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STABILITY OF CONSTANT EQUILIBRIA IN A DIFFUSIVE
LOGISTIC SIR MODEL WITH SATURATED TREATMENT
AND DEATH RATES

Y. CHIYO - K. YAMAMOTO - T. YOKOTA

This paper is concerned with the Neumann initial-boundary value
problem for a diffusive logistic SIR model with saturated treatment and
death rates. The purpose of this paper is to study stability of constant equi-
libria under some conditions on parameters. Moreover, several numerical
simulations are given.

1. Introduction

Problem. Motivated by Nakiyama et al. [14] without the death rate 61, we
consider the Neumann initial-boundary value problem including the death rate,

as S

— =dsAS — BSI 1—— Q t

5 AS —BS +rS< K>’ xeQ, >0,

al Al

— =djAl SI———01 Q>0

ot 1 +ﬁ 1+81 3 xe 82, 1 >0, (1)
VS-i=VI-H=0, x€dQ, >0,

S(x,0) = So(x), I(x,0) = Ip(x), xX€Q,
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where Q is a bounded domain in RY (N € N) with smooth boundary 9Q,
ds,d;,r,K,,€,0 and A are positive constants and 7 denotes the outward normal
vector on dQ. Moreover, So, Iy € C(Q) fulfill Sy, Iy > 0. The problem (1) is one
of SIR models, which describes the infectious diseases dynamics. The functions
S(x,t) and I(x,t) represent the number of susceptible and infected individuals at
position x and time ¢, respectively. The constants ds and d; are the diffusion rates
of susceptible and infected individuals, respectively; K represents the carrying
capacity of susceptible population; r is the intrinsic growth rate of susceptible
population; BSI idealizes the saturated incidence rate; % means the saturated
treatment rate; 01 idealizes the total removal (including death) of infected indi-
viduals. One characteristic of the problem (1) is that it takes the death rate into
account. This enables us to understand population trends with precision. The
original SIR epidemic model ((1) with ds = d; = r = € = 8 = 0) was proposed
by Kermack and McKendrick [11]. Subsequently, many kinds of SIR epidemic
models have been studied in e.g. [1, 3-5, 8,9, 13-16, 18-24].

Stability of equilibria. When we investigate behavior of solutions to (1), it
is basic to clarify constant equilibria, which are the solutions of the following
system:

—BSI+rS (1 - Ii) =0,
Al )

SI————0[=0.
p 1+el

The system (2) possibly admits three types of the solutions (0,0), (K,0) and
(§*,I*) with S*,I* > 0, where (K, 0) is called the disease-free equilibrium (DFE
for short) and (S*,7*) is called the endemic equilibrium (EE for short). Also we
define the basic reproduction number as

KB
Ro:=——
0T 9

which represents the expectation of individuals directly infected when one in-
fected person joins a population where no one has immunity. The specific ex-
pression of Ry is obtained in the analysis of the sign of the second solution
component / of (2). We now mention known results about some problems re-
lated to (1). Avila-Vales et al. [1] studied the problem in which BSI in (1) is
replaced by quxsll, where o is a positive constant and 3(x) is a Holder contin-
uous function, and showed that the DFE is globally asymptotically stable when

6 > 0and KB* < 6, where B* := max,_g B(x). Recently, the following system
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without the death rate 01 was investigated by [14]:

as SI S
— =dsAS— —— ps +S( K>’ xeQ, t>0,

9! s 3)
1 N 1
— =djAl — Q r>0.
or Aty +ol 1+el’ FE >
This system is obtained by replacing 3SI by lﬁsolc ; (> 0) and setting 6 = 0 in

(1). In [14, Theorem 1.1] global asymptotic stability of (K,0) was proved under
the condition R := Kﬁ < 1 and one of the following conditions:

DM e<a;

)" e>a and KB-£<A;

£
o

A" e>a, A<KB-& [Soli <K and |l < Z5eriy.

Thus we wonder whether this result can be extended to the case that the second
equation in (3) contains —01 in both cases Kff < 0 and K3 > 6. As a first step
in the extension, we study the case o = 0 in this paper.

Main results. The first purpose of this paper is to establish that the DFE of the
problem (1) is asymptotically stable in the case that Ry = % < 1. However,
the number of solutions to (2) depends on the parameters (see Figure 1).

v [

%
KB—o e c/??///////////////
|
0 K52 iy
. " (KA —0)e

Figure 1: When K3 < 0, there are two constant equilibria of (1) with parameters
chosen in the blue colored region as in the left figure. When K3 > 0, there are
two, three and four constant equilibria of (1) with parameters chosen in the blue,
green and red colored regions, respectively, as in the right figure.

In view of the right figure in Figure 1, when K3 > 6, solutions of (1) may
converge to a point different from the DFE. In the first main theorem we give
conditions such that solutions of (1) converge to the DFE when Ry < 1:
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Theorem 1.1. Let Ro = by < 1. Assume that So,Iy € C(Q), So,Ip > 0, So # 0,
and that r,K,f3,€,0,A,|So||=@); [ lol|.=(q) fulfill one of the following condi-
tions:

D Kp<6;

D KB >0, |Sol=@) <K and |hli=@) < ‘(’;ﬁjf)’j;

0+A—PB1So]| 1
) KB >0, K <|Soli-(q) < 9,# and ||| =) < Wm

Then the global classical solution (S,I) of (1) fulfills that as t — oo,
(S(,2),1(-,1)) — (K,0) in L*(Q) x L*(Q).

