r) = 0.
—>00

t—roo

* For the first term A(7) on the right hand side, we get

o 1 o 1
A(I):(K)Z/OIHM(H(» )% ds/o 1+\u\(t+a)—s)0‘EHf(s)H2ds

1 2
< (K) Hf” 0o 1+|u|(t+o—s)* ds)

1 2 (K)?
< (KPI7IE( /0 ) Ww

(K)sz
— (T |ufr)

Hfoo—>0ast—>oo.

* For the second term B(z) on the right hand side. Let € > 0. Since f €
SAPy o(R,L*(Q,H)), there exists Tz > 0 such that,

o s’
B+ o) - or(0 P < AT

, fort > T;. We have

! ds ! 1
B0 =0 || T a7 Jy el ) - S

o 2 Te ds Te 1 _ 2
= [ e T o) -es)lPds

5 [ ds ! 1 5
+(K) /Tg mds/n WE||f(S+w)—Qf(S)H ds.
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Note that

E||f(s+o)—Qf(s)|ds

T; 1 p T; 1
/o 1+ |1l —s)° /o 1+ |1l —s)°

< I: [ 20100l 12as
S PO —T)%) Jo co)llf =
2
£ 2 2

and

4 1 4 1
Kz/ 2ds |
K L TG =92 Jr, TH Il =)

_E||f(s+ ) — Of (s)||°ds

ul(=Te)* é |u|(=Te)* Za—l 5
/ L —, / L2 G| f(s+0)—0f ) Pds
0‘|H| (14z) 0 alpl@(14z2)

2 elu|m o sin’ ()
(/ ol (1+2) )X (K)2m?
0 alul

< &7 (r 1)F(1_1)>2xgumazsm2(g)

olplm N O a (K)?m?
(K? 7 elupeatsin’(%)
o2 sin*(Z) (K)?m?
<e.
Thus, lim B(r) =0.
—5+oo

Hence, we get ;HT Ellzf(t+ @) — Qz(1)* =0
On the other hand, we show that tlimE||zg(t + ®) — Qz,(1)||* = 0. We have
—»00

E|lz(t+ @) — ng(t)Hz

_E /()ija(t—i—a)—s)g(s)dW(s)—Q/Otja(t—s)g(s)dW(s)Hz
=E e Ja(t+®—s)g(s)dW(s) — Q/t Ja(t —s)g(s)dW(s)”2
0 0
[0) 1+
_E /O Talt+0=)g(s)aW () + | Talt+ 0 s)g(s)aW ()

_ Q/ot Ta(t —s)g(s)dW (s) ’2

—EH/Owja(t—i-a)—s)g(s)dW(s)—i—/otja(t—s)g(s—i-a))dW(s—i-a))

’ 2

—0 [ Zult= )0 ()
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For & € R, setting W (s) = W (s+ &) — W (&) and thanks to Ito’s isometry prop-
erty, we get

E||zg(t + @) — Qzg(1)|*
0] ot 2
:EH/O ja(t+w—s)f(s)dW(s)—|—/O Ja(t—s)(g(ﬁ—co)—Qf(s))dW(s)H
gng/Owja(Hw_s)f(s)dW(s)HizEH/Otja(t—s) (g(s+w)—Qf(s))dW(s)H2

Q] t
<2 [ alt + @—s) PENS(5) P52 [ 1Tu(t—9) PEllg(s+0) — 0g(s)Pds
<2A(t) +2B(1).
For A(r), simple estimations yield that

(K)’w )
A) < ————F——— —0ast — oo,
For B(t), let € > 0.

