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ON SZASZ-MIRAKYAN OPERATORS OF
FUNCTIONS OF TWO VARIABLES

LUCYNA REMPULSKA - MARIOLA SKORUPKA

We consider Szasz-Mirakyan operators S,{,i’},, in polynomial and expo-
nential weighted spaces of functions of two variables. We give Voronowskaya

type theorem and theorem on convergence of sequence { % S,{,l},, f )] .

1. Preliminaries.

1.1. Similarly as in [1] and [2], for fixed p € Ny := {0,1,2,...} and
g€ R, := (0, 400) and for all x € Ry := R, U {0}, we define

€] wo(¥) :=1,  wpy():=1+x"H"" if  p=1,

2) vy (x) 1= e 7.

Next, for fixed py, p; € Ny, we define the weighted function

(3) W, p, (X, ) 1= Wy, (D)W, (¥),  (x,y) € Ry := Ry X Ry,

and the polynomial weighted space Cy; ), ,, of real-valued functions f continu-
ous on Rg for which fw,, ,, is uniformly continuous and bounded on Rg. The
norm in Cy;p, ,, is defined by

) 1 Wipps 2= SUD Wy, o (2, )] (x, ).

) 2
(x,y)eRO
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Analogously, for fixed ¢, g» € R, we define

(5) Uql>q2(x’ y) = Uq1 (x)qu()’), (xv )’)ER&,

and the exponential weighted space C»,4, 4, of real-valued functions f continu-
ous on R for which fv,, 4, is uniformly continuous and bounded on R7. The
norm in Cy,g, 4, is given by

(6) £ l2ig100 i=  SUP Vg, 0 (X, )| (2, ¥).

(x.y)eR?
Moreover, for fixed m e N := {1,2,...} and p;, p» € Ny, let C{'?p]’pz be the
class of all functions f € Cy,,, ,, which partial derivatives of the order < m
belong to Cy;),,p, also. Analogously we define the class C5', .m € N and
q1, 42 € R+.

1.2. In [3] were examined the Szasz-Mirakyan operators for functions f
continuous on R}

D S =" am, j(x)an,k(y)f(nii, S)

j=0 k=0

JH1 k1
™

® P =YY anwam [ [ reoddz,
=0 k=0 )

S~

(x,y) € R3, m,n € N, where

(nx)*

&) A (X) == e 0

x€Ry, ke Ny, neN.

These operators are analogues of the Szasz-Mirakyan operators, considered in
[1] — [3] for functions f of one variable

(10) Sfia) = Zan,m)f(S),

k=0

kt1

(11) SP(fix) = Zan,k(x)n/f(r)dr, x€Ry, neN.

k=0

n
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From the results given in [3] we can deduce that if f € Cy,),, ,, or
f €Cyyq .4, With some py, p €ng and q1, g € R, then

(12) lim SO (fix, ) =fx,y, i=12,
m,n— 00 ’

for every (x, y) € R.

In the present paper we shall prove some analogues of (12) for derivatives
of the operators (7) and (8). In Section 2 we shall give some auxiliary results
and in Section 3 we shall prove the main theorems.

By Mj(a,b),k = 1,2,..., we shall denote suitable positive constants
depending only on indicated parameters a, b. The partial derivative of function
f we shall denote as usual by f, or %ﬁ

2. Auxiliary results.

2.1. First we shall give some properties of the operators s\ and S,{,f,},,
proved in [1] — [3].
From (7) — (11) it follows that

(13) S 1;x)=1, xeRy, neN,i=1,2,
(14) SO (Lx,y)=1,  (x,y)€R, mneN,i=12.

Moreover, if f € Cy.p, p, Or f € Cog 4, (P1, P2 € No, q1,92 € Ry) and if
fx,y) = fix)fo(y) forall (x, y) € R2, then

(15) S F(t, 25 x,9) = S (f1@); ST ()5 )
forall (x,y) € R}, m,ne N andi =1, 2.

