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SEQUENTIAL ORDERS OF ADJUNCTION SPACES

JI-CHENG HOU

Let X, Y be two disjoint spaces, M be a closed subset of X, and
f : M — Y be a continuous map. In the direct sum X @ Y of X
and Y, define an equivalence relation ~ by a ~ f(a) for each a € M.
The quotient space X ® Y/ ~, is denoted by X Uy Y, usually called the
adjunction space determined by X, Y and f. In this paper we prove that
for two sequential spaces X and Y, so(X Uy ¥) < so(X) + so(Y) and, if
so(XUyY) > max{so(X), so(Y)} and so(X) < w, then there exists a special
map p : S < X Uy Y, where so(X) denotes the sequential order of X and
S, is the Arens’ space. We also give an answer for a question of Kannan [4].

1. Introduction.

In [1], Arhangel’skii and Franklin constructed sequential spaces of its
sequential order « for any 0 < o < w;. It was done by attaching a sequential
space to a sequential space by a continuous map. In Section 2, we give the
relations between sequential orders of attaching space and original spaces. In
Section 4, we answer a question of Kannan in [4].

Definition. Let X, Y be two disjoint spaces, M be a closed subset of X, and
f : M — Y be a continuous map. In the direct sum X @ Y of X and Y,
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define an equivalence relation ~ as follows: if f(a) = f(b) then a, b, f(b) are
equivalent. The quotient space X @ Y/ ~, is denoted by X U, Y, usually called
the adjunction space determined by X, Y and f. If a € X \ M, we denote by a
the equivalent class of @ when confusion does not occur. It is well-known that if
X and Y are paracompact(normal), then X U, Y is also paracompact(normal).
Nevertheless, a simple example shows that the Hausdorffness of X and Y does
not imply that X Uy Y is Hausdorff.

This indicates that the topological property what both of X and Y have,
may not be transformed in X U, Y.

Throughout this paper, we use g to denote the naturally quotient map from
X@®YtoXUsY,and N to denote the set of natural numbers. As a topological
space, N has the discrete topology.

For a subset A of a topological space X, we denote by a¥ (resp. [A]f(eq)
the closure (resp. sequential closure, i.e., the set of limits_ of convergent
sequences consisting of points of A) of A in X. We shall write A (resp. [A]5¢9)

for A~ (resp.[A]f(eq) when confusion does not occur. A space X is sequential
if, whenever A C X and A is not closed, there is a sequence from A converging
to a point outside the set A, and X is Fréchet if, whenever x € A, there is a
sequence from A converging to x.

Let A be a subset of a space X.

We define [A]¥ by induction on « € w; + 1 as follows: [A]Y = A,

[A1X,, = [AIXT? and [A]} = U{[A]} : B < «f for a limit . We shall
write [A], for [A]jf when confusion does not occur. One can easily see that
[Al,,+1 = [Al,,, and that a space is sequential if and only if A= [A],, for
all subsets A of X. For a sequential space X we define so(X), the sequential
order, by so(X) = minfoe ey + 1 : A = [A], for every A C X}. Obviously,
if X is a Fréchet space, then so(X) < 1.

It is straightforward that if X and Y are both sequential spaces, then so is
X Uy Y. Nevertheless, for two Fréchet spaces X and Y, X Uy Y need not be

Fréchet, but, as is shown in the sequel, so(X Uy Y) < 2.

2. Main results.

We first recall a well-known fact about the space X Uy Y (cf. Theorem 6.3
of [3]) which is frequently used in the sequel.
Theorem 2.0 ([2]). Let X, Y be two disjoint spaces. Then:

(1) Y is embedded as a closed set in X Uy Y, and the restriction of q to Y
is a homeomorphism.
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(2) X \ A is embedded as open set in X Uy Y, and the restriction of q to
X \ A is a homeomorphism.

Theorem 2.1. Let X, Y be two disjoint sequential spaces. Then

so(XUrY) <so(X)+so(Y).

Corollary 2.2. Let X, Y be two disjoint Fréchet spaces. Then

so(XUrY) <2.

Theorem 2.3. Let X, Y be two disjoint sequential spaces, M a closed subset

of X, f : M — Y a continuous mapping. Iff(zx N M) is closed in Y for
every A C X \ M, then

so(X Uy Y) < max{so(X), so(Y)}.

Corollary 2.4. Let X, Y be two disjoint sequential spaces and let M be a closed
subset of X . If M is countably compact, then so(XUyY) < max{so(X), so(Y)}.