Since f € SAPy o(R;,L?(Q,H)),then there exists Tz > 0 such that, for > T,

1 .
2¢|| ¥ sin( %)

(K)* 25

E|[f(i+ ) — 0f(1)|]? <
Then, we have
B0) = [ 170l ~5) PElg(s + ) — 0g(s) s,
= Wale=9IPE s+ )~ @1 o) s+ [ 17ue-9) (5 0) - Q) s
Note that

[ 175 s(s+0)-08to) Pas < —EIN8le 102 )7 o
o 17 <t 1l )Te

t—ro0
and
1 1
' 20ce|p|@ sin( ) [IHP0Te)* zoa
[17ale-5)IPIENs(s+0) Qg9 as < 2RI S) HTELEEE
" 7 0 20ula(l+z)

esin(5y) 7w

T sin(g)

<E.

It follows that tETE || z4(t+ @) —Qz, (1) ||* =0. Therefore z, € SAPyo(R*L?(Q,H)).

Consequently, since z7,z, € SAPy o(RT,L2(Q,H)), we conclude that z =
Zf+2¢ € SAP o(RT,L?(Q,H)).

O]
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4. Square-mean S-asymptotically (w-Q) periodic mild solutions

To give the definition of mild solutions to Eq.(1), we consider the following
linear equation :

V(1) = /0' (li(;S)_‘)‘l_;Av(r)dr+£(t), t>0,v(0) =x € H. (2)

where £ : [0,+c0) — H is a continuous function and A generates an integrable
solution operator Jy (¢). The variation of parameters formula allows us to write
the mild solution of problem (2) as

v(t) = Jalt)xo +/Ol Ja(t —s)l(s)ds, forallz>0. 3)

Motivated by this conclusion and by the previous related literature, we adopt the
following concept for a mild solution to Equ.(1).

Definition 4.1. Let ¥ € B). A stochastic process v : [—g,+o0) — L2(Q,H)
is referred as a mild solution of Equ. (1), if for any ¢ € [0,00) the following
conditions hold:

1. v(r) is and F;-adapted stochastic process for r > 0;
2. v(t) € L*(Q,H) has cddlag paths on ¢ € [0,0) almost surely;

3. v(t) = y(t) fort € [—¢,0], and for eachr > 0

v(t) =Ta(t) [W(0) +A(0, ¥)] —h(r,vi) + /Ot Ta(t = 5)f (s,vs)ds

n /O Tt = $)g(s,ve)dW (s). @

Theorem 4.2. Assume that A : D(A) C H — H is a p-sectorial operator of an-
o—1

gle 6 = (2)” with 4 <0, a € (1,2), f,h € SAPy o(R" x By, L*(Q,H))

and g € SAP, o(RT x By, L(K,H)). Assume further that there exist positive

constants Ly, Lg, L, > 0 such that for a,b € By,

ENlf(t,a)— £ b)IP < Lylla—blid,,  Ellglt,a)—g(t,bll e < Lela—bl,

and E||h(t,a) — h(t,b)||* < Ly||a — b||33,. Then the problem (1) has a unique S-
asymptotically (®, Q)-periodic mild solution provided that 3@ < 1 where
Ly(CM)?  #? N L(CM)? =

Q=L+ - - .
" alple? in(E)?2 T aqu)e sin(Z)
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Proof. LetG:SAP, 0 ([—q, +°°),L2(Q,H)> —SAPy 0 <[—q,+°°),L2(Q,]H[))
defined by

v(t), 1 € [=4,0] ,
(Gv)(t) = { Ta® [W(0)+h(0, y)] —h(t,u:+m:)+ /0 ot =) f(s,us +my)ds

t
+/0 To(t —5)8(s,us +mg)dW (s).
For y € By, we define the function u € BC ([—q, +°°),L2(Q,H)> by

M(l‘) — W(t)?t € [_an]a
ja(t)l[/(O),tZO,

and for m € BC ([—q, +o0), L*(Q, ]HI)) with my = 0, we denote by m the function

m(t) = {O,te [—4,0],

m(t),t >0,

If v(r) = (Gv)(t), we can decompose it as v(¢) = u(t) +m(t), t € [0, ), which
provides v, = u; +m;, for every € [0,o0) and m(-) verifies

m(t) :ja(t)h((), l//) — h(t,u; +mt) + /Ot Ja (l‘ — S)f(S, us) +ms)ds
+/Ot Ta(t = 5)8(s,us+ms)dW (s).

