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AN EXTENSION OF A THEOREM BY M.I. FREIDLIN
TO GOOD SOLUTIONS TO ELLIPTIC
NONDIVERGENCE EQUATIONS

ORAZIO ARENA - PAOLO MANSELLI

In the context of second order linear uniformly elliptic equations with
measurable coefficients, a result of Freidlin [9], which deals with homog-
enization type properties for elliptic equations with smooth periodic coef-
ficients, is extended to generalized solutions for equations with measurable
coefficients.

Introduction.

Let L be an elliptic operator defined on R¢ as:

d 82
1 L= a'(x ,
1) Z Qs
i,j=1
where a”/ = a/ are measurable functions satisfying the uniform ellipticity
condition:
d
) AUEP < Y aVEg < Mg, VEER!
ij=1
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with A > 1.
In what follows, for convenience, the short notation: L = a"/9;; will be
used.
Let © be a bounded domain in RY, d > 2, with smooth boundary 3€2; let
us consider the Dirichlet problem:
Lu=0 1in <,
@) { u=g on 0%2,

where g is a given continuous function. We will deal with the so called good
solutions to the problem (3) (see [5] and [14]).

A function u € C°(R) is a good solution to the problem (3) if there exist a
sequence {L,} of elliptic operators L, = a;/ 9;;, with smooth coefficients in Q,

satisfying for any n the elhptlclty condition (2), such that al — a' ae. in Q,
and functions u, € C°(Q) N Wloc (£2), solutions to the problems

L,u, =0 in Q
U, =g on 92,

such that {u,} converges uniformly to u in Q.

A relevant question, within the class of operators and the class of solu-
tions we are dealing with, is that of the uniqueness for the Dirichlet problem
associated to the operator L of the form (1)-(2).

For a detailed analysis on this matter, let us refer to [16], [19] or [1]. At
any rate, let us remind that, in the dimension d = 2, uniqueness in W>?2 holds
without any smoothness of the coefficients a;; (see [20]). In the dimension
d > 3, the uniqueness problem for discontinuous a@;; was investigated by
many mathematicians; nevertheless, positive results were obtained only under
additional restrictions on a;;, (see [5], [6], [14], [18] and references therein).
Related results are those of [2], [7].

Recently, N. Nadirashvili [16] has been able to prove that there exists an
elliptic operator of the form (1)-(2) in the unit ball B; € R, d > 3, and there
is a function g € C?(9B;), such that the Dirichlet problem (3) has at least two
good solutions.

A constructive proof and a slight generalization of Nadirashvili’s result has
been given by M.V. Safonov [19].

To prove his result N. Nadirashvili does assume, by contradiction, that the
good solution of the Dirichlet problem (3) is always unique and, under this
assumption, then, he proves an extension to good solutions of a theorem due to
M.I. Freidlin [9]. The theorem of Freidlin reads as follows:
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Theorem. (M.I Freidlin [9]). Let L be an elliptic operator of the type (1)-(2),
defined in R?, with smooth coefficients a'/, which are periodic functions of each
variable with period 1.
Denote: -
L, =a"(t)d;;.
Let Q be a bounded smooth domain of R?, g € C°(dQ) and
Liugpy =0 in Q, uple=24g.

Then

lim Uy = u in €2,
t—>+00

where U is solution to the problem:
Li=0 in Q, Tdlya=ag,
with
L=a"y,
an elliptic operator with constant coefficients.

Actually, it turns out ([9]; see also [4]) that:

ai = /aijmdx,
Td
T“ being the d-dimensional torus of measure 1. Moreover, m is the unique
equilibrium probability measure on T¢, defined as:

L'm =0, m=>0 in T¢ (L* = adjoint operator)

/mdle.

’]I‘d

It seems to be of some interest the following question: once we do know
([16]) that uniqueness of good solutions to the Dirichlet problem (3), generally,
does not hold, is a version of Freidlin theorem for good solutions still valid?

As it will be shown, the answer to this question is positive.

To get our target, in Section 1, elliptic operators on T¢ will be studied.
In Section 2 (Theorem A), it will be proved that the convergence in Freidlin
theorem is uniform with respect to the coefficients (smooth but arbitrary) of the
operator L.

Next, in Section 3, periodic good solutions will be used and (Theorem B)
the extension to good solutions of Freidlin’s theorem will be proved.

and
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1. Elliptic operators on T¢.

