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ON THE LATTICE FORMULATION OF THE
UNION-CLOSED SETS CONJECTURE

C. BOUCHARD

The union-closed sets conjecture, also known as Frankl’s conjecture,
is a well-studied problem with various formulations. In terms of lattices,
the conjecture states that every finite lattice L with more than one element
contains a join-irreducible element that is less than or equal to at most half
of the elements in L. In this work, we obtain several necessary conditions
for any counterexample L of minimum size.

1. Introduction

Let A be a finite family of distinct finite sets with at least one nonempty member
set. The union-closed sets conjecture, also known as Frankl’s conjecture, states
that if X,Y € A implies that X UY € A, then there exists an element of [ J,c 4 A
that is in at least % member sets of 4. With respect to this standard formulation
of the conjecture, minimal counterexamples have been studied. For example, in
[7] it was shown that for any counterexample A of minimum size |f¥|, there must
exist at least three elements of | J,. 1A that are each in exactly # member
sets of A. Another result, from [6] and [10], is that | A| > 4|{Jse.4+ A| — 1, where
A" is a counterexample, in this case, with minimum |(J ¢ 4+ A|. In the present

work, we consider the lattice formulation of the union-closed sets conjecture
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(found, for instance, in [8] and [11]), obtaining several necessary conditions for
any counterexample of minimum size.

To begin, we recall some terminology. A poset (or partially ordered set)
(P;<p) is a set P equipped with a binary relation <p on P that is reflexive,
antisymmetric, and transitive. For x,y € P, if x <p y, then we state that x is less
than or equal to y (and y is greater than or equal to x) in P. Similarly, if x <p y
and x # y (denoted by x <p y), then we state that x is less than y (and y is greater
than x) in P. Two elements x,y € P are comparable in P if x <p y or y <p x.
Otherwise, x and y are incomparable in P, denoted by x ||p y (or y ||p x). We
define a subposet (S; <gs) of P to be a poset such that S C P and, for all x and y
in S, x <g yifand only if x <p y. A poset is linearly ordered if every two of its
elements are comparable, and a chain {(C; <¢) in P is a linearly ordered subposet
of P. We use the notation (Tx)p={yeP |x<py}, Ux)p={yeP|y<px},
and (|lx)p ={y€P|x|lpy}

Two elements x, y € P have a join supp{x,y}in P if supp{x,y} is an element
of P such that both x <p supp{x,y}andy <psupp{x,y},andx <pzandy <pz
together imply that supp{x,y} <p z for all z € P. Similarly, x and y have a meet
infp{x,y} in P if infp{x, y} is an element of P such that infp{x,y} <p x and
infp{x,y} <p y,and z <p x and z <p y imply that z <p infp{x, y}. An element
x upper covers an element y (and y lower covers x) in P if y <p x, and for all
z€ P,y <p z <p x implies that z = x. An element is join-irreducible in P if it
upper covers exactly one element in P, meet-irreducible if it lower covers exactly
one element, and doubly irreducible if it is both join and meet-irreducible. On
the other hand, an element is join-reducible in P if it upper covers more than
one element in P, meet-reducible if it lower covers more than one element, and
doubly reducible if it is both join and meet-reducible.

A poset (L;<p) is a lattice if every two elements x,y € L have both a join
and meet in L. When L is finite, its greatest element is denoted by 1, and least
element by Oz. An element that upper covers O in L is an atom, and an element
that lower covers 1, is a dual atom. For more information on lattices, see [2].
The lattice formulation of the union-closed sets conjecture (phrased, as usual,
according to the intersection-closed dual) is stated as follows:

Conjecture 1.1. Any finite lattice L with more than one element contains a

oL . . . L
join-irreducible element j such that |(1)p| < %

In the next section, we characterize any counterexample L to Conjecture 1.1
of minimum size |L|. We conclude the current section by considering some
pertinent statements regarding lattices in general.
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Lemma 1.2 (Agalave, Shewale, and Kharat [1]). An element x € L is join or
meet-irreducible in a finite lattice L with |L| > 1 if and only if the subposet
L\ {x} of L is a lattice.

