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APPROXIMATION THEOREMS FOR
MODIFIED SZASZ-MIRAKJAN OPERATORS
IN POLYNOMIAL WEIGHT SPACES

MONIKA HERZOG

In this paper we will study properties of Szasz-Mirakjan type operators
A;, B} defined by modified Bessel function /,,. We shall present theorems
giving a degree of approximation for these operators.

1. Introduction.

Let us denote a set of all real-valued function continuous in Ry := [0, +00)
by C(Ry) and let Ny := NU {0}. Similary as in [2], define a polynomial weight
function

1 p=0,

(D w,(x) =
14+ xP

peN

for x € Ry, and denote a polynomial weight space by C),

(2) Cp,:={fe€C(Ry) : w,f isuniformly continuous and bounded in Ry}.

Entrato in Redazione il 21 dicembre 1998.
1991 Mathematics Subject classification: 41A36.
Key words and phrases: Linear positive operators, Degree of approximation, Bessel
function.



78 MONIKA HERZOG

It can be proved that the formula

3) Ifllc, = sup wy(x)|f(x)]

XER()

for f € C, is a well-define norm in the space C,. Let w(f, C,;t) be the
modulus of continuity, defined by the formula

“4) o(f, Cpi 1) := sup [|A;fllc,,
hel0,]

where feC,, t € Ry and

Apfx):=fx+h) — fx)

for x, h e R,

The approximation problem conected with Szasz-Mirakjan operators was
studied in [1], [2], [3]. In papers [1], [3] the following Szasz-Mirakjan operators
were investigated

k
Su(fix) =™ Z ) f( )

k=0

k
K,(f;x)=e™)" - ) X) / f@ar,
k 0
n €N, x € Ry for functions f € C,.
Note [2] was inspired by the results given in [1], [3] and operators of Szasz-
Mirakjan type were defined

o 1 (nx)**1 2k 41
&) An(f,x)-—m{f()+Z(2k+1)’f( " )},

2k+3

1 o0 2k+1
©)  Bu(fix):= —{f(0)+2 ()™ n

1+ sh(nx) £k + D12 Jun f(t)d’}

for f € C, (p €Np), n € N and x € Ry where sh is the elementary hyperbolic
function.

In this note we introduce in the space C,, (p € Np) a new modification of
Szasz-Mirakjan operators as follows

1 00 (Q)Zk-i-v
M A(fix) = L(nx) £ Z Fk+DIGk+v+1)
f(O)v X :0’

f(—) x>0,
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2k+2

* (nx)2k+u
1, (nx)ZF(k+1)F(k+v+1)2f f@)dt,

k=0
®) B,(f;x):= x>0

E/"f(t)dt, x=0,
2 Jo

for f € C, (p €Ny), n €N, veRy, x € Ry where I' is the I'-Euler function
and /, a modified Bessel function defined by the formula ([4], p. 77)

00
(%)Zk-i-v

Z:F(k+1)l“(k+v+1)'

€) 1,(2)

Among other things we shall prove that A}, B, are well-defined, linear and
positive operators for all f € C, with every p € No. Moreover, we shall prove
that these operators are bounded and transform the space C, into C,,.

2. Auxiliary results.

In this section we show some preliminary properties of the operators A,
B).

All proofs of properties for A; and B, are analogous so we prove only for
the operator A). By definitions (7) and (8) we obtain the following

Lemma 1. Foreachn e N, ve Ry and x € Ry

A'(l;x)=1, B'(1;x) =1,

L 1 I, (nx 1
AZ(I,X):XM’ B:(t,x):AZ(t,x)—l——:x +1( )+_’
I,(nx) n 1, (nx) n
AVt x) = 2 [v2(nx) xglwrl(nx)’
I, (nx) n I,(nx)

v 2 v 122
B (1% x) = Ay (1% x) + = A(t )+—(—) =

2hp(x) 4 Iv+l(nx) _( )2,
I,(nx) n I,(nx) 3'n
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Remark. In Lemma 1 as well as in the rest part of this paper the equalities for
x = 0 are to be understood in the asymptotic meaning with help of the equality

1,(z) 1
m = .
z—0 (%)“ reo+1)

Using Lemma 1 and basic properties of A, and B, we have

Lemma 2. ForeachneN, veRyand x e Ry

oo oo A (nx) o ooy hp(nx) 1
A, (t x,x)_x(—lv(nx) ), Bt x,x)_x(—lv(nx) 1)+ o
A ((F = x)% %) = x2(1u+2(nX) _plenim) 1 4y 2 ()

I, (nx) I, (nx) n I,(nx)’

I, I, 2 1, 12
B ((1—x)%; x) = x%( 1+§;5,:)C)_2 ;E:;)C)—I—l)—l—x;@%—l) HoR

Lemma 3. For all v € Ry there exists a positive constant M,, depending only
on v such that

I,41(2)
{10 L) =77
I,41(2)
() 1,(2) _1’SMV
forall zeR,.