Let T¢ denote the d-dimensional torus of measure 1, naturally imbedded in
R?. Let us identify T¢ with [—1/2, 1/2)? and the functions on T¢ with periodic
functions of period 1 in each of the variables.

In what follows and throughout the paper, L? = LP(T¢) and W,” =
W2P(T9), 1 < p < +oo, will stand for the spaces of functions belonging
respectively to L{ (R?) and Wli’cp (R%), periodic of period 1 in each of the
variables.

C() will be positive constants (not always the same) depending on the
quantities in parentheses, only.

Let £ denote the family of linear elliptic operators:

L = a" ()3,

of the type (1)-(2), with the coefficients a’/ € L{® = L°(T?).
Let us recall the Alexandrov-Bakel’man-Pucci’s estimate (see e.g. [3]),
called ABP for short.

Theorem 1.1. (ABP estimate). Let G be a bounded domain, u € W]i’cd(G)
NC°(G) be a solutionto Lu = feL‘G)inG,u=00ndG. Then
(L.1) Il < C(d. 2) diamG | f Il o

where C(d, A) is a constant depending only on d and .

A version of the ABP estimate on T¢ will be needed. The argument is a
rearrangement of one in Krylov [12].

Theorem 1.2. Let u € W#z’d and Lu —u = f € Lg . Then, there exists
C = C(d, \) such that:
(1.2) Il wllpooeray < C(d, M) I f Nl Lagpay-

Proof. Let us start by making the following remark. Let N € N, Qy C R be
the cube |x;| < N/2,1 < j <d,andletin Qy:

d
b(x) = [cosh(A~">N)]"" Y " cosh(a; ' x)),

j=1

where
o? = sup a’’/ = sup a’/, a; < ALz,
J
On 0
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Then, it turns out that
Lb—b<0 in Qy, blsg, >1
b(0) = d[cosh(A 2Ny !.

With no loss of generality one may assume that L has continuous coefficients
and #(0) = maxu > 0.

Choose the cube Q in the above remark, with N = N(d, ) so large that
b(0) < 1/2 and let v e W24(Qn) N C%(Q ) be the solution to

Lv—v=Ff in On, Vvlyo, =0.
By ABP estimate, one has:
vl = NCUE, M f ey
and then the periodicity of f yields:
(1.3) lv Iy < NICWE M S lagy-

Define:
w=u—v—u0)b.

We have
Lw—w>0 in Oy, wlyo, =[u—u)blyg, <0.
Then it follows that w < 0 in Qy, so
u—u0)yb <v in QOy.
Thus, by using (1.3):
u—u(0)b < N'C@d, Ml f Il Lo,

Since % < 1 — b(0), one gets:

1
51(0) < u(0) = u(©(0) < N*'Cd. M g,
As u(0) = max u, we have
maxu < 2C(d, )\.)Zvd-"_1 || f ||Ld(Q])

and therefore the theorem is proved. U

Next theorem will provide a further useful estimate.
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Theorem 1.3. Let u € W;’d and L € aCﬁ. Then, there exists a constant C,
depending on d and A only, such that

(1.4) lu(x) —u(0)] = Cd, Ml Lu |14, xeR?
Proof. Assume that (1.4) is not true; then there exist a sequence of operators
L, € £} and a sequence of functions u, € W; A satisfying:

max uy(x) —uy(0)| =1, | Lyuy lpe <1, lim || Lyuy |2 = 0.

xeRd # v #

The functions {u,(x) — u,(0)} are equibounded and equicontinuous; in fact, in
every ball B, by Krylov—Safonov results, if 8 = 8(d, A, B):

|y — u,(0) ||C°vﬁ(B) <C(,x, B)| Lyu, HL;’ +1)

<2Cd, X, B).
Because of the periodicity, there exists a subsequence still called {u,}, such
that {u, — u,(0)} — u uniformly in R?. The function u is periodic, Holder
continuous, #(0) = 0 and max || = 1. By using again Krylov-Safonov
results (see [10]), if Bg and Bg,, B C Bp, are balls, there exist C(d, 1) and
B(d, }) > 0 such that:

0
as 0SCpy, (uy) <2, | Lyu, ||Ld(BRO) — 0 as v — 00, we have:

R B
oscp, (u,) < C(d, k)<R—) [0sChy, (1) + Roll Lyuty || Lagy )i

R B
oscg, u <2C(, A)(—) .
Ro

Since R/Ry can be made arbitrarily small, then u is constant and, being
u(0) = 0, it follows u = 0 contradicting max u = 1. U

A version of Fredholm alternative for equations with periodic coefficients
is true.