Remark 1.2. The condition K3 < 6 in (I) coincides with [1, (3.10) with B(x) =
B1. However, the case K3 = 0 was not covered in this literature. In addition, we
can regard the condition (II) as an extension of (III)* in [14] in the case 8 > 0.
Indeed, taking the limit @ — 0 in (III)*, we have

A—KpB
KBe ’
which is also obtained by letting & — 0 in (II). Also, the condition (IIT) is the

one for the case ||So||z=(q) > K, which is not presented in [14], and the restriction
on ||I||z=(q) changes depending on the value of ||So||z=(q)-

e>0, |ISollz=) <K, |olli=) <

The second purpose of this paper is to discuss possibility of instability of
the EE (S*,I*) when R < 1 and to give observations by numerical simulations.

Organization of the paper. This paper is organized as follows. In Section 2
we prove boundedness of solutions to (1). Section 3 is devoted to clarifying
constant equilibria of (1). In Section 4 we show asymptotic stability of (K,0)
by using a Lyapunov function. In Sections 5 and 6 we give a result on instability
of (§*,I") and several numerical simulations.

2. Global existence and boundedness
We first give a result on local existence of classical solutions to (1).

Lemma 2.1. Ler Sy, Iy € C(Q) satisfy So,Iy > 0. Then there exist Tyax € (0,00
and a unique pair (S,1) of nonnegative functions

S,1€C(Q%[0,Tnax)) NC>(Q % (0, Tinax)),
which solves (1) in the classical sense. Moreover, if Tax < oo, then

t}iglmx(HS(‘J)HLw(Q) + HI('J)HLw(Q)) = oo.
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Proof. The claim can be obtained by straightforward adaption of standard pro-
cedures based on arguments in appropriate fixed point frameworks e.g. as in
[10] for closely related problems. Ul

We next prove global existence and boundedness of classical solutions ob-
tained in Lemma 2.1.

Proposition 2.2. Let Sy, Iy € C(Q) satisfy So, Iy > 0. Then there exists a unique
pair (S,I) of nonnegative functions

S,1€C(Qx[0,00)NCHHQ x (0,00)), “)
which solves (1) in the classical sense. Moreover, there exists My > 0 such that
1SC )| z=() + () || =@) < Mo forallt > 0. (5

Furthermore,

(6)

ifSo#0, then S(x,t)>0 forallxeQandt >0,
ifly#0, then I(x,t)>0 forallx< Qandt > 0.

In particular, if the condition (II) or (III) in Theorem 1.1 are satisfied, then

()l =) < o=@y forallt > 0. 7

Proof. Let So,Ip € C(Q) fulfill Sp,lp > 0. From Lemma 2.1 there exist T, €
(0,00] and a unique pair (S,7) of nonnegative functions

S,1€C(QX[0,Tinax)) NC*(Q x (0, Trnax ),

which solves (1) in the classical sense. We shall show boundedness of S(-,) by
using the comparison principle. Let $ be a solution of the initial value problem

as . S
51— 7)) (>0,
o -S(-g) >
$(0) = [ISol|z=(g)-

Solving this problem, we see that

[Sollz=(@)  (1Sollz=(@) > K),
K (IISoll=(@) < K).

. KS(0)
0<8(t) = §(0) + (K—S(O))eiﬂ - {

Setting M, := max{||So ||~ (q), K}, we deduce that S(t) <Mj forallz > 0. Hence
the comparison principle tells us that

0<S(-,1) <8(t) <M}y forallt € (0, Tma), ®)
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which means boundedness of S(-,#). We turn our eyes to uniform boundedness
of I(-,7). To see this we first verify that there exists M; > 0 satisfying

()1 <My forallt € (0, Tiax). 9)

Adding the first and second equations in (1) and integrating it over Q, we infer
from the boundary conditions in (1) and nonnegativity of / that

Al
= / (S+1) dS/AS+d1/AI+/ {rS(l—K> o 91}

< /Q [—}Ser(rJr 0)s — 6(S+I)} .

obtain

jt/(S+I) M\m 9/ (S+1),

which provides
/ (S+1) <M,
Q

where M, := max{ [, (So + Io), Zjee |Q2|}. This along with nonnegativity of
S,1 derives the estimate (9). We shift to provmg uniform boundedness of 1(-,7).
Set a function f as f(x,t,I) := BSI — — 61. Then we deduce from (8) and
nonnegativity of / that

1+£1

Al
< A < 4 .
|f(x,2,1)| < BSI+ 1+81+61_ (BMy+A+06)I

Noting this together with (9) and applying [6, Lemma 2.1 with py = g = 1], we
make sure that there exists M| > 0 satisfying

(-, 0)]| =) <My forall 1 € [0, Tyax)-
Setting M := M|, + M{], we see from this and (8) that
||S('7t)||L°°(Q)+HI( )HL"“ <M, forallte [OaTmaX)7

which leads to T, = o0 by Lemma 2.1. Thus we conclude that (S,7) has the
properties (4) and (5). Also, the positivity property (6) is guaranteed by means
of the strong maximum principle for parabolic equations as in [17]. We next
move on to proving (7). Let [ be a nonnegative solution of the initial value
problem
Ai .