Proof. First we will prove inequality (10). For z € (0; 1) by definition (9) there
exist Cy(v), C,(v) positive constants such that

(12) Ci(»z" = L) =Gz’

From these we obtain

l11(z
vz < b <B,yz, z€(0;1)
1,(2)
where A, = 90t B — % For that reason the quotient Le1@ g

Cy(v 1,(2)
bounded for z € (0; 1).
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Let z € (1; +00). According to paper [4], p. 203, we have the following
property for modified Bessel function

1,(z)
eZ
Qr2)?

lim

7—>+00

=1, VER().

Hence
I v+1 (2) _

>+oo [,(2)

So, there exists a number a > 1 such that

I,41(2)
I,(2)

—1’ Z>a.

Therefore, the quotient ‘]*2()1) is bounded in the interval (a, +00).

For z € [1; a] the existence of constant M, such that (10) holds is obvious.
The proof of (10) is completed.

The proof of inequality (11) is similiar to that of (10). If z € (0; 1) we have
estimations (12) and from these we obtain

I,
2(Ayz— 1) < z(2E @ _ 1) <z(Byz—1), z€(0; 1).
1,(2)
Concluding we have
l,41(2)

e —wEM” 7€ (0: 1),

Let z € (1; 4+00). According to paper [4], p. 203, we obtain an approximation
of modified Bessel function

e DX, k 1
(13) I,(z) = Gt 2 (Z - ()2 ()k ) + 0(7)
for n e Ny, v e Ry and z > 0 where
v,0):=1,
(v, k) == —E:£E—j:—%—:t—€2—-, k=1,2,3..

kT (v 4 5 — k)
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If we use formula (13) for n = 0 and z > 1 we get

Ly (2) 1) _ 1h@) — 8@
1,(2) 14 59

where h, g are bounded functions. Hence, there exist constants Cy, C, such that
|h()| < Ci, 18| < Cy, z> 1.

Let @ > max(1, 2C,) be a fixed real number. For z > a we have

g 1
<

z 2

Now we will consider z € (a; +00). By the above remark we can write

IV+1 (2) 1
1,(2)

) <2(C; +Cy) = M.

For z € [1; a] inequality (11) is obvious. Therefore, the proof of inequality (11)
is completed. ([

Lemma 4. For all v € Ry there exists a positive constant M,, depending only
on v such that

M, M,
(14) A, (1 —x;x) < —, |B/(t—x;x)] < —,
n n
) 5 x+1 ; 5 x+1
(15) A, (1 =)0 <= My——, |B,(t —x)%x)| = M,——,
n n
forall x e Ry and n € N.
Proof. By Lemma 2 we have
1,
|AY(t — x;x)| = x M—l), neN, xeR,.
I, (nx)

We will try to prove that there exists a positive constant M, such that

Ly (nx)

(16) I, (nx)

1)5Mv.
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Let us substitute nx = z, z > 0. Hence inequality (11) in Lemma 3 implies
(16), so the proof of (14) is ended.
Using the first part of the proof we get

I,
(nx)? La(nx) 1} <nxM,,
I,41(nx)
I,
(nx)z%—l}fanv, xeRy, neN.
,(nx

Above inequalities, Lemma 2 and (10) imply the following estimation

I, »(nx 21,11 (nx I, 1(nx
IAZ((t—x)z;x)lz’xz 2(nx) 2L (nx) 51 (nx) )
I,(nx) n I,(nx) I,(nx)
< 2| o20) LX) o) L (1) 2 I,y (nx)
— g (nx) I, (nx) I, (nx) n I,(nx)
- va - va +1
=My =
for x € Ry, n € N. Lemma 4 has been proved. ([

Lemma S. For every fixed p € N there exist positive numbers a,, ;, b, ; depend-
ingonlyon p,i,0 <i < psuchthata,,=1,b,,=1,b,9 = # and for
allneN, x eRy, veRy

vop _ 1 2 P nx_;
(17) AV(tP; x) = i (nx)(;y’;ap,i(?) I,y (nx),
(18) BY(t7: x) = — (3)P2pjb ()L (nx)
nito I(nx) 'n" A e
hold.