Consider

SAP - me BC([—q, —|—oo),L2(Q,H)> :m|[_q0) = 0and
oL Mo 4e0) € SAPw 0 (R+,L2(Q,H))

It is easily shown that <S.AP87Q, |- Hw) is a Banach space. We define the oper-
ator P : S.AP&Q — S.APg’Q defined by

(Pn) (1) =Ta(h(0,9) ~h{tsu+m) + [ Talt —5) (5.5+m)ds

+ /0 ' Jalt — )8 (s, us +mg)dW (s). (5)
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Form € S.AP(?)’Q, we have mo = 0 and m|g ;) € SAPy o (]RJF,L2 (Q, H)> B
Lemma 3.4, we derive that m, € SAP, o(R™, By). Moreover, for > 0, we have

Ellu(t + @) = Qu(t)||* = El|Ta(r + @) w(0) — QTa (1) w(0) |
2

L 2 ﬂ ? 2
= <1+|u(r+w)oc> Oz ) <1+|‘u|t(x> ]EH‘I’(O)\

—0ast — oo,

Since up = y € By and u||p.) € SAPy 0 (R*,L%Q,H)), by Lemma 3.4, we

have u, € SAP, (R, By). Thus u; +m; € SAP, o(R™,By). From Theorem
(3.5), we derive that the functions 7 — f(t,u, +my), t — g(t,u; +m;) and t —
h(t,u; +m;) belongs to SAPy, o(RT,L?(Q,H)). Lemma 3.3, Theorem 3.5 and
3.8 yields that Pm € S .APO w0 and P is well defined. Furthermore, for each v €

SAPw,Q([‘%%-W),LZ(Q,H)), we can derive that (Gv)(t) = u(t) + (Pm)(t) €

S‘APC?)Q CS.AP(DQ([—Q;I—OO) 7L2 (QaH)> . HCHCC, gVGSAP(D,Q ([—qﬂ-oo) 7L2(Qv H))
and G is well defined.

We prove that P is a strict contraction on SAPJ ,. Let m,z € SAPy

E||(Pm)(1) = (P2)(1)|I*

! CM 4 CM
<3Ly|lm; —z||% + 3L / d / —zll%d
= hHmt ZIHBO+ f 0 1+|‘u’ ) S 0 _s)a”mS ZS”B() s

(t—5)* 1+ | (e
t CM 2
+3L/(—) s—2s|%.d
8 0 1+“J|(I—S)a Hm z HB() s
! CM 2
§3LhHm_ZH020+3Lf /1—1—|/.L(t—s)°‘ds> Hm_ZHZo
+3L, / ds|lm—z Zo
TN

1
1
Za 2

) L 2
< 3Ly|m— 2|2 + 3L (CM) (/ S ———dz) -2l
0 alule(l+z)

‘2[211 —1

1
Z2a
T deHm—szo
orfpfe(1+2)

N 3Ly, (CM)? /Iu
2 0
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1o

2 o [Tz 2 2
<3Lyflm— 2+ 3L CMP( [ —dz) 2
0 ofufe(l+z2)

dz||m—z||%

+3Lg(CM)2 /oo 726!
2 Jo 2aufe(1+2)

BLF(CM)?  [=za~ ! N2
T R L (PR R
(alufb)y \Jo Tz

3Ly (CM)? [ 72!
L
40{‘“‘6 o 14z

53(Lh+Lf(CM)2 (L) )>H 212

(arlp]@)? (sin(5))* 4oz sin(5g
<30|m 2z

Ly (C ) 2 Lg(CM) x
Since 30 =3 {L + (au|®) ()2 e sin( 55 )