A el 0l, t>0, (10)
1( ) = [lloll ()
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Thanks to the comparison principle, we know that

0<I(-,t)<I(t) forallt>D0. (11)
Under the condition (IT) or (III) in Theorem 1.1, we shall show that
I(t) <1(0) = |lollz=() forallz > 0. (12)

We first prove (12) in the case (II). Since My = max{||So||;=(q), K} = K in this
case, combining (8) with (10) derives

dl _(KB-# — M)+ (KB —8)el?

dr — 1+el

(e — D1

1+¢&f

— (KB 6)e-
Here, by the condition (II), we note that
KB—6>0

and the comparison principle implies that

. 0+A—Kp

I(t) < forallt >0
(r) < KB—0)e orallz >0,

so that fl—f(t) < 0 for all # > 0. Consequently, the estimate (12) holds in the case
(IT). Next we show (12) in the case (III). Since M|, = ||So|| [=(q) in this case,
(10) together with (8) leads to
dj < (BlISollz=(@) — @ = A)I+ (BlISollz=(o) — 0)l?
dt ~ 1+el
(9+/1*I3HSOHL°°<Q) —f)f

(BlISoll=)—0)e
=— Sollze0) — 0)€ - =
(BISollz-@) ~ ©) o

Here, in view of the condition (IIT), we observe that

BllSoll=@) —6 > KB —6>0

and the comparison principle yields

. 0-+A—B|Solz~
i) < BllSoll= (@)

(BllSollz=() — )€
so that j—f(t) < 0 for all # > 0, and hence (12) holds. Therefore the estimate (12)
holds under the condition (IIT). Thus under the condition (II) or (III) we infer
from (11) and (12) that

0<I(-,t) <I(t) < |lolg=(q) forallz >0,

forallr > 0,

which proves (7). O
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3. Constant equilibria in a small reproduction number

We define P, S, I;, S% and I} as follows:
[re(KB—6) + KB

P= 4rK e ’
o re(KB+6)+Kp?

0= 2rPe ’

P re(KB —0) — Kp?

0 2KpB2e ’
G re(KB+0)+KB>++vD
£ 2rfe ’
o re(KB—0)—KB*++/D
£ 2K B2 ’

where
D :=[re(KB — 0) +KB?)* — 4rKB%eA.

Our goal in this section is to prove the following proposition.

Proposition 3.1. Suppose that

KB
Ro=——F<1.
T84 "
Then constant equilibria of (1) are given below:
@ If
Kp?
KB>0,r< —"—,
KB<6 or (KB _26)8
KB >6 r>$and1>P
© T (KB-0)e ’

then constant equilibria of (1) are (0,0) and (K,0).

an If

Kp?
(KB —6)e
then constant equilibria of (1) are (0,0), (K,0) and (S§,1;).

(I If

KB>6,r> and A =P,

KB?

KB>0,I">M

and A < P,

13)

(14)

15)

(16)

a7

(18)

then constant equilibria of (1) are (0,0), (K,0), (S*,I7) and (S%.,I*).
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In order to show Proposition 3.1, for the moment we find all solutions (S,7)
of (2) with §,1 € R.

Lemma 3.2. Let Ry = % < 1. Then solutions of (2) are given as follows:
(i) If A > P, then solutions of (2) are (0,0), (K,0).
(ii) If A = P, then solutions of (2) are (0,0), (K,0) and (S§,1;).
(iii) If A < P, then solutions of (2) are (0,0), (K,0), (S*,I}) and (S% ,I%).

Proof. In view of the first equation in (2), we see that S = 0 or

S
—BI 1-—1]=0 19
prr(1-%) (19)
holds. Also we turn out from the second equation in (2) that I = 0 or
A
S———-06=0 20
B 1+¢€l 20)

holds. If I =0, it follows from the first equation in (2) that S = 0 or S = K holds.
On the other hand, if (20) holds, then we have the identity

A6 ate(i+el
S=B0+en BT Blten D

This in conjunction with (19) guarantees that

A+6(1+el)\
_ﬁ”r(l_ KB(1+ &) )‘ !
which is equivalent to
KB%el> —[re(KB—0) —KB?|I—r(KB—6—21) =0. (22)

We compute the discriminant D of (22). Then we observe that D is given by
(18):
D=[re(KB —0) —KB*> +4rKB*e(KB — 6 — 1)
= K?B* +2rkB%e(KB — 0) + r*e*(KB — 6)*> — 4rKB*el
= [re(KB — 0) + KB?> —4rKBeA.

The rest of the proof is divided into the three cases D < 0, D =0 and D > 0.
We first deal with the case that D < O i.e.

re(kB—0) + K _,
4rKB%e -

A>



176 Y. CHIYO - K. YAMAMOTO - T. YOKOTA

where P is defined by (13). Then the equation (22) in / € R has no solution,
which means that the solutions of (2) are (0,0) and (K,0). Hence we obtain the
conclusion in the case (i).