Proof. See Lemma2.1 of [1]. We include here a proof using the present notation.
First, we show that if x is join-irreducible in L, upper covering a unique element
zin L, then the subposet L \ {x} of L is a lattice. Consider any y;,y, € L\ {x}. If
infy {y1,y2} = x, then infy\ ;}{y1,y2} = z. (Otherwise, there exists an element
[ less than or equal to y; and y; in L\ {x} such that z <p\(x} [ or z |[r\(x} [
(with [ <7, x because inf7{y1,y2} =x and [ # x). However, z <p\(x) [ does
not hold (because z lower covers x in L), and if z ||z\(x} /, then [ <; w for
some w € L such that w # z and w lower covers x in L, contradicting the join-
irreducibility of x in L.) Now, if infy {yy,y2} # x, then infp{y1,y,} € L\ {x}
and infy\(x}{y1,y2} =infr {y1,y2}. Also, y1,y2 € L\ {x} and x being join-
irreducible in L together imply that sup; {yi,y2} € L\ {x}, so we have that
sup, (x3{¥1,¥2} = sup,{y1,y2}. Thus, a meet and join exist in L\ {x} for y;
and y;, and L\ {x} alattice. If x is meet-irreducible in L, then L\ {x} is a lattice
by duality.

Next, we show by contraposition that for all x € L, if the subposet L\ {x}
of L is a lattice, then x is join or meet-irreducible in L. If x = 1, and is
join-reducible in L, or x = 0f, and is meet-reducible in L, then there are, re-
spectively, two dual atoms from L without a join in L\ {x}, or two atoms
from L without a meet in L\ {x}, so L\ {x} is not a lattice. If x is dou-
bly reducible in L, then there exist two elements y;, y, that upper cover x
and two elements z;, zo that lower cover x in L, all distinct. In this case,
if supy\ ({21, 22} exists, then x = sup; {z1,22} <L supp,(x}{z1,22} <L y1 and
x =supy {z1,22} <L supp, (x1{21,22} <L y2. Because y1 # y2, we then have that
x <L supL\{x}{zl,zZ} <pyporx<pg supL\{x}{zl,zz} <L ¥2, SO y1 or yo does
not upper cover x in L, a contradiction. Thus, SUpy\ x}{z1,zz} does not exist,
and L\ {x} is not a lattice, as illustrated in Figure 1.1. O

Lemma 1.3. (i) If j1 and j, are join-irreducible elements in a finite lattice L,
then j, is join-irreducible in the subposet L\ {j1} of L; (ii) If m| and m, are
meet-irreducible elements in a finite lattice L, then m; is meet-irreducible in the
subposet L\ {m} of L.

Proof. For part (i), we denote by /; and /; the unique elements that respectively
lower cover j; and j, in L. If [, # j;, then [, is the only element that lower
covers jp in L\ {j1}. Else, [, = j;, making /; the only element that lower covers
l> in L. Together with I, being the only element that lower covers j; in L, this
implies that /; is the only element that lower covers j, in L\ {j;}. Thus, j; is
also join-irreducible in L \ {j;}. Part (ii) follows by duality. O
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Figure 1.1: Example corresponding structures in L and (non-lattice) L \ {x}.

InL In L\ {x}

We note that the converse of Lemma 1.3 does not hold (for both parts (i) and
(i1)). We consider part (i). Let j be a join-irreducible element in a finite lattice
L, and x be an element that upper covers only j and one other element y in L
such that y upper covers the unique element z that lower covers j in L. Here,
the converse of the lemma is not satisfied in that, although x is join-irreducible
in the subposet L \ {j} of L, x is not join-irreducible in L.

Theorem 1.4. (i) If J is a set of join-irreducible elements in a finite lattice L,
then the subposet L\ J of L is a lattice; (ii) If M is a set of meet-irreducible
elements in a finite lattice L, then the subposet L\ M of L is a lattice.