Banach contraction principle P has a unique fixed point m* € S.APS)’Q. Then
v* = u+m* is a fixed point of the operator G, which is the unique mild solution
of the problem (1). ]

} < 1, we deduce by the

Theorem 4.3. Assume that A : D(A) C H — H is a sectorial of type u < 0
and f,h € SAPy o(RT x By, [*(Q,H)) and g € SAP, o(RT x By, L(K,H)).
Assume further that there exist functions Ls,L,,L; : RT — R™ such that for
each A > 0 and for all a,b € L*(Q,H) with |jal|3 <A and ||b|% <A,
0 0
E||h(t,a) = h(t,b)[|* < Ly(2)||la — b][3,,
E||f(t,a) = f(t,)|* < Ly(A)lla— b3,
E||g(t,a) — g(t,0) |z i) < Lg(A)l|la— bl

uniformly for all # € R. Then problem (1) admit a unique S-asymptotically
(w, Q)-periodic mild solution provided that

sup[A —AK(A)] > Ag: (6)
A>0
where
(cM)? =2 (CM)? =«

K(A):=8 Lh(l)—i—Lf(l)(aw B s1n( )+Lg(7L)

Ao : = (2CM)’E||h(0, ) |]* + 8 sup E||h(t,u;)|*
teR*

4or|p|w sin(5g)

8(CM)> =? CM)?
. ( 1) — supEHf(t,u,)Hz—l—8( )L — supE||g(t,u)
(ot|p|=)? sin™(5) rer+ ofp|e sin(5g) rer+

I
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and u(-) the process defined by up = y and forr > 0, u(t) = Ju(t) y(0).
Proof. By condition (6), we can infer that there exists A > 0 such that
A—AK(A) > Ap: (7N

Now, similarly to the proof of Theorem 4.2, we consider the operator P defined
in (5) and
Tp={meSAP), : |Im||2 < A}.
To complete the proof, have just to show that /P is a contraction in X, . We start
by showing that the operator P(X; ) C Z;t. By similar arguments as in the proof
Theorem 4.2, for each m € £; C SAPY 0> We have Pm € SAP(?,.Q.
For all t € RT, we have

E||(Pm)(1)]?
< 4| Ta (1) |IPE|IA(0,

W) |I* +4E|h(t,u +mp) — h(t,up) + ()|
/ \706 l—S (f S, us+m€ f(S,ux)—l—f(S,MS))dSHZ

+4E

R —

2CM)?
= li_‘Mz)tza 1700, w)[1* + 8 [Ly(A)||m ||, + E|In(t,u)|*]

! cM /‘ M
o I+[[pll(e=s)*" Jo1+[|ul[(r—s)*

r cM 2
o8 [ (et il + Bl )] s

Ly (A)lmy B, +ENf (s,m5) %] ds

+38

s@@NﬂWQwW+ﬂumww&m$Ewmmw]
teR+

2 2
8(CM)* =

vy | Le(A)Iml|2 +sup E|lg(r,u )Iz]
a\uﬁ sin( ) [ ¢ teR t

(cm)? o (L) L
= B0t 8 AL A @ T Y g Sin(foc)] !

< Ao+ AK(A)

By inequality (7), we infer that E||(Pm)(z)||> < A. Thus P(X;) C Z;.
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For each m,z € £, and all t € [0,0), similar calculations yields that

E||(Pm)(t — (P2)(1)|?
(cM)? =2 (CM)? =«
(@) M g )

<3 |Ly(A) +Ly(R) lm — 2|12,

Therefore | Pm —Pz||2 < K(A)|jm—z]|2.