Proof. From the countable compactness of A and sequentiality of Y, it follows
that f is closed. According to Theorem 2.3, so(X Uy Y) < max{so(X), so(Y)}.

Corollary 2.5. Let X, Y be two disjoint Fréchet spaces, If X is countably
compact, then X Uy Y is also Fréchet.

Remark. Obviously, the converses of Theorem 2.3, Corollary 2.4 and 2.5 need
not be true.

Theorem 2.6. Let X be a Hausdorff Fréchet space, Y be a Fréchet Ti-space,
M be a closed subset of X and let f : M —> Y be continuous. Then, X Uy Y
is Fréchet if and only if f(AN M) is closedin Y forevery A C X \ M.

As we have showed above the sequential order of X U, Y is suppressed by
the sum of so(X) and so(Y). On the other hand, by Theorem 2.3, if f is closed,
then so(X Uy Y) < max{so(X), so(Y)}. Therefore it is natural to ask when is
X Uy Y really large than both of so(X) and so(Y). The following theorem give
a necessary condition for the question when so(X) < w.
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Theorem 2.7. Let X, Y be two disjoint Hausdorff sequential spaces, M be a
closed subset of X, f : M — Y be a continuous mapping and let so(X) < w.

If
so(X Uy Y) > max{so(X), so(Y)},

then there exists an embedding map p : S, — X Uy Y such that

{p(,) :neN} C q(M)

and
{p(tyn) :n,meN} C X\ M.

Recall the definition of S, (see also example 1.6.19 of [3]).

Let T = {t, : n € N} be a sequence converging to fy ¢ T. Then S, is the
space obtained by attaching the space N x {t, : n € w} to the space T U {ty}
by the continuous map f : {(n,f) : n € N} — {¢t, : n € N} defined by
f((n, t)) =t, for all n € N. For convenience, we write t,, for (n, t,,).

Corollary 2.8. Let X, Y be two disjoint Hausdorff Fréchet spaces, M C X
a closed subset and f : M —> Y a continuous map. Then the following
conditions are equivalent:

(1) so(X Uy Y)=2;
(2) there exists an embedding map p : S» — X Uy Y such that

{p(t,) :neN} C qg(M)

and
{p(tum) :n,m e N} C X\ M.

Question. (a) Let X, Y be two disjoint sequential spaces. Then, does
so(X UrY) <so(Y) +so(X)

hold?

(b) In Theorem 2.7, whether the condition of so(X) < w can be removed?
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3. The proofs of theorems.

Lemma 3.1. Let X,Y be two topological spaces. Let f : X —> Y be a
continuous map. Then, for any A C X and ordinal number o,

F([Ale) € [f (Al

Proof. We show Lemma 3.1 by induction.
Suppose that f([Alg) € [f(A)lg forall B < a.
If « 1s a limit, then

F([Ale) = Up<a f([Alp) € Up<al f(A)]p = [f (Al

If « is not a limit, then « = B + 1 for some B < . Fix y € f([Alg+1).
Then y = f(x) for some x € [A]g. Thus there is a sequence {x; : i < w} in
[A]g suchthat x; —> x asi —> oo. Since f is continuous, f(x;) —> f(x) as
i —> o0o. By the supposition, we have { f(x;) : i < w} € [f(A)]g. Therefore
f () e[f(A)]g+1 which completes the proof.

Lemma 3.2. Let X, Y be two disjoint topological spaces. f)\/lso let AC X\ M.
Ifz=q(y) szufyforsome y€eY,then, ye f(ZX nNM) .

Proof. Let V be a neighbourhood open in ¥ of y. To complete the proof, it
suffices to show that f~1(V) N ¥ # (). It is obvious that V N f(M) # 0.
Therefore, £~'(V) # . Suppose f~'(V) N A~ = . Then there is an open
subset U’ of X containing f~'(V) such that U’ N A = 0.

On the other hand, since f is continuous, there is an open subset U” of X
suchthat f~'(V)=U"NM.LetU =U'NU" and W = g(U U V). It is easy
to see that W N A = (. If we can show that W is an open neighbourhood of z
in X Uy Y, then this completes the proof of Lemma 3.2, because it contradicts

Z€E ZXU/Y. Obviously, z € W. Notice that if x e M \ U and g(x) € W, then
f(x) e V. In fact, there is w € U U V such that g(w) = g(x). If w € U, then
we M. Since f~1(V) = M NU, it follows that w € f~' (V). Sox € f~1(V).
Hence, g~ '(W)=UUV.