For every fixed x € Ry and for all n € N we have ([1])

0 if i=1,

1 {iber — - — 1

(16) Sit—xo=y1 w5
2n
al if Q=1

{iYeer — )2 _)n

(17) Sp (E=x)5x) =19 | 1 ‘
-—+— if i=2
n  3n?

Lemma 1 ([1]). For every fixed xo € Ry there exists a positive constant M (x)
such that forallne N andi = 1,2

SU((t — x0)*; x0) < M, (xo)n 2.
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Lemma 2 ([1]). For every fixed p € Ny there exists a positive constant M (p)
such that for all x e Ry, ne N andi = 1,2

w, () (1/w, (1); x) < My(p),

X
n
X

wp (S (= 02wy x) < M 1L

Lemma 3 ([2]). Let r > g > 0 are fixed numbers. Then there exist M3(q,r) =
const > 0 and natural number ng > q(In(r/q))~" such that for all x € Ry,
n>nopandi =1,2

v (0)SYH(1 /v ()5 x) < Ma(g, 1)

if i=1,
v () S (1 — x)? /v, (1); x) < Ms(q, 1)

=N |=

+1
n

if i=2.
Applying these lemmas, (1) — (6) and (15), we immediately derive from

(7) — (9) the following two lemmas.

Lemma 4. For fixed pi, p» € Ny there exists My(p1, p») = const > 0 such

that for every f € Cy.p, p, and forallm,ne N, i =1,2

(18) IS CFs s M isprpe < Ma(pry PO N1 pr.pa-

In particular
19)
1S5, (1/wpy s (25203 -, My < Ma(pr, p2) - for moneN, i=1,2.

From (7) — (9) and (18) we deduce that S,{,f}n, m,ne N, i = 1,2, is a linear
positive operator from the space Cy,, p, into Cy,p, p,.

Lemma 5. For fixed ri > q1 > 0 and ry, > q > 0 there exist
Ms(q1, g2, r1,72) = const > O and natural numbers my > q,(In(r,/q:))"",

no > q2(1,(r2/q2)) ™" such that for allm > mg, n > ngandi = 1,2

1SS (140,80 25+, Mosryr, < Ms(q1, g2, 71, 72).
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Moreover, for every f € Cy.q, 4, and for allm > mo, n > ng andi = 1,2 we
have

(20) 1SS (5o M < Ms(qr, g2, 1, 1) f 21,00

The formulas (7) — (9) and the inequality (20) prove that S,{,f,},,,i = 1,2, is
a positive linear operator from the space Ca.q, 4, into Cy,, ,, provided that
r1>q1>0,r > qy > 0and m > my, n > ny.

3. Main results.
3.1. First we shall prove the Voronovskaya type theorem.

Theorem 1. Suppose that f € C%.p] 0 OF fe sz.q] o with some pi, ps € Ny,

q1,q2 € Ry. Then, for every (x,y) € Ri =Ry X Ry andi =1, 2, we have
. i X Y
@1 lim n{S;5,(f;2,3) = fG, 0} = S0 9 + S0 9 +
0 if i=1,

+11 1 ,
SEG D+ 5 HE ) if i=2

Proof. Leti =1, feC},  andlet (xo, yo) € R} be fixed point. Then, by

the Taylor formula, we can write
f(t,2) = f(xo, o) + £ (x0, y0)(t — x0) + f{(x0, y0)(z — yo) +

1
+ E{fx/;c (x0, Y0) (t —x0)* 42, (X0, y0) (t —X0) (z— y0) + £, (X0, y0) (2= y0)*} +

+ o, 23 X0, YOVt — x0)* + (z — yo)*,  (1,2) € RZ,

where ¢(t, 2) = ¢(t, z; X0, Yo) belongs to Cy. ), ,, and lim ¢@(,z) = 0.
(t,2)— (x0,0)