From condition (7), we have A —AK(A) > 0 which implies that K(1) < 1.
Hence P is a contraction on X, and consequently there exists an unique m* € X,
such that Pm* = m* by Banach fixed point theorem. Thus v = u+m* is a
fixed point of the operator G, which is the unique square-mean S-asymptotically
(w, Q)-periodic mild solution of the problem (1). O

Remark 4.4. Definition 3.1, which introduces the space of square-mean S-
asymptotically (®,Q)-periodic processes for a general linear isomorphism Q,
recovers the classical S-asymptotically w-periodic processes when Q = I, and
the (@, c)-stochastic framework of [3] when Q = ¢/, but is strictly more gen-
eral than both. Lemma 3.1 (completeness of the resulting space), Theorem 3.3
(convolution invariance), and Theorem 3.4 (superposition principle) are all new
in the operator-Q setting: the analogues available in [3] cover only the scalar
case Q = cI and their proofs rely on the modulus estimate |c| = || Q|| (), which
breaks down for a general isomorphism. Theorems 4.1 and 4.2 on the existence
and uniqueness of mild solutions extend the results of [29] (which treat Q = 1)
to the full operator-Q setting and to the neutral fractional stochastic framework
with infinite delay simultaneously.

The proof strategies of Theorems 4.1 and 4.2 follow a fixed-point approach
analogous to that of [29], adapted to the operator-Q setting; we acknowledge this
in the revised text. The analytical results of Section 3, by contrast, require new
arguments to handle the non-commutativity of Q with convolution operators
and the loss of the modulus estimate |c| = ||Q|| () that is available in the scalar
case.
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5. Examples

Example 1. Consider the following stochastic fractional differential equation:

d {y(t,x)—l—a/ti R(t—s) <61 (y(s,x)) +sﬁ11(y+@;2)c)))ds]

%ﬁﬁ@i3<§;‘ﬁ@“@+aﬁgwwmmw@m+mfﬁf%¢g

t

+a | R(t—s) (Gz(y(s,x)) + cos(y(s,x)))ds] dt

t—q e

+a] tR(r—s)(03(y<s,x))+w)ds}dwo),(z,x>eRx(o,n)
1—q

el

t

y(t,0)+a [ R(t=5)(o1(3(5,0)) +

I—q

sin(y(s,0))
S Jds=0
sin(y(s, 7))

y(t,ﬂ?)—i—a/tth(t—s) (1(v(s,7)) + o )ds =0

\y(@,x):yo(e,x), —q¢<6<0

(®)
where g,a,v > 0, yo : [—¢,0] x [0,7] — R is a continuous function, W (¢) is
a one-sided and standard one-dimensional Brownian motion defined on the
filtered probability space (Q,F,P, F;). Let H = L*([0,x]), Q : L*([0,x]) —
L?([0,7]) a linear isomorphism, ® > 0 and R : R — R is a continuous func-
tion with [° [R(—6)|d® < 1 and for i € {1,2,3}, 6;By — H is continuous
function and verifies the conditions o;(Qz) = Q0;(z) and there exist function
M > 0 such that for all m, z € By, E||0j(m) — 6i(2)||> < Mil|m —z||3,.

Define A := <= — v with domain
D(A) = {x € H, x,x'are absolutely continuous, x” € H, x(0) = x(x)}.

It is well known that A is a sectorial operator of type t = —v < 0. Therefore A

generates an a-resolvent family { 7y (7) },>0 such that || 75 (2)]| < T t>

Owithl < a < 2.
Iﬂmmﬂwwmmm ¥(0,), (1) (x) = yo(8,). cos(y(x)) = cos(y) x).
sin(y(x)) = sin(y) >

sin(y(6))

h(t,y)( —a/ R(— (v(0))+ e )(x)de,
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0

ft,y)(x) :a/_qR(—0)<02( COS )

0 sin(y(0
and gle.)() =a [ R(-0)(:(:(6)) + o ( ”)( )de.