Theorem 1.4. Let L € GCQ, L with smooth coefficients a . Then

(i) there exists a positive smooth function m on T, such that [ mdx =1and
’]Td
L*m =0, L* being the adjoint of L;
(i) the equation
Lu= felL’(T%, p=>d,

has a solution u € W>P(T?) if and only if

/fmdx =0.
Td
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A proof of (i) and (ii), with f € C*®(T¢) is in [19]. The present result
follows.

Remark 1.1. The above function m (unique) is referred as the equilibrium
probability measure of L.

It is not difficult to get the following result (proved in R? by Krylov [12]).

Theorem 1.5. The equilibrium probability measure m of L, in theorem 1.4, is
such that:

(1.5 || m ||Ld/(d—])(Td) <K =K(,\).
Proof. If 9 € W, we have that:

/m(L(p—(p)dx:—fm(pdx.

Td Td

Let now f € LY. By classical arguments it turns out that there exists a unique
Q€ W#z’d such that Lo — ¢ = f. Thus

)fd/mfdx :)T[m(pdx

Taking into account Theorem 1.2, we get:

'T[mfdx

and, therefore, the estimate (1.5) follows. U

T4

< Cd. V) f Il

2. The uniform convergence theorem for smooth operators and a priori
bounds.

A revised form of the convergence theorem by Freidlin, recalled in the
introduction, is studied.

In [9], for the proof of his result, M.I. Freidlin used probabilistic arguments.
An alternative proof has been given, recently, by M. Safonov in [19]. By revis-
iting Safonov proof, an a priori bound is proved which will yield a convergence
result, uniform also with respect to the operators.
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Let L € £} a smooth operator. Let
2.1) L,=a’(t)s; and L=a"y,

with@” = [ a"/mdx, m being the equilibrium probability measure for L.
Td
Let g be a uniformly continuous function, bounded in R? and let w,(8) be
the modulus of continuity of g, w,(8) = SUDP, yeRd, [x—y|<s lg(x) — g(»)I.
The following result holds.

Theorem A. Let Q be a bounded smooth domain of RY. Let the operators
L, L;, L and the function g as above. Let:

Liugpy=0 in Q, uple=4g,

and R
Lu=0 in Q, ulho=2g.
Then, ift > 1:
_ 1 ) 1
(2.2) |y — HLOO(Q) <CW, X, sz)—tl/11 [T+ 1gllz]+ 2a)g(—t1/11 ).

Proof. We have that
/(a” —amdx =0.
Td

Then, by Theorem 1.4 there exist A smooth and periodic, satisfying A” (0) =
0 and - - -
LAY =a"” —a", 1<i,j<d.

Moreover, by Theorem 1.3, one gets:

(23)  sup |[AY(x)| = sup |[AY(x)| < C(d, V)| a” —a" ||,, < C(d, 1).

xeR4 xeTd

Note that:
1 g 3 y N
2.4) t_th[AlJ(t,)] — (LAYt :atf _ i
Let us assume, for a moment, the boundary datum g to be smooth. Define:

|
v(t)(x) =ulx)— I_ZAU (tx)aijﬁ(x).
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One has: .
Vinlog =8 — t—zAij(t')aijmasz

and moreover:
_ 1 i _
Ltv(t) = L,u— t_ZLt[AlJ (t)]alju—l—

1 ij 2 ij
— t_2A (t')Lt(aijﬁ) - ?at (0 A )(t')ak(aijﬁ)-
Taking into account (2.4), it follows that in €2 :
1 ..
Li(vgy — u@y) = _t_ZAlj ()L (0;ju)+
2 ij
s (0, A )(2-)0x(0;1).
We have also: 1
(Vo) — uw)lae = —t—zA”(toamm.