Proof. Again, we consider only part (i). Without loss of generality, let J =
{J1,--+Jj - If |J] =1, then the subposet L\ J of L is a lattice by Lemma 1.2.
If |J| > 1, then we first have that the subposet L; = L\ {j;} of L is a lattice by
Lemma 1.2, and j3,---, j)s| are join-irreducible in L; by Lemma 1.3. Then,
for all integers k such that 1 < k < |J| -1, if the subposet L = L\ {j1, -, Jx}
of L is a lattice and ji41,---,j|s| are join-irreducible in Ly, then the subposet
Li+1 = L \ {jx+1} of Ly is a lattice by Lemma 1.2 and, when k < |J| -1,
Jk+25*++, J)J) are join-irreducible in Ly, by Lemma 1.3. Thus, we have that
the subposet L\ J = Li;; = Ljjj-1 \ {jjs1} of L;;;-1 (and therefore of L) is a
lattice. O

Theorem 1.4 does not extend, in general, to a finite lattice L and set / of join
and meet-irreducible elements in L. A counterexample that demonstrates this
is any finite lattice L with I = {j,m} such that j is join-irreducible and meet-
reducible in L, m is meet-irreducible and join-reducible in L, and j upper covers
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m in L. In this case, the conclusion of Theorem 1.4 is not satisfied because the
subposet L\ I of L is not a lattice.

2. Characterizing a counterexample to Conjecture 1.1 of minimum size

We now obtain necessary conditions for any counterexample L to Conjecture
1.1 such that no counterexample L exists with |L| < |L|. We note that L must
contain more than two elements.

Theorem 2.1. Every join-irreducible element j in L (with the unique element
that it upper covers in L denoted by x) lower covers an element y in L, where
y is not less than or equal to any join-irreducible element and y upper covers
exactly one other element z in L such that x <j z.

Proof. If not, then there exists a join-irreducible element j in L such that any
element y that upper covers j in L satisfies at least one of the following criteria:

(i) y upper covers more than two elements in L;
(ii) y <7 j* for some join-irreducible j* in L;

(iii) y upper covers j and exactly one other element z in L such that z is
incomparable with x in L.

We consider the subposet L = L\ {j} of L, which is a lattice by Lemma 1.2,
and consider any join-irreducible element ; in L. First, we assume that ] is
also join-irreducible iP L. Iff <i Jj.then |[(THi| = (1)l > % = % Else,
|(Tf)£| =)zl > % = % Next, we assume that j is join-reducible in
L. In this case, j upper covers j in L, and so must satisfy at least one of
the three criteria in question. (i) is not satisfied, as it implies that j is join-
reducible in L. (iii) is not satisfied, as it implies that j upper covers both x
and z in L, and thus again that ] is join-reducible in L. Hence, (ii) is satisfied,
and [(1);1 =10zl = 117z > &L = LU Therefore, any join-irreducible

element J in L has [(1)) il> %, and L is a counterexample to Conjecture 1.1,
contradicting the minimality of |L|. O

In Figure 2.1, y; satisfies the first criterion from the proof of Theorem 2.1,
vy satisfies the second, and yj3 the third. By the theorem, element ;j of Figure
2.1 must also lower cover an element in L that does not satisfy any of the three
criteria.
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Figure 2.1: Example corresponding structures in L and L = L\ {j}.

In=L\{j}

Corollary 2.2. 07 is meet-reducible in L.

Proof. Otherwise, denote by a the unique atom of L. For all x € L\ {a},
supj {a,x} € {a,x}. Because a is join-irreducible in L, we have by Theorem 2.1
that there exists an element b upper covering a and exactly one other element ¢
in L, making sup; {a,c} = b ¢ {a,c}, a contradiction. m|

Theorem 2.3. No meet-irreducible element is less than a join-irreducible ele-
ment in L.