—q
Then the problem (8) can be written into the form (1). It is easy to show that
f,g,h € BC(RY x By, [*(Q,H)) and we get following estimation:

E|lf(t+@,y) - 0f(1,0"'y)|?
:aZEH/O R(—G)(Gz(y(O)H—Cos(y(e))>d9
—-q

et+a)
o/ R(-9) (crz(Q’ly(G)) + COS(Q;W)‘IOHZ

H 4o

Saz/_o R0 0 R ‘EHCOSt+w9)) QCOS(Qe y(6
<2 0|R(—9)|de) (
(

1
27 >—>0 as t — +oo,

T3] +

Hence lim E|f(1+.) = 0f(,0"'y)|* =0
Similarly we have tEI}rl E|g(t+o,y)—0g(t,0 'y)|*=0

E||h(t + ,y) — Qh(t,Q"'y)|?
0 0 ] ~1y(0)) |12
Saz/ [R(-0) ‘de/ IR(- ’EHlCiS t—i—c)o)) QCOS(?J( ))H 49

20 [ mi-olde) H(Lw\ +10F )
1

2(\m

IN

1

Therefore we have tlirll E||h(t+ ®,y) — Oh(t,0"'y)||> = 0. Let m,z € By and
—> 400
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teRT.

E|[h(t,m) = h(z, )H2

7a2EH/R d9+/

§2a2EH/ R(—6 )(Gl(m(e))—cl(z )d@H

sm sin(z(G)))dQH2

1+tEH/ R(— s1n sin(z(@)))dGH2
<20M, 1 R(-0)1d0 / R(~6)|E[m(6) —=(6) | d6
—|—2a2/_q|72 |d9/ R(—6)|E|m(6) —2(8)|2d6

<2220+ )m <l [ R(-0)/a6)’
<222 (My +1) |,
and
E||f(t,m) — £(1,2)]
0 2
2d° R(—86 6))— 6)))do
<22°E| [ R(=0) (o2(m(6)) ~ ((6)) ) a0

+2a2EH /0 R(—O) (cos(m(@)) —cos(z(@)))d@H2

<2a /_O\R 0)|d6 / R(~0)|E||02(m(8)) — 02(2(8))|2d6

w20 R(-0)a0 [ [R(-0)[E]cos(m(6) ~cos(c(6) o
§2a2M2/ IR(— \de/ IR(—0)|E|m(6) —z(0)]*d6
—-q
0
2 / R(—0)] / [R(—0)|E[m(6) —=(6)|d6
—-q

<20 (M + D)l I, / R(~9 )|de)
—-q
<2a*(My+1)||m — 2|33,

Similarly, we show that E||g(z,m) — g(t,2)[|* < 2a*(M3+1)|lm—z||3, . There-
fore, by Theorem 4.2, the problem (8) has a unique square-mean S-asympto-
tically (o, Q)-periodic mild solution provided that a is small enough.
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Example 2. We consider the following neutral stochastic integro-differential
system:

,6) o u(t —q,&) (;)%’z
v )> s Bt)l("(tQa§)>+<0025(3t)>]
| fra=neor N[ 8)) Lo (ur=a.8) (1)37 )
A ST G| s (s (S )

n e ¥sin3t gt
bv(t—q,&) +e 3 cos3t

N (bu(t —q,&)|cos (3L) |+ e " cos3t
0

w00\ _ o u(t—q,0)\ (1)%’[
(v(t,O)) bsn(3t)|<v(tq,o)> <C01(3t)>,t>0

_ (1o(8:5) ,—q<6<0, 0<&<nm
v0(6,8)
©))
where b € R, ¢ > 0, ug,vo : [—¢,0] x [0, 7] — R are continuous functions and
€ (1,2), Wi(t),Ws(t) are two standard Wiener processes defined on a proba-

bility space (€, F,P). We set X(1)(€) = <”Ef§§> (zé?) (). vl (&) =
(e 8) - (g) @ra-( )00 ()

H:LZ([O,E], )XL ([ J'C], )w1ththenorm l(a,b H—HCZHLz ([0,7],R) —|—||b||L2 (0,7 R)"
For eacht > 0, § € [0, ], set