Let wy € C3(R) be the solution to:

[
Liwg = —t—zA”(t')L,(BUE) in Q,

| B _
wolasq = —= AY (1)0;;ulsq.
2

Then, by maximum principle and (2.3):

1 .
(2.5)  Nlwo llz=@) < = sup|AY (2-)9;;ul+
T
1 4— ij
+ t—ZC(d, A, Q)” D7u ” LOO(Q)EU ” AV (L) ”LOO(SZ) =

1 —_
On the other hand:

2 ii —
— a0 AT )0(0,10)| <
1 = m
Sy (95, 0;;u) (9 ;5 1)+

+ %a,”kzmam )t AV ().

37
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Let wy, w, be the solutions to the problems:
1 _ .
Lyw, = _?athkzij(ahaiju)(akaijﬁ) inQ, wilpe =0,
and
Liw _ ! ks (9, AY oAV in Q =0
Wy = == ij (O AV )£ )0 AY)(E-) In 2,  wsrlye =0.

By maximum principle:

(2.6) | vy — weey — wo “Loo(sz) | wi Loy + w2 | L)
and

2
2.7) lwi ll o) < C(d A, Q)<|| Dw ||L°°(Q)) :

To evaluate w,, let us use the technique of [8]. Let G, be the Green
function, in €2, to the Dirichlet problem for L,. Then:

1 . .,
wH(¥) = /Q G (x, YA (y)Zi; (0, AV)(y) (O AV )(ty) dy =

1 a ;
= /G(t)(x Va ()i [A’(ty)]—[A/(ty)]dy—

3 Yy

1 1
- 3 / Gn(x, Y{L: Et/(AU)Z(t iy dy +

1 . .
-3 /Q Gy(x, Y)Z;;AY (ty){L [AY ()]}, dy.
By maximum principle and (2.3):

1 . 1 .
’ﬁ/ G (0, YLAZii (A7 ()]}, dy| < = sup Zj;((AV)(t-))* <
t Q r’oQ

- cd, 1)
=5

The equation (2.4) and the bound (2.3) give us:

1
’P / G (x, M) ZTij AT () (L [AY ()]}, dy’
! ij ii T
N )? /Q G, »Ey A (1)@ 1y) — &) dy | =

1
< ?C(d, A, Q).
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Then:
1
(2.8) w2 I~ = €, A, Q)?-
The bounds (2.6), (2.5), (2.7), (2.8), give us:
1 _
(2.9) |40 = v0) [ 1@y = €@ 2 D- 11+ 1 llcsy)*]
On the other hand the definition of v and (2.3) give us:
_ 1 _
v = 7 ey = 5CE M Tl

This inequality and (2.9), give:
(2.10) H Ug — U H L) =

IA

1 _
S A (14 (1T leg)’) <

1
~Cd. 1 (148 s’ ).

Assume, now, g € C°. For every € > 0, there exists a function g(© € C*°,
satisfying:

A

s~ g “CO(E)Q) < wy(€)

and: cWd. Q)
| 8% “C5(8§2) = 6—;" 8 llco-
Let us consider the Dirichlet problems:
L,uft) =0 in Q, Mft)lag = ge,
and

Lut=0 in Q, ulyg=g"
The maximum principle, the properties of g and (2.10) give:
| ey — U nCo@) < wq(€),
17 — Ul oy < @g(€),
Ccd, Q)

Sl g i)l

1
|7 =ty Ly = 7O R D+

ie.:
Cld, Q)
€5

1
[uw =7 o) = 204(0) + 2C(d, 2, DT+ g llco)’l;

choosing € = t~!/!1 the thesis follows. ]



40 ORAZIO ARENA - PAOLO MANSELLI

3. Periodic good solutions and the main theorem.
Let L € L} and f e LY.

Definition. A function u € Cg’“ (for some 0 < @ < 1) is a {L,}-good solution
to Lu = f, if there exist sequences {L,} and {u,}, L, € £§ smooth, u, € Wﬁ’d,
such that:

{L,} = L ae., {u,} — u uniformly on every compact subset of R¢, and

{L,u,} = Lu in Lﬁ.

The following theorem holds.

Theorem 3.1. Let L € L and {LV} be a sequence of smooth operators from
L5 ALOY — L ae. Let f € LY. There exist:
(1) {L,}, a subsequence to {L(VO)},

(i) m > 0 ae, me Lﬁ/(d_l), fmdx = 1, solution to L*m = 0 (i.e.
']Td
[ m-L¢dx =0, forevery ¢ € C3°),
']Td

such that if [ f-mdx =0 then Lu = f has a {L,}-good solution.
Td

The function m = m({L,}) above can be referred as the {L, }-equilibrium
probability measure for L. Such a measure m is {L,}-unique.