Proof. Otherwise, there exist a meet-irreducible element m and join-irreducible
element j in L such that m <; j. By Lemma 1.2, the subposet L=L\{m}ofL
is a lattice. Consider any join-irreducible element j in L. We first assume that j
is also join-irreducible in L. If j <; m, then j <; j and |(Tf)£| =|(1Nzl-1>
(1)l > %f L Else, |(MDzl =1hel > %f LT Next, we instead
assume that j is join-reducible in L, implying that j upper covers m in L. In
. 2 . A ~ . L L]+1
this case, / <7 j, and we have that |(1/)z| = [(T/)z| > 1(T/)z| > BB
both cases, |(T/);] > % and so L is a counterexample to Conjecture 1.1 that is
smaller than L. This contradicts the minimality of ||. |

Corollary 2.4. 1; is join-reducible in L.

Proof. If not, then 1; is join-irreducible in L, upper covering exactly one dual
atom. This contradicts Theorem 2.3, as all dual atoms of a lattice are meet-
irreducible. O
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L +1

Lemma 2.5. If x is doubly irreducible in L, then |(1x);| =

Proof. Assume otherwise, i.e. that there is a doubly irreducible element x in
L such that |(Tx)z| > |L|+] . By Lemma 1.2, the subposet L = L\ {x} of Lisa
lattice. For any join- irredu01ble element  in L, we first assume that ; is also join-

LI+1 _ |L|+2
=1zl =12 1Mozl > B = 2
Elss,, |(T])£| = |(T])£| > % = IL&“. I\Iow we assume thatA] is join-reducible
in L. In this case, j upper covers x in L and [T =1l =10zl =1 >

|L|+1 -1= |L| . In both cases, [(1]); i . Therefore, L is a counterexample
to ConJecture 1.1, contradicting the mlnlmahty of |L|. O

irreducible in L. If j <; x, then |(1]); i

Theorem 2.6. There is at most one doubly irreducible element in L.

Proof. If not, then there exist two distinct elements x and y that are doubly
irreducible in L. We first assume that x and y are comparable in L, where
x <j y without loss of generality. Then |(Tx) L| > |(Ty)j |, contradicting Lemma

2.5 which requires that |(Tx);| =|(Ty);| = |L|+1 Next, we assume that x and
y are incomparable in L. We consider the subposet L =L\{x,y} of L, which
is itself a lattice by Theorem 1.4. Now, consider any join-irreducible element
7 in L. First, we assume that j is also join-irreducible in L. If either j < iXx
or / <z y, then |(T)zl= 11Nzl =1 > B 1 = EFL - 1f nejther [ < x

nor j <z y, then [(17);] = |(1/)zl > 1Ll = i LI2 1 both j <; x and ] <; y,

then [(1/)z] = 1(T/)zl -2 > LES 5 #. Next, we assume that J is join-
reducible in L. In this case, at least one of x or y lower covers j in L, and

[(TDel = 1)zl = |L|+] -1= % Therefore, in both cases |(T/);]| > %

making L a counterexample to Conjecture 1.1. This contradicts the minimality
of |L]. O

In [4], two incomparable doubly irreducible elements were also removed
from a lattice, in that case with respect to the class of dismantlable lattices, in
order to inductively prove that Conjecture 1.1 holds for all lattices therein. The
length €(L) of a lattice L is one less than the maximum size of a chain in L.
Theorem 2.6 can be paired with a result of Rival (see Theorem 1 of [9]) to prove
the following:

Theorem 2.7. If j is a join-irreducible element in L, then |(1j)z| > €(L).