Proof. 1In order to prove conection (17) we use the mathematical induction for
peN. If p = 1,2itis Lemma 1. Assuming (17) for f(t) = t/, j € N and
Jj < p, we get from definition (7)

+00 nx \2k+v
1 Z (2) (%)p-ﬁ-l

Al) tp-H; J—
AUBREY Tk+DLGk+v+ 1) n

~ L(nx)

k=0

1

2 00 (Q)Zk-l-v
(_)p+1 Z 2
I,(nx) n P rrk+v+1)

kP
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(ﬂ)2k+v+2

+1 P
1 (nx) n kX::F(k+1)F(k+v+2)(k+l)

(ﬁ)2k+v+2

P 00
p+1 p 2
I(nx) n) Z(s)kg:r(k—i-l)f'(k—i-v—l-Z)k

s

s

1 1 x
=1 (nx)(n)” > I (nx)

1 p 00 (15 ) 2KV

p+1nx p 2 N
* I, (nX)(n) 2 ;<s)gr(k+1)r(k+v+2)k'

Using the inductive assumption, we obtain

+1nx

T (nx)(n)" — 141 (nx)

P s
#1 XN (P NI
+7 (nx)(n)f’ > (s) ;as,l( ) Lo (1)

s=1

A (tp+1 )

1 s+1

= Tom (n>"+1{—lv+1(nx> + Z < ) gas,k_l(%)"lwk(nx)},

s=1

where a;; = 1.
Hence we have

p+1

1 2
(5)rt! Zaw l( =) Ly ()

I, (nx) n

Av (tp+1 )

and apyq 41 = 1for peN.
Thus, by the mathematical induction, Lemma 5 is proved. O

Lemma 6. For every fixed p € Ny and v € Ry there exists a positive constant
M, , such that

1
(19) AY( D <M,
“ wp (1) g
(20) BY( = M,,
‘ w,,(t) P

foralln e N.
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Proof. From (1), (3) and Lemma 1 we immediately obtain (19) for p = 0 and
p = 1. Let 2 < p € N be a fixed integer. Then, by (1) and Lemma 5, we have
forall x e Rypand n e N

wp(x)A,“l(ﬁ; x) =w,(x){A, (1;x) + A, (t7; x)}

1
=1 +Zapl( )"( ) ——

V+l(nx)
1—|—xl’ I,(nx)

By Lemma 3 the quotient ']*’(("’)‘) is bounded for all x € Ry and n € N so we get

1
0< A(——=;x)<M,,,
< wy(x) "(wp(t) x) <M,

where M), , is a positive constant depending on p and v. From these and by (3)
we obtain (19). U

Theorem 1. For every fixed p € Ny and v € R there exists a positive constant
M, , such that for every f € C, and n € N

21 14, (f35 e, = Mpull flic,,
(22) 1B, (f:)llc, = Mpull flc,
hold.

Proof. By (1), (3) and (7) we can get

wp ()] A, (f (1); X)I < wp () A, (IfDI; x)

= w, () A, (w, ()] f(1)] ;X)) < N flle,wp(x) A,

x)

(t) w, ()’

for all x e Ry and n € N.
Using Lemma 6 we obtain (21). U

Corollary 1. The operators A, B, are linear and bounded from C,, into C,,.
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Lemma 7. For every fixed p € Ny and v € Ry there exists a positive constant
M, , such that for all x € Ry and n € N

, (= x)2 x+1
(23) wp(x)A,( ) x) < M,, .

,, = x)2 x+1
(24) wp(x) B, ( OB x) = M,, "
hold.

Proof. Inequalities (23) and (24) for p = 0 are proved in Lemma 4. For p > 1
from (1) and the linearity of the operator A} it follows that

(t _x)2 2 v 2
(25) A(————x) = A ((t —x)" x) + A, (7 (t — x)7; x),
wp (1)

AV(tP(t — x)%; x) = AVt x) — 2x AP x) + X AL (e7; x).

According to Lemma 5 we get

P2l panx) Ly (nx) | Ly, (nx)
AV t[? t — 2; — { v+p+ _ VT p VT p }
WA, (= )%20) = 7 T ) 1, (nx) I, (nx)
xPtl g{a Lipir@0) hap) | Iv+p—1(nx)}
1 +xpp PPt I,,(nx) PP nxy PP L ()
(i X Lyi(nx)
p—1 p—2 i+2
_Zza 41 ( )l (p+1) _* I, (nx) Z ( )1 X vti (nX)
i l 1+xp L(nx) p. 1+ xP I,(nx)
- xP ol hgpramx) Ly pyi(nx)
T 14xP Ly (nx) I,(nx)
n xP xz) Loy (mx) | Ly p(nx)
14 xP Iy,(nx) I I, (nx)
+ xP 2 Lippi(nx) Ly p(nx)
14+xPn Iy, (nx) I, (nx)
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xP Ly p(mx) Ly p1(nx)