Proof. Let {mV} be the sequence of equilibrium probability measures corre-
sponding to {L?}, given by (i) of theorem 1.4. Then:

1= /mio) dx <1. “ mio) ” L:/(d—]) < C(d, )\.),
']I‘d
: . d/d-1)
thus, there exists a subsequence {m,} weakly convergent in L, to a
function m > 0 a.e. solution to L*m = 0; moreover

1:/mvdx—>/mdx.
’]I‘d

Td

Let {L,} the corresponding subsequence of operators; let f in a countable
dense subsetof {f : f e L}, [ f-mdx =0}.
Td

fo = f —ml/@D ( [ rm. dx) ( / mi’“d‘“)_l-

T T

Set:
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One has that: f, € L% and

— 0, as v— 4oo;

I fo = g < C. x)j f fm, dx
T4

moreover:

/ fom,dx =0.
Td

Now, let u, € W;’d be the unique solution to L,u, = f,, u,(0) = 0. By
Theorem 1.3 and Krylov-Safonov results, there exists a subsequence, that can
be called again {u,}, converging uniformly to a function u( periodic, uy(0) = 0,
satisfying for x € R¢:

luo()l = CIl f Il e

{L,}-good solution to Luy = f. Using a diagonalization process and an
approximation technique, the existence theorem in (ii) is proved.

To end the proof of the theorem, one has to show that m is actually a.e.
positive. Assume, indeed, by contradiction that m = 0 on a set E C T¢, with
positive measure.

Let ? = —1f <0. Since

f?mdx =0,
']Td

then the equation L& = f < 0 has a periodic non constant {L,}-good solution
u, which cannot have interior minima. Contradiction. O

Let L£* denote the family of linear elliptic operators of the type (1)-(2) with
coefficients a’/ € L®(RY). Clearly £* D £L}.

Theorem 3.2. Let L € L£* and {L;} be a sequence of smooth operators
Ly € L, such that Ly — L almost everywhere in R?. Then there exists {Lis},
subsequence of {Ly}, with the property:
for any smooth bounded subdomain Q of R¢ and for any f € L4(Q), the
problem:

Lu=f inQ, ulyo=0

has a unique { L5 }-good solution.
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To prove this theorem the following Lemma is needed, which provides a
bound uniform, with respect to the operators from £*, for solutions to Dirichlet
problems.

Lemma. Let Q2 be a smooth bounded domain of R n>0andlet D C Qa
smooth subdomain, such that 9D € {x € RY : dist(x, 9Q) < nt. Let Le L£L* a
smooth operator. Let fy € LY(D), f e LYQ).

Assume that:

ueWy(D), Lu=fy inD,

veWriQ), Lv=f inQ.
Then, there exist B = B(A,d) € (0, 1) and C(d, », 2, ) such that

I = v llpwipy < CA A DN fo = f llpapy +1°Cd, A, Q. f).

Proof. Writing: u —v = (u — z) + (z — v) with z € Wfo*d(D) solution to
Lz = f in D, the thesis of the Lemma follows from Alexandrov-Bakel’man-
Pucci estimate and boundary estimates (see e.g. [10]). O

Proof of Theorem 3.2.

Let {Q"™} be a countable family of smooth bounded open sets, such that
for every bounded domain € in R? there exists {Q/"} 4 Q. Moreover,
let f' € C°(Q™) be a countable family of functions such that for every
f € LYQM) there exists f — f in LY(Q®W), as u — oo.

By a diagonalization /process one can construct {Ls}, subsequence of
{L}, such that for every & and k the problem:

Lul” = £ inQ®,  uPem =0
has a unique {L}-good solution.

Choose a smooth bounded domain Q € R? and take f € LY(RQ). Let
Q") 4 Q and fk};” — fin LY(Q")) as 1 — +00. Solve, then, the problems:

Lgus=f inQ, u,eW:4Q),

and

o phy hy , 2,d;(h,
Liguyt = fr in Q™. upt e wrd@").
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By previous Lemma, for any s e N, n > 0, if 9Q") e {x : dist (x, Q) < n}:
3.1) [y — u

g ” Loo(Q) =

B
Ld(Q(hv)) + n C(dv )"v Qv f)

<Cd, 0 f- A

Fix € > 0. By choosing, first, n suitably small, v suitably large and taking,
then, w suitably large too, one gets from (3.1) that:

H us —uyt HLDO(Q(,,”)) <€, foranyseN.