Next we move on to consideration about the case that D =0 i.e.

[re(KB—6) + KB*)?

=P
4rKB2e

A=

In this case there exists a unique solution of (22) such that

re(KB —6) — KB?

I =
2KB%e

=1 (23)

Substituting I = % and A = W into (21), we obtain

[re(KB—6)+KB?)?
4rKB2e

= W)
KB%+rKBe—reb
B 2rBe
re(KB +0) +Kp?
2rPe -
Therefore we conclude in the case (ii) that the solutions of (2) are (0,0), (K,0)

and (Sg,1;), where S; and I;; are defined in (14) and (15), respectively.
Finally we consider the case that D > 0 i.e.

[re(KB —0) +KB*?
4rKB%e

S =

N
B

]

(24)

A< =P

Then (22) admits the two solutions given by

re(KB—0)—KB*+vVD |

I 2KPe =1. (25)
Hence, (21) along with this yields
5= & +2
B(1+e KEELEREVDY T f
2KBA 9

~ re(KB - 9)+Kﬁlif B
2sz[re(1<;3—e)+1</32¢¢5} 0
_ L8

[re(KB —6) +KB?)>—D B
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Recalling that D = [re(KB — 0) + KB?]? — 4rK €A by (18), we have

S =

B re(Kﬁ—9)+K[32:F\/5+g

2rBe B
re(KB+6)+KB VD
= 2 =St (26)

Consequently, we see that the solutions of (2) are (0,0), (K,0), (S*,I%) and
(8%,I*) in the case (iii), where S and I are defined in (16) and (17), respec-
tively. O

In Lemma 3.2 we found all solutions of (2) in R?. Denoting by (5*,I*) any
solution of (2) except (0,0) and (K,0), we focus on the signs of S* and I*. We
first verify positivity of S*.

Lemma 3.3. Let Ry = % < 1andlet A < P. Then
S*>0.

Proof. In view of the proof of Lemma 3.2 we see from the condition A < P that
D > 0, and we observe from (24) and (26) that S* is written as

o _ re(KB +6) +Kp?
0= 2rPe ’

o re(KB+6)+KB*++D
o 2rPe ’

o re(KB+0)+KB*—+/D
- 2rPe '

Recalling that r,K, 3,€,0 > 0, we have
re(KB+6)+KB>>0, rfe>0. (27)

This warrants that Sj,S” > 0, so that we have only to show that §* > 0. Noting
that D = [re(Kf — 0) +KB?)> — 4rK %€ by (18), we infer that

[re(KB +6)+KB%)* —D = 4re0(KB> +rKBe) +4rKB*eA > 0.

This implies that
0<+VD < re(KB+6)+Kp>,

which together with (27) yields §* > 0. O

We next give conditions to reveal the sign of 7*.
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Lemma 3.4. Let Rg = % < 1 and let A < P. Then the following holds:
(i) re(KB —0)—KB? > 0 is equivalent to I* > 0.
(ii) re(KB —0) —KB? < 0 is equivalent to I* < 0.

Proof. Recalling the proof of Lemma 3.2, we deduce from the condition A < P
that D > 0, and we infer from (23) and (25) that I* is written as

re(KB —6) — KB?

lo = 2KB%e ’ (28)
= "R ;’ ;;21252 ) (29)
Ii:re(Kﬁ—G)—K[V—@. 30)
2K B3¢
Focusing on the denominators in (28), (29) and (30), we note that
KB%e >0, (1)

which implies that the signs of I and It depend on those of re(Kff — 0) — K 3>
and re(KB — 0) — KB? £ /D, respectively. Thus it suffices to show that the
signs of I and I* coincide with those of re(Kf3 — 0) — K32. Noting that D =
[re(KB — 0) +KB?)> — 4rKB%eA, we have

[re(KB —6) —KB%?—D = —4rKB%e(KPB — 0) +4rKB%eA
=4rKB*e(6 + A —Kp).
Since the condition Ry = % < 1 provides 8 + A — K3 > 0, we see that
[re(KB—0) —KB?)*>—D =4rKB*e(6 + A —KB) > 0.

This is equivalent to
[re(KB —6) — KB > D,

which is rewritten as
Ire(KB —60) —KB? > v/D.
Therefore, in view of (29) and (30) together with (31) we conclude that

I >0and I* >0 isequivalentto re(KB—6)—KB?>0,
It <0and I* <0 isequivalentto re(Kf—0)—Kp?<O0.