N9
| — |
VR
N
- =<
e e

) (dW)(t),dWs(1)),t >0

blsi _ D3\ incan (10(E) )%
(1, X)(E)=blsin (30X (—q) (&) + (ngs)m) —sfsinan)] (40 )+ (foi)(st))
—3t

e 'sin3¢
J,Xx)(8) = (bv(—q)(é) +113*3f cos3t) and
(

g(t,X)(é)(b”(_Q) é)lcos(() 1) [+e” cos3t)



S-ASYMPTOTICALLY (o, Q)-PERIODICITY 133

We have f,g,h € BC(RT x By, L*(Q,H)) and for ¢ € By
1) 3%
Oh(1,0"19) = blsin(31)|9(—g) + ( (3) )
—cos(3r)

st (05

3
9% )
— cos(3t) cos(3t)
)
()" ]
1
5

—>Oast—>—i—oo
Now fort € R, and ¢; = <u1> P2 = <V1) € By
un 1%

E[A(t,91) = h(t,62) > = E|[b]sin(31)|(91(~q) — 92(~a)I”
<L’E|¢1(~q) — 92(=q)|I* < 6|61 — I3,

and then

a1+ %0) - 0n (0

NS} \

-Mkl

Since for ¢ = (:) € By, we have

g(t,90)= <b”(_q) | cos (30f) | +e " cos 3t>

then we have

gt + %ﬂ ) = <—b”(—61) cos (36) +e % cos 3t>

and

Q3(1,07'¢) = (bu(—q)|cos(3g) | +€_’cos3t> |
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2 T e
Elg(t+3n,¢)—Qg(t7Q1¢)|2=]E||C°53’<e 0 )H

— i [[Toos(ante ¥ —e )z

—0ast — +oo.

Therefore

Now letr € Ry and ¢; = (u1> 0 = (:1> € By
2

uz

EHg(tad)l) _g(t7¢2)H2

_E| <bu1(— q)|cos (L)) |O—bu2( g)|cos (3L) |> 2

3t 3t
~Elun(~g)lcos (35 ) 1= bua-alleos 32 ) Bgoz
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Similarly, we have

e 3 sin 3¢ 21 e 32T gin3t
f(e.9) = <bv(—q) +e3tcos31> ’f(H—?’(P) B <bv(—Q)+€3t2ﬂCOS3t>
and

_ e 3lsin3t
Qf(t7Q 1¢) = (bv(_q) _6731‘ >

cos 3t

Then, simple calculations provides that
2% —1 4312

|1+ 29) - 07(6.07'9))
_E| e 31 gin3t _ e~ 3lsin3t &
N bv(—q) +e 32" cos3t bv(—q) —e 3 cos3t
_E| [e72™ — 1] e ¥ sin3t 2

e+ 1] —3 cos 3t
6’E/ 1]sin3t)* + ([e " + 1] cos 3t)2} dé

<4n[’2”+1] e 5 0ast— oo
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and

E||f(t7¢1) _f(t7¢2)H2

_E” 8_3tsin3t _ e—3tsin3t H2
= bvi(—q)+e 3 cos3t bvy(—q) + e~ cos3t

_ 0 2 2 NN

=E| (bm(—CI)—va(—q)) 17 = b7Elvi(=4) =v2 (=) 720w w)

<U’E[¢1(—q) — 2(—q)|I> < b’El|¢1 — 62|35,

As a consequence of Theorem 4.2, we have the following result

Proposition 5.1. Let Q = <(1) _01> Assume that

1

\/3 [1+ (cm)? 7!.'727 + (cm)? T

(a‘ulé)z (Si“(a))z 40‘“”% sin(%)

b| <

Then there exists a unique square-mean S-asymptotically (27”, Q)-periodic mild
solution X of the problem (9).
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