Let now p € N. Then:

“ Us — Ustp “LOO(Q(hv)) <2+ ” ugt — ”svfp ” Loo(QUm)y*
As {uy"} is uniformly convergent in Q) as s — oo, it follows that {u}
does converge to u € C°(Q) in every compact subset of Q. Moreover, by
Alexandrov-Bakel’man-Pucci and Krylov-Safonov results, {u,} is equibounded
and equicontinuous in §2; therefore u;, — u uniformly in Q and u is a {L,}-
good solutionto Lu = f in 2, ulyq = 0. U

With similar arguments, the following fact can be proved.

Corollary. Let L € L£*, {L;} a sequence of smooth operators such that Ly — L
a.e. in R, Then the sequence {Ls}, constructed in theorem 3.2, has also the

following property:
for any smooth bounded subdomain Q of R? and g € C°(dR), the problem:

Lu=0 inQ2, ulho=2¢g
admits a unique {L5}-good solution.

Now the claimed extension to good solutions of the Freidlin’s result can be
proved.

Let L € £} and {LV} a sequence of smooth operators from £} such that
{L©} — L almost everywhere. Moreover, let

L =a"(t)d; € £
and
Z:al’f'aij, witha” = /aijmdx,
’]I‘d

where m is the {L®}-equilibrium probability measure associated to L (see

Theorem 3.1).
The following result holds:
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Theorem B. Ler L, {L"}, L, and L as above. Then there exists {Lis} a
subsequence to { LV} with the following properties:
(i) foranyt > 1, Q smooth bounded domain of R?, the problem:

Liup =0 inQ, uple=geC’BR)

has a unique {(Ls));} -good_solution uy). (Here {(Lis)):} = aﬁf'(z-)a,,);
(i1) u() converges uniformly in Q to u, where u is the classical solution to

Li=0 inQ, ulyo=2g.

Proof. From the corollary to Theorem 3.2, there exists {L}, subsequence to
{L©}, such that for every smooth bounded subset D of R?, y € C°(3D), there
exists a unique {L}-good solutionto Lu = 0in D, ul;p = y.

Let Lz = aff] 0;; and mp, the corresponding equilibrium probability
measure. Let us assume, with no loss of generality, that m[;; weakly converges
tom in Lﬁ/ @=1 (see Theorem 3.1); moreover, let us also assume that af{] — a'
in LY. Thus:

ZIE{] = / ag]m[s] dx — / a’mdx =a".
T T
Let us prove (i).
Let us extend g as a bounded, uniformly continuous function in R and let
us use a scaling argument. Set:

!/

Q={x":x'=tx, xeQ)}.

Then, the problem:

Lvy=0 inQ;, vylg = g(;)

has a unique {L}}-good solution v().
Let v such that

Ligvsio =0 1inQ,, vgmle, = g(;)
and
Usie) — VU Uuniformly in €, as s — 4-00.

Then
Uisiar) 2= VYisioy(t+)
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solves
(Lisitisiy =0 inQ,  ugmlio =g

and, as s — 400, Usyr) — U uniformly in Q, with
Uy i= vp(t-).
That is, u(, is the unique {Lj),}-good solution to the problem:
Liugpy=0 1inQ, uphe=2g.

Therefore (i) is proved.
To get (ii), now, let us start from the estimate:

(3.2) luey =7 |, < | uey = uisio) || 1 + || w100 = B || o+

+ | — 7 |

Recall, then, that: B
(a) forany t, ugu) — u( uniformly in €2, as s — +00;
(b) by Theorem A:

| w160 = 151 [ ) =

1
< €. 2. Q-+l g 1+

1
+ 2w8(_t1/11 ).
uniformly with respect to s.

Moreover,aszsﬁs :ZEzoinQ,ﬁs — % on 92 and G/ — av,
[s1%[s] [s] [s]
using classical arguments for constant coefficients elliptic operators:

(3.3) |y —u ||Lm @ 0.