Thus the proof is complete. O
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Proof of Proposition 3.1. We first deal with the case (I). In view of Lemma 3.2
(i) we know that solutions of (2) are (0,0), (K,0) if L > P. Hence we focus on
the case A < P. In this case it follows from Lemma 3.2 (ii) and (iii) that solutions
of (2) are given by [(0,0), (K,0) and (S§,/;)] or [(0,0), (K,0), (S%,I*) and
($*,17)]. Here, the condition [KB < 6] or [KB > 6 and r < (Kﬁﬁe) | leads
to re(KB — 0) — KB? < 0, which implies from Lemma 3.4 (ii) that I, 15 < 0.
Thus we arrive at the conclusion in the case (I). We next consider the case (II).
Lemma 3.2 (ii) along with A = P guarantees that solutions of (2) are (0,0),
(K,0) and (S§,1}). Assuming that Kf§ > 6 and r > %,
re(KB — 6) — KB? > 0, which means that I > 0 by Lemma 3.4 (i). Noting
that S, > 0 when A = P, we arrive at the conclusion in the case (II). Finally
we consider the case (IT). The condition A < P together with Lemma 3.2 (iii)
warrants that solutions of (2) are (0,0), (K,0), (S%,I*) and (S*,I7). Noting
that the conditions K8 > 6 and r > %2)8 are same as those in the case (II),
we obtain the conclusion in the case éIII). O

we deduce that

4. Proof of Theorem 1.1

Given any initial data Sy, Iy € C(Q) satisfying So, o > 0 and Sy # 0, let (S,I) be a
unique global classical solution of (1) provided by Proposition 2.2. In the same
way as in [4, Proof of Proposition 2.4], we use a Lyapunov function V(S,7) as

V(S,I) :z/gK(}Z—log}i—l) +/9120. (32)
By the first and second equations in (1) and integration by parts, we observe that
:ié(1—§>{%AS—ﬁMAWS<I—;>]
—|—/ (dIAI—i-ﬁSI—l_}:II—G)
e [ [ (1) e is(1-2)
/ <ﬁ51—1+1—9>

S_?Am 1+d (KB — o)1 (33)
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forallz > 0.
We first consider the case (I). In this case the inequality (33) together with
the condition K8 < 0 yields

d r 5 Al
—VI(SC0),1(51) < —— —K)" - <0 forall :
dtV(S( 1),1(-1)) < K/Q(S ) /Q Trel <0 forallt>0

Let r > 1. Integrating this over [1,7], we see that

v(s(-,z>,1<-,t>>+,r(/l'/g<s_1<>2+/l’/;]i’gl
<V(S(-,1),I(-,1)) forallt> 1.

This in conjunction with (5) and (32) guarantees

r t /’L t
0<—//S—K2—|— //1<vs-,1,1-,1 forallr > 1,
Klg( )1+8M019_(()())

which leads to

t t 1
//(S—K)2+/ /IgﬁV(S(-,l),I(-,l)) for all > 1.
1 Ja 1 Ja mln{ﬁ,ilJreMo}

Letting t — oo, we have

/]OQ/Q(S—K)ZnL/lw/QI<oo. (34)

Here we set functions @ (¢), ¢,(¢) as

e1(2) :=[|S(-,2) —KH%Z(Q)v
@2(t) = [[1(,0)[| L1 (@)

for £ > 1. In view of (5), we know that [|S(-,1)||1=(q), [[I(-,1)||1=(q) < M for
all + > 1. Thus, applying standard parabolic regularity theory in [12], we can
confirm that there exist 11,1, € (0, 1) and ¢y, ¢z > 0 such that
HSHC2+T)1‘1+T'71(§X[170°)) S Cl’
HIHCZJH'Z"I+U72(§><[17OO)) S 2.

These imply that ¢;, ¢, are uniformly continuous on [1,). Since (34) means
that

/ 1 (1) dt < oo,
1

| ey <.
1
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we deduce from the Barbalat lemma in [2, Lemma 3.1] that
01(t) >0, @)—0
as t — oo, In other words,
S(-,t) = Kin L*(Q), I(-,1) = 0in L'(Q) (35)

as t — oo. The Gagliardo—Nirenberg inequality in [7, Theorem 10.1] claims that
there exist ¢3,c4 > 0 such that

_N_
1SCo2) = Kll=() < e3llSC51) = Kl o) 1SC- 1) = Kll”+2

(-, )||L°° <C4H1( )||N+‘ )HI( )HN+1

Setting cs := |[S|c10(qx[1 00)) T K and ¢ := [[1[|c10(@x[1 o)) We have

N

N KIIN+2 y<es

N

11(-, )HN*‘ i
and hence

1SC52) = Kll=(@ <6305”||S( 1) - KHN+2 —0,

M0l < escd T )H’”1

as t — oo by (35). Therefore we arrive at the conclusion in the case (I).

We next consider the case (II). In this case, since [|Io||;=(q) < ?;;:(f)g ,

we
can take § > 0 satisfying

0+A—KB I

KB—0) ollz=(@)

which in conjunction with (7) leads to
5~ lCDl@
for all # > 0. Hence the inequality (33) entails that

Vst s % [5-k2 = [ o [ k-

0<d<

0<d<

Tvel
_ (9+7L—Kﬁ)1—(1(ﬁ—e)gl2
__E/Q(S_K)z_/g 1+el

r (%_1)1
= xS K)* (Kﬁ_e)g/g 1+el
g—% [ (5—K)*~ (Kp—0)e- 5/7<0 (36)



182 Y. CHIYO - K. YAMAMOTO - T. YOKOTA

for all t > 0. Integrating (36) over [1,7] (r > 1), we have

V(S(-t +//SK (KB — 985//91+gz

<V(S(-,1),1(-,1))

for all r > 1. Hence we see from (7) and (32) that

(KB —6)d¢
o< [ fs-rrs [k
K 1+ﬂMMm

<V(SC D, 1),

which is rewritten as

// (S—K) +//I KB 0)d¢ V(S(,1),1(-,1))
mln{K,l }

+8H10HL°° @

for all # > 1. Letting ¢t — oo, we arrive at the same property as in (34). Thus the
claim can be derived similarly to the case (I).