Proof. In [9], it was shown that |L| > 2(¢(L)+ 1) — |Irr(L)| for any finite
lattice L, where Irr(L) is the set of doubly irreducible elements in L. We
note that Oy, and 1, are considered by definition in [9] to be, respectively, join
and meet-irreducible in a finite lattice L, which is not the case in the present
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work. However, the set of elements that are doubly irreducible in L is not
affected by this difference because 0; is meet-reducible in L by Corollary 2.2,
and 1; is join-reducible in L by Corollary 2.4, implying that, whether or not 0;
and 17 are respectively considered join and meet-irreducible in L, neither are
considered doubly irreducible. Now, by Theorem 2.6, Irr(L) < 1. It follows
that |[L| > 2(¢(L)+1) -1, and S0 5 |L| > £(L). We recall that any join-irreducible

element j in L has |(1));] > 5 and thus also |(T/);] > €(L). O

Corollary 2.8. Any doubly irreducible element is less than at least one doubly
reducible element in L.

Proof. By Theorem 2.3, every element greater than a doubly irreducible element
x in L is join-reducible in L, so we need only to show that one such element
is also meet-reducible in L. We assume that every element y € (Tx)7 \ {17} is
meet-irreducible in L. Then there is a unique maximal chain C in L such that
Oc =x and 1¢ = 1;, and an element of L is greater than x in L if and only if it is
greater than x in C. Further, 0; <; x implies that C is a subposet of a chain Cy
in L such that 0 € Cp. It follows that |(1x)7 | =|C| < |Co| < €(L) + 1. Therefore,
|(Tx)7| < €(L), contradicting Theorem 2.7. o

We observe that every element x € L\ {07, 1;} is comparable with at least
four elements, excluding itself, in L. These include 0; and 1;, as well as two
other distinct elements from L \ {x}. (Otherwise, x is doubly irreducible in L,
and either lower covers or is equal to a dual atom in L, contradicting Corollary
2.8.)

Theorem 2.9. If M is a nonempty set of elements that are meet-irreducible in L,
then there exists a join-irreducible element j in L such that |(1j); " M| > |M|

Proof. Otherwise, there exists a nonempty set M of meet-irreducible elements
in L such that |(T/); N M| < % for every join-irreducible element j in L.
We consider the subposet L = L\ M of L, which is a lattice by Theorem 1.4,
and consider any join-irreducible element f in L. If ] is also join-irreducible
in L, then [(1/)z] > 5= 1(07)z 0 ) = EEML - (1) vy = B (13—

(1) NM]|) > % If ] is join-reducible in L, then there exists m; € M that
lower covers j in L. It follows that {m} € C = {my,--- ,m|c|} € M, where
C is any chain of maximum size in L such that 1 <i < |C| implies that m;
upper covers m;,; in L. We first assume that m|c| is join-irreducible in L,

implying that |(Tmc|)z | > % Then, based on the definition of C, we have that
((M)zl = 1Mmiepg] = 1C1 > EZE, and so (1) = 11zl = (1)) n M| >
MI2UCHODEMD 3 |Cl+ (M) n M| > L then |(Tmyep)z 0 M| >
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%, as CU((T))z N M) = (Tm)c))pNM and CN ((1/)z " M) = 0. However,
because m|c is join-irreducible in L, we also have that [(Tmc)) g N M| < %
a contradiction. Thus, |C|+|(1/); N M| < 1M1 making [(1/);] > % Now,
we assume that m|c| is join-reducible in L, upper covering distinct elements
x,y ¢ M. In this case, because J is join-irreducible in L, we have that |C| > 1,
and there exists an element z ¢ C less than J in L that upper covers my in L for
some k € {2,---,|C|}. This contradicts the meet-irreducibility of my in L. In
conclusion, whether or not J is join-irreducible in L, we have that |(1]) il> %
Then L is a counterexample to Conjecture 1.1, contradicting the minimality of

[L|. O

Corollary 2.10. There is a join-irreducible element j in L that is less than or
equal to more than half of the meet-irreducible elements in L.

Proof. We set M of Theorem 2.9 equal to the set of all meet-irreducible elements
inL. O

Corollary 2.11. For any two meet-irreducible elements m| and my in L, there
exists a join-irreducible element j in L such that j <; m; and j <j my.