The proof of Theorem 2.1. Let so(X) = « and so(Y) = 8. We will show that
so(X Uy Y) <a+ B. Letk = gly and j = g|x be the restrictions of g to X
and Y respectively. Now letus fix A € X Uy Y and z € A s easy to see
thatze AN X\ M) ' UANKQE) " Now we prove that z € [Alo. 5.
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Casel. ze Ak) ",
By Theorem 2.0, k(Y) is a closed subset of X Uy Y. Therefore, z €

ANk )k(y). By the facts that k(Y) and Y are homeomorphic (Theorem 2.0)
and that so(Y) = B, one has

XUy

XUpY
< atp -

ze[AnkM)T" S [Al [A]

Case2. ze AN(X\ M)XU/Y.

If ze X\ M, then z € W\M)X\M because X \ M is embedded in
X Uy Y as an open subspace, and so z € mx. Since so(X) = «a, we
have ze [AN (X \ M)]y, and so, by Lemma 3.1,

XUsY

ze[An X\ M c Ay’

a+p -

If z¢ X\ M, then z = k(y) for some y € Y. Thus,

Y
z=q(y) € q(f(Aﬂ(X\M)XﬂM) ) (by Lemma 3.2)

— qUfANE\M) NMIY)

C [q(fANXNM) nM)T;" (by Lemma 3.1)

= [gANX\M) NMT"" (by the definition of ¢)

c AN E\MH

= [qUAN X\ MO

C  lgAn X\ M) 157" (by Lemma 3.1)

= [ANX\ML
= [ANX\MI, 5

XUy

at+p

IN

[A]

This completes the proof of Theorem 2.1.

Lemma 3.3. Let X and Y be two topological spaces, M be a closed subset of
X andlet f : M —> Y be continuous. Also, let A € X \ M be such that

f(z N M) is closedin Y. Then, q(ZX) = ZXU‘fY.
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Proof. Let z € qufy. If z € X \ M, then by Theorem 2.0, z € ZX\M - ZX.

Thus 7 = q(z) € ¢(AY). If z = q(y) € A" N q(Y) where y € ¥, by
—_—Y —

Lemma 3.2, y € f(ANM) . Since f(A N M) is closed in Y, there exists

x € AN M such that f(x) =y,hence z € q(ZX).

The proof of Theorem 2.3. Take B € X Uy Y. Then

XUsY . —=XUrY
[B]so(XUfY) - B

— Bnx\m) " uBnqm) "

q(Y)

= ¢gBNE M HUBNg)'" (by Lemma 3.3)

= BN X\ MIE ) UIBNgMIT)
Y)

C [BNX\ M,k UIBNgI)],4 (byLemma3.1)

XUrY XUsY
g [B]so()f() U [B]so(f’)

. XUy
- [ ]max{so(X),so(Y)}'

Lemma 3.4. Let X be a Hausdorff space, Y be a T,-space, M be a closed
subset of X and let f : M — Y is continuous. Suppose that {x, : n € N} C
X\ M is a sequence which is convergentin X Ng Y to a point g(y) where y € Y.

Then thereis x €{x, :ne N}X N M such that y = f(x).

Proof. By Lemma 3.2, {x, : n € N} is not a closed subset of X. Therefore, in

particular, [{x, : n € N}]f \ {x, : n € N} # @, because X is sequential. As X

is T, there exists a point x € [{x, : n € N}]f \ {x, : n € N} and a subsequence

{xx, : n € N} of {x, : n € N} such that x;, — x as n —> oo. Since X is

Hausdorff, we have {x;, : n e N}X = {xx, : n € N} U {x}. Note now that g(y) €
Y

{xx, :neN}XU/Y Hence, by Lemma 3.2, y € f({x4, : 1 EN}X NnM) =

7). Since Y is T, it follows that y = f(x).

The proof of Theorem 2.6. By Theorem 2.3, we only need to show the necessary.
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S —
Let A C X\ M. Suppose A" N M # @, and let y € f(A* N M) . Therefore,

_— XU, Y
e qfFE nmy

TXX Uy Y
c q(A) (by the definition of ¢)
XU, Y
C q(A)XUf ! (by the continuity of q)
_ quf Y '

Since X Uy Y is Fréchet, there exists a sequence {x, : n € N} from A such that
{xn : n € N} is convergent in X Uy Y to the point g(y). By Lemma 3.4, this
implies that y € f(A N M).