Finally we deal with the case (III). In this case, the condition K < ||So||1(0)
yields

0+ —BSoll=(@)

[ ollz=(0) <
@ = (BlSoll =) — 0)e
< 0+A—Kp
(KB —0)e
and (7) still holds. Therefore the conclusion can be proved similarly to the case
dax. O

5. Possibility of instability of (S*,7%)

The purpose of this section is to show instability of the EE (S*,*) defined before
Lemma 3.3. To see this we focus on the positive solutions of (1) which are
constants with respect to x € Q, that is, the positive solutions of the system of
ordinary differential equations

dsS S([)
0 =-pswrn+so (1-5). r>0
Uy psonn -0 gy, 1o,

1+el(r)

Sufficient conditions for instability and local asymptotic stability are given as
follows:
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Proposition 5.1. Let Ry = % < 1. For (S%.,I*) and (S* ,I) given in Propo-

sition 3.1, the following hold:
W 1f

KB* _ [re(KB— )+ KB°
m<l’ and A <P= 4rKﬁ28 ,

KB >0,

then (S*,I") is unstable.

(i) If
KB >0, max{&,[(ﬁ} <r and
_ [re(KB—6) +KB*
A<P= 4rK B3¢ ’

then (S* ,I}) is locally asymptotically stable.

Proof. We will use the Routh—-Hurwitz criteria. We consider the function from
R? to R? defined by

()= (i)

1+€l

and focus on the real parts of the eigenvalues of the Jacobian matrix of this
function at the point (S*,7%) := (S%,/%) given by

—BI*+r—2s* —Bs*
J(S*.IF) := . . )
(5.1) ( p1 BS' — (ryer — @

Since the characteristic equation of J(S*,I*) is
E2 —tr(J(S*,I"))E 4 det(J(S*,I")) = 0, (37)

the signs of the real parts of the eigenvalues are determined by the signs of
tr(J(S*,I*)) and det(J(S*,I*)). Here, tr(J(S*,I*)) and det(J(S*,I*)) are written
as

tr(J(S*, 1)) = <—Bl* +r— ?S*) + <BS* — (1+/181)2 — 6> :

A

det(J(S*,I*)) = <—[51* +r— ?S) (/35* “UTer ) 6) +B2str.
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Recalling that (S*,I*) satisfies (19) and (20), we have

* ok T s el *
tr(J(S*,1 )):_ES +71+81*([3S -0)
1
= { r§*—eS'T"(r—KB)—KeoI"
K(l—l—sl*){ rS*—eS*'I'(r—Kp) oI},
k ok T SI* * 2 ok Tk
det(J(8".1")) =~ 8" g (BS = 0) + 781
S*I* )
=— - ¥ — KB~ (1 )}
R(ier) | eBS —0) KB (1 +er)

To verify the signs of tr(J(S*,7*)) and det(J(S*,I*)) we set

o(S*,I") := —rS* —eS*I" (r— KB) — KeOI",
Q(S*I") := —re(BS* — 0) + KB (1 +¢I),

and show the conclusions (i) and (ii).

We first consider the conclusion (i). Under the conditions in (i), Proposition
3.1 gives the existence of the constant equilibrium (S%,7*) of (1). Here we
recall that

(50.1) = re(KB+0)+KB>+vD re(KB—6)—KB2FvVD
BF T 2rPe ’ 2KB2e ’

where D is defined by (18). Inserting (S*,7*) = (S%.,I* ) into ¢(S*,I*), we have

(st I*):_rg{ﬁ_rs(l(ﬁ—l—OH—KﬁH-\/B_e}

2rBe
re(KB —0)—KB*—/D
KB*S1+4¢-
+KB { +e KB
_ re(KB—6)+KB*++vD N re(KB—0)+KB*—+/D
N 2 2
=-vVD<0, (38)
Noticing that K, 5% ,I* > 0, we see that
st

det(J(Si7Ii)) = (P(Siali) <0,

K(1+el*)
which combined with (37) shows that the Jacobian matrix J(S%,I* ) has one
positive and one negative eigenvalues. This means that (S*_,7*) is a saddle point
by the Routh-Hurwitz criteria, and hence (S% ,7*) is unstable.
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We next consider the conclusion (ii). The conditions in (ii) are more re-
strictive than the one in (i), which warrants that there exists (S*,I7) by ap-
plying Proposition 3.1. Substituting ($*,7*) = (S*,I}) into ¢(S*,I*) and pro-
ceeding similarly to (38), we have @(S*,I}) = v/D > 0. Hence, it follows

that det(J(S*,I})) = % -@(8*,I.) > 0. Thus we need to verify the sign
+

of tr(J(S*,I7)). Recalling that » > Kf and S* ,I7 > 0, we have o(S*,I}) =

—rS* —eS* It (r — KB) — KeOI' < 0. This yields tr(J(S*,I7)) = m .

o(S*,I7) < 0, which together with the fact that det(J(S*,7})) > 0 and (37)

implies that the real parts of all eigenvalues of J(S* ,I7) are negative. Thus we

conclude that (S*,I7 ) is locally asymptotically stable. O]

6. Numerical simulations

In this section we verify the mathematical results in Sections 1-5 through nu-
merical simulations. For simplicity, we assume that N =1 and Q = (0, 1).