Proof. We set M of Theorem 2.9 equal to {m,m>}. O

By Corollary 2.11, any meet-irreducible atom is less than all other meet-
irreducible elements in L.

Theorem 2.12. For every meet-irreducible element m in L, there exists a join-

irreducible element j in L such that j <gmand|(T))zl = |£|2+1'

Proof. Otherwise, there exists a meet-irreducible element m in L such that any
join-irreducible element j in L with j <; m has |(1))z| > ‘L;rl. We consider the
subposet L = L\ {m} of L, which is a lattice by Lemma 1.2. Any join-irreducible
element ; in L is also join-irreducible in L. (If not, then j upper covers m in
L, and because j is join-irreducible in L, we have that m is join-irreducible

in L. It follows that |(Tm)z| > |££+1, yet [(Tm);| = |£\2+1 by Lemma 2.5, a

.. o P 2 [|+1 [
contradiction.) If j <z m, then [(T));|=[(T/)zl-1> %—1 = % Else,

[(1)) il=1(T 7 il> % = # There~f0re, L is a counterexample to Conjecture
1.1, contradicting the minimality of |L|. O
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Theorem 2.13. For all x € L\{0;,1;}, the subposet (||x); of L is not a chain
inL.

Proof. Assume otherwise. Then there exists an element x € L\ {0;,1;} such
that (||x); =0 or (||x); = {c1,---.cn}, where n = |(|lx);| and 1 <i < j<n
implies that ¢; <; c¢; without loss of generality. No element from (||x); can
upper cover an element from (Tx); or lower cover an element from (|x); in
L. Thus, if |(|lx);| > 1 and 1 <i < n, then ¢; upper covers c;4 in L. Further,
if [(][x)z|>1and 1 <i < j < n, and two elements u; and u; (I; and /;) from
(Tx); (from (|x);) respectively upper cover (lower cover) ¢; and c; in L, then
uj <ju;(l; <z l;). We consider the subposet L=(Tx); of L. Forall y;,y, € L,
sup; {y1,y2} € L because x <; y; <; sup; {y1,y2}. Also, inf;{y1,y,} € L
because x <; y; and x <; y, together imply that x <; inf;{y,y2}. Thus, L
is a lattice with sup; {y1,y2} = SUPz{yl,yzl ancAl infLA{yl,yz} =inf; {y1,y2}.
Now, consider any join-irreducible element j in L. If j is also join-irreducible
i~n L, thein [(THzl = 1Dzl > % = W > %' If j is join-reducible in
L, then j upper covers an element from (||x); in L, and we denote the unique
element from (Tx); that upper covers c; in L by u;. We first assume that
n=1, or that n > 1 and ¢; only upper covers c, in L. In either case, c; is

doubly irreducible in L, with |(Tc1)z| = ‘L|+1
implies that |(T))z] = |(Tu1)z] = |(Te1)z| - 1 - |L|2 L _ |L|+|L2\L| L It follows

that |(1/)z| > |L| ,as {07,c1} € L\ L implies that |L\ L| > 2. Next, we assume
that n > 1 and c1 upper covers an element /; € (|x); in L. This implies that
every element of (||x); is meet-irreducible in L. (Otherwise, there exists m €
{2,...,n} such that c,, lower covers some u,, € (Tx); in L, and we have that
cm <j ¢1 and u,, upper covers c,, in L, yet I} <j u,, and c; upper covers [
in L, contradicting the existence of inf i{ci,um}.) It follows that Jj =uy, and
¢y, is doubly irreducible in L. By Theorem 2.6, we then have that all elements
c1,++,Cp—1 are join-reducible in L. Thus, for every i € {1,---,n}, ¢; upper
covers an element /; € (|x); in L, and 1 < j < k < n implies that [} <; lj,

as illustrated in Figure 2.2. Then I(T Dl = 10Dl = (Ten) ] —n = L2
|£\+|£\ﬁ|+1—2n

by Lemma 2.5, and ; <7

, making [(1]);| > | because {c1,11,-+ ,cn, 1y} € L\ L implies

that |L \ L| > 2n. Therefore, |(1)) L| > Ll whether or not J is join-irreducible in
L, and L is a counterexample to ConJecture 1.1, contradicting the minimality of
|L|. |
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Figure 2.2: [ = (Tx); must also be a counterexample to Conjecture 1.1.