Lemma 3.5. Let X be a Hausdorf{f space, Y be a Ti-sequential space, M be a
closed subset of X and let f : M — Y is continuous. Alsolet A C X \ M. If

XUy

o = min{f : [A]ﬂ N g (Y) is not closed in q(Y)},

then [Al;”" N q(¥) < q(M).
Proof. Take a point g(y) € [A]fufy N g(Y) where y € Y. Since y ¢ A, the
following ordinal is well-defined:

B(y)=min{B : q(y) €[Alz;1 \[ALy ")

Now, g(y) € [A]gagil \[A];(gvf)y implies the existence of a sequence {x,, : n € N}
from [A];(Evf)y which is convergent in X U Y to the point g(y). In the case, the
set {n : x, ¢ X \ M} is finite. Indeed, otherwise we can find a subsequence
{xx, : ne N} of {x, : n e N} N q(Y) such that x,, — ¢q(y) as n — oo.
However, this will finally imply that g(y) € [A];((ny)y because, by construction,

B(y) < «a and [A];((%Y N g(Y) is closed. So, there is ny € N such that

{x, :n>no} € X\ M. By Lemma 3.4, it follows that y € f(AN M).
The proof of Theorem 2.7. Let max{so(X), so(Y)} = a. Since so(XU;Y) > a,
there exists A € X Uy Y such that

—XUsY

AN ALY £ 0.
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We pick
c AXYY \ [A]é(ufy'
Since —XUrY XU XUrY
AT =Ang®) Vr¥ UANX\M) '

by Theorem 2.0 and the hypothesis of max{so(X), so(Y)} = « we have

(%) c=q(y)eAn X \M) I\ [An X\ T

where y € Y. For the covenience, without loss of generality, we may write
ANX\ M) =
Claim 1. [A]} %, Ng(Y) is not closed in g(¥).

Since X Uf Y is sequential, by (x), there exists a sequence {z, : n e N}

from [A] (X) converging to a point 7/ = ¢g(y) outside [A] (X) " Where yeY. If
{z, 1ne N } N (X \ M) is infinite, then, by Lemma 3.4, there is a subsequence

{zx, : n € N} of {z, : n € N} and x € X such that x € {z, :nEN}X and
y=f).

On the other hand, foreach n €N, z; € [A]Xuf v

oy N(X\ M) =AY, C

so(X) —

[A]SO(X) o Therefore, x € [A]fo(x). Thus, by Lemma 3.1, g(y) = g(x) €

[A]f:,f(f which is a contradiction. So, {z, : n € N} N g(Y) is infinite, this

completes the proof of Claim 1.
Now let us define

XUsY

B = min{wx : [A], N q(Y) is not closed in g (Y)}.

By Lemma 3.5, [Ala " Nq(Y) € q(M).
On the other hand, since X U; Y is sequential, we can choose

XUy XUpY

ZOE[[A],g "Ny, \[Alg 7 Ng().

There is a sequence {z, : n € N} from [A];(Ufy Nq(Y)(C g(M)) converging to
Z0. Since X and Y are Ty, sois X Uy Y. Hence {z, : n € N} is a infinite subset.
As Y is Hausdorff, there exists a subsequence {z;, : n € N} of {z, : n € N} and
a family {V, : n € N} of pairwise disjoint open subsets of X U; Y such that
2k, € V. Let

B, = min{y : z;, € [Al} " Ng(V)).
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Obviously, for every n € N, there is an ordinal number «,, such that 8, = «,, + 1
and
2, € (Al 11 \[Als, "

Therefore, for each n € N, there is a sequence {z,,, : j € N} from [A]jf"“f Y
converging to zx, . Since X Uy Y is Ty, {2,y : j € N} is infinite for each n € N.
By the definition of 8 and the fact that o, < o0, + 1 = B, < B, it follows that
Hzwm : m €N} N g(Y)| < R for each n € N. For convenience, we still denote
by {zuu : m € N}, the intersection of {z,,, : m € N} and X \ M.

Claim 2. No there is a sequence from {z,,, : n, m € N} converging to z;.

In fact, if 8 = so(X) and if there is a sequence from {z,, : n,m € N}
converging to zg, then, by Lemmas 3.1 and 3.4, we have zy € [A];(Uf N q(Y)
which is a contradiction.