(a) Convergence to the DFE (K,0). We choose the parameters as
ds=di=1,r=5K=1,B=10,e=100, 6 =12, AL =4,

and then we have

KB 5
=" =<1, KB—-6=-2<0
o2 _s<b B <0,

so that these parameters satisfy the conditions in Theorem 1.1 (I). Also we put

So(x) =K+1=2, Iy(x)=e".

Ro

Then we see that the solution (S,7) of (1) converges to (K,0) as in Figure 2.

18 @

Figure 2: Numerical simulation at x = % in Theorem 1.1 (I).
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(b) Instability of (5% ,7*). We give the parameters as follows:
ds=di=1,r=5K=1B=10,e=100, 0 =8, A =4.  (39)

This warrants that

KB 5
= — = — 1
Ro=gia=6~ "
KB—6=2>0,
KB? 9
—__F  _Z3)
T KB-0) 2
o 212
re(Kp—0) +KBP 41,
4rKBle 20

and hence these parameters fulfill the conditions in Proposition 5.1 (i). None of
the solutions to (1) converge to (S%,7*), even if the initial value is sufficiently
close to this point. For example, we take the initial data as

91 ++/41
So(x) =S* +0.01 = % +0.01 ~ 0.9840,
i 9 — /41
Ip(x) = 201 =001 So0 00131,

Then we infer that the solution (S,7) of (1) converges to (S* I} ) as in Figure 3.

1] 2§

Figure 3: Numerical simulation at x = % in Proposition 5.1 (i). A point in a
neighborhood of (S ,I*) converges to (S*,I}) ~ (0.8460,0.0770).
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(c) Local asymptotic stability of (S*,I7). We verify that the conditions in
Proposition 5.1 (ii) provide that if the initial data is sufficiently close to (S*,I7 ),
the solution (S,7) of (1) converges to this equilibrium. Setting the parameters as

ds=d=1,r=12,K=1,8=10,£=100, 06 =8, A =4,  (40)

we have
KB 5
= —— = — 1
Ro=gia=6 b
KB—6=2>0,
KB?
— — K =2>0
r max{(Kﬁ_e)g, ﬁ} >0,
. 212
[re(KB —6)+ KB~ —l:@>0.
4rK B3¢ 48

Then we see from (40) that the conditions in Proposition 5.1 (ii) are satisfied.
Thus if the initial data is sufficiently close to (S*,I7}), e.g.,

217 —+/433
So(x) = 8% +0.01 = 1Y% 4 .01 ~0.8275,
240
234433
Io(x) = "0 =01 ZT ~0.2212,

then the solution (S,/) converges to (S*,I% ) as in Figure 4.

0828

02235

i |

o 1] 20 a0 0

T

[ 1] m m ] 5

Figure 4: Numerical simulation at x = % in Proposition 5.1 (ii). A point in a

neighborhood of (S*,I) converges to (S*,I1) ~ (0.8175,0.2190).
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(d) Stability and instability of (S*,/}). We take the parameters as in (39).
Then we have Kff —r =5 > 0 so that r < K3, which implies that if the initial
data is given as

91 — 41
100
200

So(x) =S +0.01 = +0.01 ~ 0.8560,

Ih(x) =" =¢ ~0.0778,

then the solution (S,7) converges to (S*,I} ) as in Figure 5.

L1
]
m
[TTEY
1] m w 0 0 o " il an il 5
T il

Figure 5: A point with x = J near (S*,I}) converges to (S*,I}) ~
(0.8460,0.0770).

We see from numerical simulations that any points in a neighborhood of
either (8% ,1%) or (S§*,I%) converge to (S*,I}) except for the case that (S*,I7)
is unstable. Also, the condition < K3 is necessary for instability of (S*,I7).
However we cannot derive the necessary and sufficient conditions for instability
of (§*,I7). To determine this condition is an open problem.

Acknowledgments

The authors would like to thank the referees, whose comments improved the
manuscript.



STABILITY OF CONSTANT EQUILIBRIA IN A DIFFUSIVE LOGISTIC SIR MODEL 189

[1]

[4]

[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

REFERENCES

E. Avila-Vales, G. E. Garcia-Almeida, A. G. C. Pérez, Qualitative analysis of a
diffusive SIR epidemic model with saturated incidence rate in a heterogeneous
environment, J. Math. Anal. Appl. 503(1) (2021), Paper No. 125295, 35 pp.

X. Bai, M. Winkler, Equilibration in a fully parabolic two-species chemotaxis
system with competitive kinetics, Indiana Univ. Math. J. 65(2) (2016), 553-583.