Hence, u(;y — u uniformly in Q. O



46

(4]

(5]

(6]

(7]

(8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

ORAZIO ARENA - PAOLO MANSELLI

REFERENCES

O. Arena, A remark on differentiability properties of solutions of some elliptic
equations, Le Matematiche, 51 (1996), pp. 445-458.

O. Arena - P. Manselli, A class of elliptic operators in R> in non-divergence form
with measurable coefficients, Le Matematiche, 48 (1993), pp. 163-177.

L.A. Caffarelli - X. Cabré, Fully nonlinear elliptic equations, Colloquium Publ.
43 AMS, 1995.

A. Bensoussan - J.L. Lions - G. Papanicolaou, Asymptotic Analysis for Periodic
Structures, North-Holland Publ. Co., Amsterdam-New York-Oxford, 1978.

M.C. Cerutti - L. Escauriaza - E.B. Fabes, Uniqueness for the Dirichlet problem
for elliptic operators with discontinuous coefficients, Ann. Mat. Pura Appl., (4)
163 (1993), pp. 61-180.

M.C. Cerutti - E.B. Fabes - P. Manselli, Uniqueness for elliptic equations with
time-independent coefficients, Progress in Elliptic and Parabolic PDEs, Pitman
Research Notes in Math. Series 350, Longman, 1996, pp. 112-135.

F. Chiarenza - M. Frasca - P. Longo, W2 P-solvability of the Dirichlet problem
for nondivergence elliptic equations with VMO coefficients, Trans. A.M.S., 336
(1993), pp. 841-853.

L.C. Evans, Some estimates for nondivergence structure, second order elliptic
equations, Trans. AM.S., 287 - 2 (1985), pp. 701-712.

M.L Freidlin, Dirichlet’s problem for an equation with periodic coefficients de-
pending on a small parameter, Teor. Veroyatn. Primeneniya 9 (1964), pp. 133-138
(in Russian); Theor. Prob. and Appl., 9 (1964), pp. 121-125 (English translation).

D. Gilbarg - N.S. Trudinger, Elliptic Partial Differential Equations of Second
Order, Springer Verlag, Berlin-New York, 1983.

M.G. Crandall - H. Ishii - PL. Lions, User’s guide to viscosity solutions of second
order partial differential equations, Bull. A M.S., 27-1 (1992), pp. 1-67.

N.V. Krylov, On the Green function for Dirichlet problem, Usp. Mat. Nauk, (22)
(1967), pp. 116-118.

N.V. Krylov, Control of a solution of a stochastic integral equation, Theory of
Probability and Applications, vol. XVII (1972), pp. 114-131.

N.V. Krylov, On one-point uniqueness for elliptic equations, Comm. Part. Diff.
Eq., 17 (1992), pp. 1759-1784.

N.V. Krylov - M.V. Safonov, A certain property of solutions of parabolic equa-
tions with measurable coefficients, Izvestia Akad. Nauk SSSR, ser. Matem., 44
(1980), pp. 161-175 (in Russian); Math. USSR Izvestija, 16 (1981), pp. 151-164
(English translation).

N.S. Nadirashvili, Nonuniqueness in the martingale problem and the Dirich-
let problem for uniformly elliptic operators, Annali S.N.S. Pisa, 24 - 3 (1997),
pp- 537-550.



[18]

[19]

[20]

[21]

AN EXTENSION OF A THEOREM BY M.I. FREIDLIN. .. 47

C. Pucci, Limitazioni per soluzioni di equazioni ellittiche, Ann. Mat. Pura Appl.,
74 (1966), pp. 15-30.

M.V. Safonov, On a weak uniqueness for some elliptic equations, Comm. Part.
Diff. Eq., 19 (1994), pp. 943-957.

M.V. Safonov, Nonuniqueness for second order elliptic equations with measur-
able coefficients, to appear.

G. Talenti, Equazioni lineari ellittiche in due variabili, Le Matematiche, 21
(1966), pp. 339-376.

G. Talenti, Sopra una classe di equazioni ellittiche a coefficienti misurabili, Ann.
Mat. Pura Appl., 69 (1965), pp. 285-304.

Istituto di Matematica,
Facolta di Architettura,
Universita di Firenze,
Via dell’Agnolo 14,
50122 Firenze (ITALY)