If B < so(X), since so(X) < w, so B is not limit. Rest of the proof of
Claim 2 is evident.

Since X \ M is embedding in X U Y as an open subset, therefore if we
define map

p: 52 — X Uf Y
by p(t,) = z,, p(tam) = zam and p(fp) = 2o, then it is not difficult to verify
that the map p satisfies all of conditions required in the statement.

4. Incidental observation.

Definition 4.0. Let X, Y be two topological spaces. Let f : X —> Y be a
mapping. Let  be an ordinal number and C a subset of Y. We define C} as
follows:

¢ =C if =0,

Cy=f(fUCH) if a=p+]1,
C}‘ = UgoC ? if if « is a limit ordinal number.
In [4], Kannan asked that if f : X — Y is a quotient mapping, A and B
are both open subsets of Y, and AU B =Y, then forany C C Y, does
C; =ANOF UBNOY,

holds? Where f4 and fp are the restrictions of f to f ~1(A) and f‘l(B)
respectively. The following theorem completely answers the question above
in positive.
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Theorem 4.1. If f : X — Y is a quotient mapping, A and B are both open
subsets of Y, and AUB =Y, then forany C C Y, C; = (ANC)§, U(BNC)F,
where fi and fg are the restrictions of f to f~'(A) and f~'(B) respectively.

To prepare for the proof of Theorem 4.1, we first introduce a lemma.

Lemma4.2. If f : X — Y is a quotient mapping, B is an open subsets of Y,
then, for any C C Y and any ordinal number o, (BN C)§ = BN C§ where fg
means the restriction of f to f~(B).

Proof. We first show that (B N C);‘-B CBN C}’?.
Suppose that (B N C)ﬁg - CJ’?- forall 8 <a.If ¢ = B + 1, then

(BNO)Y = (BNOS

(B

= fo(f5(BNOL) )
= fUTBNBNOL))
FUEUED)

— B+1
= (.

IN

If o is a limit, then (B N C)%, = Up_o (BN O)f, € UpuCF = CY.

Next, we show that B N ij > (BN C)?B.

Suppose that BN CY € (BN O)f forall g < o far = B+ 1, we will
show that BN Cf™ < (BN O

If y e BNCI \ (BN O, then f7'(y) N f~1(CF) # 0 and

—'®
o) n f' (B ﬂC)';B) = (). By the soppostion of induction, it

follows that f~'(y) N f=1(B) N f‘l(Cfof) = ¢. Since f~'(B) is open and
f~Y(y) € f~4(B), onehas f~!(y) N f—l(Cf-) = ¢, which is a contradiction.
Therefore BN CF™ < (BN O

If @ is a limit, then B N C% = B N (Upo)C) = Npo(B N CP) C
Ug<e (BN C)ﬁg = (BN C)?‘-B , which completes the proof of Lemma 4.2.

The proof of Theorem 4.1. Suppose that Cf- =(AN C)i U(B N C)‘;-B for all
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B<a.lfa=p+I1 then Cs =CI" = f(f-1(CP)) and

Ccna = c€naf

Gy

= AUCenal) )
= fUT@NFECN AL
Similarly, (C N B)?B = f(f~Y(B)N f-1(Cn B)}S.B)). Therefore

CnAg uEnBY =cCnafuecnsf!

= (AU FHCNBL) N (B U FIIC N AL )N F1Ch)
c frNCehy =citt =y
On the other hand, if y € CJ’?H, then f~!1(y) N f—l(Cf-) # (). Next we show
that
(+%) yenaffuwenpi
If ye AN B, then f~'(y) € f~'(A) N f~'(B) and so, by the supposition
of induction, (xx) follows. If y € B\ A, then f~'(y) N f~1((CN B)?B) # 0.
Indeed, since f—l(y)mf—l(cf.) #@and f~!(y) € f~1(B),onehas f~1(y)N
F7UCT N f71(B) # 0. Since f7(B) isopen, f~1(y) N f~1(Cf N B) # 0.

By Lemma 4.2 and the supposition of induction, f~!(y)N f~1((B N C)?B) #* 0,

andsoye (C N B)ﬁ:l. Similarly, we can show y € (C N A)?AJrl in the case of
ye A\ B.

If o is a limite, then by the supposition of induction, C} = U,3<QC}S- =
Us<e((ANC)} U(BN O ) = (ANC)% U (BN C)% . which completes the
proof of Theorem 4.1.
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