V. Capasso, G. Serio, A generalization of the Kermack—McKendrick deterministic
epidemic model, Math. Biosci. 42(1-2) (1978), 43-61.

Y. Chiyo, Y. Tanaka, A. Uchida, T. Yokota, Global asymptotic stability of endemic
equilibria for a diffusive SIR epidemic model with saturated incidence and logistic
growth, Discrete Contin. Dyn. Syst. Ser. B 28(3) (2023), 2184-2210.

R. Cui, Asymptotic profiles of the endemic equilibrium of a reaction-diffusion-
advection SIS epidemic model with saturated incidence rate, Discrete Contin.
Dyn. Syst. Ser. B 26(6) (2021), 2997-3022.

Z.Du, R. Peng, A priori L™ estimates for solutions of a class of reaction-diffusion

systems, J. Math. Biol. 72(6) (2016), 1429-1439.

A. Friedman, Partial Differential Equations, Holt, Rinehart and Winston, Inc.,
New York-Montreal, Que.-London, 1969.

J. K. Ghosh, P. Majumdar, U. Ghosh, Qualitative analysis and optimal control
of an SIR model with logistic growth, non-monotonic incidence and saturated
treatment, Math. Model. Nat. Phenom. 16 (2021), Paper No. 13, 26 pp.

G. Guan, Z. Guo, Bifurcation and stability of a delayed SIS epidemic model with
saturated incidence and treatment rates in heterogeneous networks, Appl. Math.
Model. 101 (2022), 55-75.

D. Horstmann, M. Winkler, Boundedness vs. blow-up in a chemotaxis system, J.
Differential Equations 215(1) (2005), 52-107.

W. O. Kermack, A. G. McKendrick, A contribution to the mathematical theory of
epidemics, Proc. Royal Soc. Lond. A 115 (1927), 700-721.

O. A. LadyZenskaja, V. A. Solonnikov, N. N. Ural’ceva, Linear and Quasilinear
Equations of Parabolic Type, Translations of Mathematical Monographs, Vol. 23.
American Mathematical Society, Providence, RI., 1968.

G. Liu, X. Zhang, Analysis on a diffusive two-stage epidemic model with logis-
tic growth and saturated incidence rates, Nonlinear Anal. Real World Appl. 64
(2022), Paper No. 103444, 25 pp.

R. Nakiyama, Y. Tanaka, T. Yokota, Asymptotic stability of disease-free equilibria
in a diffusive logistic SIR epidemic model with saturated incidence and treatment
rates, Discrete Contin. Dyn. Syst. Ser. B 30(2) (2025) 642-667.

J. V. Noble, Geographic and temporal development of plagues, Nature 250(9)
(1974), 726-728.
A. G. C. Pérez, E. Avila-Vales, G. E. Garcia-Almeida, Bifurcation analysis of

an SIR model with logistic growth, nonlinear incidence, and saturated treatment,
Complexity 2019 (2019), Art. ID 9876013, 21 pp.



190
(17]

(18]

(19]

(20]

(21]

(22]

(23]

[24]

Y. CHIYO - K. YAMAMOTO - T. YOKOTA

M. H. Protter, H. W. Weinberger, Maximum Principles in Differential Equations,
Springer-Verlag, New York, 1984. Corrected reprint of the 1967 original.

Z. Shumin, D. Yunxian, W. Hongyan, Stability and Hopf bifurcation analysis of
a networked SIR epidemic model with two delays, J. Appl. Math. Comput. 71(1)
(2025) 669-706.

G. F. Webb, A reaction-diffusion model for a deterministic diffusive epidemic, J.
Math. Anal. Appl. 84(1) (1981), 150-161.

L. Xueping, L. Lei, Dynamics of an SIR epidemic model with one fixed boundary
and one free boundary, Qual. Theory Dyn. Syst. 24(1) (2025) Paper No. 39, 23
pp-

J. Zhang, R. Cui, Asymptotic profiles of the endemic equilibrium of a diffusive SIS

epidemic system with saturated incidence rate and spontaneous infection, Math.
Methods Appl. Sci. 44(1) (2021), 517-532.

J.-Z. Zhang, Z. Jin, Q.-X. Liu, Z.-Y. Zhang, Analysis of a delayed SIR model with
nonlinear incidence rate, Discrete Dyn. Nat. Soc. (2008), Art. ID 636153, 16 pp.
X.-A. Zhang, L. Chen, The periodic solution of a class of epidemic models, Com-
put. Math. Appl. 38(3—4) (1999), 61-71.

Y. Zhou, D. Xiao, Y. Li, Bifurcations of an epidemic model with non-monotonic
incidence rate of saturated mass action, Chaos Solitons Fractals 32(5) (2007),
1903-1915.

Y. CHIYO

Department of Mathematics
Tokyo University of Science
e-mail: ycnewssz@gmail.com

K. YAMAMOTO

Department of Mathematics

Tokyo University of Science

e-mail: koyuki.yamamoto.tus@gmail.com

T. YOKOTA

Department of Mathematics
Tokyo University of Science
e-mail: yokota@rs.tus.ac. jp