+ xBy|
14+xrn F Lyp_1(nx)!l  I,(nx)

i— v+i(nx)
+( ) Zaml( ) pl—l—xl’—l o

i, XU Lo (nx)
- )Zza,,ﬂl 1( ) "Hx,, s

i, X1 Lgioa(nx)
+( )? Zapl 2( ) "pr )

for x € Ro, n € N, where a,, A,, B, are positive numbers. The quotient ]]—* is
bounded for all x € Ry, n € N and i € Ny so, by Lemma 3 we have

x+1
w,()AL(tP(t —x)%5x) <M, ,——, x€R;, neN

which proves Lemma 7. ]

3. Approximation theorems.

Theorem 2. Suppose that p € Ny, v € Ry are fixed numbers and g € C}, where
C[17 :={f€Cp: f'€Cp}. Then there exists a positive constant M, ,, such that

1.,
26) w, ()AL (g ¥) — g () < M?,llg'lle, (——)*,

—I—l)%

27) w,(X)|B, (g5 x) — g(x)| < M,T,.,Ilg’llc,,(x

forall x e Ry and n € N.
Proof. Letus x € Ry be fixed. For t € Ry we have

g —gx) = / g'(u) du.

By (7) and Lemma 1 we get

(28) AZ(g(t);X)—g(X)=AZ(/ g (u)du; x), neNlN.
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Since
g ‘wdu| < 1g'llc, |/ o ol =< lg e +
we get from (28)
wp (0|4, (g: x) — g()| = l1g"llc, {4, (It —JCI;x)erp(x)A“(| (tx)| x)}.
Wp

But (7) and Cauchy’s inequality imply
ALl = x| x) < AL — )% D)7,

lt — x| 1 t—x)?
AV l) 2.
@) x) <{A,(—= p() X)}EHAL( 0, (0) ;x)}

From (15), Lemma 6 and Lemma 7 it follows that

A,(

v x+1_;
A 2

’

lt_xl;x)fM x+1 !
wp (1)

for x e Ry, n e N, p e Ny, v e R,.
Combinig these estimations we obtain (26). [l

wp(X) A, (

Theorem 3. Suppose that f € Cp, with fixed p € Ny and v € Ry. Then there
exists a positive constant M), ,, such that

(29) wp (A, (f3x) = f(D) =M

’

P

+1;
2

(30) w,(X)IB, (fix) — f() =M

P

forall x e Ry, n e N.
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Proof. Let f;, be the Stieklov mean of f € C,, i.e.

1 h
fh(x)zzf fx+1)dr, x€Ry, heRy,
0

where Ry := {x e R: x > 0}. We have
1 h
= fw =5 [Garn-sana.
0

1
fi() = @t h) = f)

for x € Ry, h € Ry. It is easy to notice that if f € C, then f, € Cll, for every
fixed h € R,. Moreover, for h e R

1 h
GD fn— flic, = SUP{E wy (| f(x +1) — f(O)ldt} <= w(f, Cps h),

XGRO 0
, 1
(32) I falle, < Zw(f’ Cpi h)

hold. Since A, is a linear operator, we have

w, (A (f5x) = fXO)] < wp(O{A(f = fas X)]
+ 1A, (fis X) — fo@]+ 1 f(x) = fFOO}

forx e Ry, neNand h e R,.
Using Theorem 1 and (31), we get

wp (A, (f — fus ) < Myl f = fulle, < Mpovor(f, Cps h).
From Theorem 2 and (32) it follows that

, +1.1
w, (AL s X) = Fr (o)l < Myl fylle, (5 )
1 1,
< My0(f. Cpi ) (* T
From these and by (31) we obtain
1 +1
(33) wy (|AL(f: %) — F@)] < My o(f, Cpi {1+ Z(x o))

for x e Ry, n € N and h € R,. Setting, for every fixed x € Ry and n € N,

h = (%)13 to (33), we get the desired estimation (29) for x € Ry and n € N.
O

Theorem 3 implies the following corollaries:
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Corollary 2. If f € C, with some p € Ny and v € Ry, then

(34) lim AL (f:) = £ (),
(35) lim B, (f;x) = f(x)

forall x e Ry.
Moreover, statements tm (34) and (35) hold uniformly on every interval
[0, a], a > 0.

Corollary 3. If f € Lip(C,,a) :=={f €C, : o(f, Cp; 1) = 0(t%),t — 07}
with some p € Ny, 0 < a < 1 and v € Ry, then there exists a positive constant

M, , o such that

o

+1
wy (AL (f3x) — f(0)] < M,,,v,a(xTﬁ,

+1 .
w,(0)[BL(f:x) — f(x)] < M,,,v,a(xTﬂ

forall x e Ry and n € N.
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