(T0)z
ci
c2
(%) 7
Cn-1
Cn
)z

Corollary 2.14. Every element x € L\ {0;,1;} is incomparable with at least
three elements in L.

Proof. Otherwise, there exists an element x € L\ {0;,1;} such that |(||x);] €
{0,1,2}. If |(||Ix)z| € {0, 1}, then (||x); is a chain in L, contradicting Theorem
2.13. If |(||x) 7 | =2, then (||x); is either a chain in , contradicting Theorem 2.13,
or both elements of (||x); are doubly irreducible in L, contradicting Theorem
2.6. Therefore, |(||x);| > 3. |

By similar reasoning, greater lower bounds can be proved for |(||x);|. Fur-
ther, the argument of Theorem 2.13 can be extended to show that the subposet
(Ilx); of L is not of the form Cxy = Ui<i<k Ci, where {C;}1<;<k is a sequence
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of k disjoint chains in L such that x <c, y implies that x,y € C; for some
je{l,--- k}.

Theorem 2.15. If L’ is a subposet of L and itself a lattice satisfying at least one
of the following criteria:

(i)3<|L'| <8;
(ii)2 < |L'| < |L|-2 and d <; 11+ for some dual atom d in L:

Then there exists an element x € L'\ {Op, 11.} that upper or lower covers some
elementy € L\ L' in L.

Proof. Otherwise, there exists a subposet L’ of L that is itself a lattice satisfying
(1) or (ii) such that no element x € L’ \ {Or+, 11/} upper or lower covers any
element y € L\ L’ in L. First, we assume that L’ satisfies (i), i.e. that3 < |L’| < 8.
Provided by Kyuno in [5] are 2, 5, 15, and 53 Hasse diagrams for all unlabeled
lattices L with, respectively, four, five, six, and seven elements, matching the
numbers of unlabeled lattices obtained also in [3]. We observe from these
diagrams that all lattices L with 3 < |L| < 8 have at least two doubly irreducible
elements. Therefore, there exist two doubly irreducible elements x; and x; in
L’. Tt follows that x; and x; are also doubly irreducible in L, as neither x| nor x,
upper or lower covers any element x3 € L\ L’ in L. This contradicts Theorem
2.6, and so L’ does not satisfy (i).

Next, we assume that L’ satisfies (ii), i.e. that2 < |L’| < |L|-2and d <7 1,
for some dual atom d in L. If 1, is join-reducible in L', then we let L
be the lattice L’ and consider any join-irreducible element j in L. For all
xel\ {07,1;}, if x upper covers an element y in L, then y belongs to L.
This implies that j is also join-irreducible in L. Also, if x lower covers an
element y in L, then y belongs to L. It follows that [(THil = 1(T)Hil =1, as
d <g 1. Hence, |(1/); | > Ll = [LEHEVE-2 ,and we have that |(1) | > I
as |L | <|L|-2 and L = L’ together 1mply that |[L\ L| > 3. Now, if lL/ is
join-irreducible in L’, then we let L be the subposet L'\ {1/} of L’, which
is a lattice by Lemma 1.2, and again consider any join-irreducible element ;
in L. In this case, j is join-irreducible in L and |(T])L| > (1)l -2 We
have that (1)) | > &l -2 = EHLEI=S Sang (17, > L a (1) < |L]-

and L =L\ {1/} 1mp1y that |L\ L| > 4. Therefore, in both cases L is a
counterexample to Conjecture 1.1. This contradicts the minimality of |L|, and
so L’ does not satsify (ii). Thus, L’ satisfies neither (i) nor (ii). O
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