From this, applying (13) — (15), we get
(22) S (. 2): X0, yo) = f (x0. yo) +
+ ] (o0, y0) S (& = x0; x0) + f; (x0, Y0)Si" (2 = yo; yo) +

1 " 4
+§{fxx (x0. YO) S (1 —x0)*: x0)+2 £, (%0, y0) S (¢ —x0: x0) S (z—yo: yo) +

+ £y @0, ) S (2= y0) s Yo} + i (0 (2, D)V (t = x0)* + (2 — yo)*: X0, o),
neN.
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But from (16) and (17) it follows that

(23) lim nS;(r = xo: x0) = 0= lim n8,"(z = yo: y0).
@4 lim a8, —x0) i x0) =x0 . lim 28,7 (2 = y0)%: yo) = yo-

By the Holder inequality and by the linearity of S ) and (13) — (15) we get

+ (z — Y% x0, yo)| <

< (S (t, 2); x0, YO 2SI ((t = x0)*; x0) + S (2= y0)*: o)} /%, neN.

But by properties of ¢ and (12), we have
Jim 179 (1, 2); %o, y0) = ¢ (x0, o) = 0.

From the foregoing facts and Lemma 1 we obtain

(25) lim S (@, DVt = x0)* + (2 = y0)*: %0, yo) = 0.
Next, using (23) — (25), we derive from (22)
: X 4 1
nll>llolo ’l{S,{,,l,},(f(t, 2); X0, yo) — f(x0, Y0)} = Eofxx (%0, yo) + %fyy (%0, yo)-

Thus the proof of (21) fori = 1 and f € C?
(21) in the other cases in analogous. O

I:p1.p, 18 completed. The proof of

{'} 3.2 Now we shall give analogues of (12) for partial derivatives of
San(f3 -5 ).

Theorem 2. Suppose that [ € C! with some pi, p» € Ny,

Lpr.pa OrfECqu
qi1, q2 € Ry. Then for every (x, y) € R2 andi=1,2

d
26) lim 25U (f: x %(x, ),

n—o00 0X

27) lim —Sl} (fix,y)= %(x,y).

n— o0
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Proof. We shall prove only (26), because the proof of (27) is identical. Let
i=1,f¢€ C};p])m and let (x, y) be a fixed point in Ri. From (7) and (9) it
follows that

0 n
TSI (2, y) = =S 2%, 3) + ZSI (1 23 x, )

1

L;p1pa® we can write

for every n € N. Applying the Taylor formula for f € C

(28) ft,2) = fx, )+ file, ) —x) + fyx, ) —y) +

+ U, 5, OV —x)2+(z—y)?,  (1,2) €RE

where ¥ (¢, z) = ¥ (¢, z; x, y) is function of the class Cy;,, ,, and

lim ¥(t z) =0.

(t,2)—>(x,y)
From the foregoing formulas and by (13) — (15) we get

aa—xSf,},},(fa, 2ix,y) = —n{f@, )+ £, S —x;x) +

+ [ SPE =y )+ S DV =0+ @ — i)} +

+ ;{f(x, NS x) + £l S —x);x) +

+ £ NS 08 =y )+ S, DV = 0%+ @ = %X,y
neN,

which by
S —x);x) =S —x0)% %) + xSt —x;x)
and by (16) and (17) implies

a

(29) 555,?,1@0, 2%, y) = fl(x,y)+

+ 25 (@ =0y Va0 G- )% y)
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for all n € N. Next, applying the Holder inequality and (13) — (15), we have

ISYI( = )Y, DVt —x)2 + (2 — y)% x, y)| <

< [sthw @ o ] st -0+ - 02—y ) =

12 1/2
e A 0| R (R e B (S BRI BI(C R0 N

n,n

neN.

From the foregoing inequality and by (17), Lemma 1 and (12) we deduce that

lim nSLY (=) (1, DV (1 =22 + (2= W% x, y) =0

Hence, from (29) we obtain

Tim —S“}(f(t 2);x,y) = %(x,y) for (x,y) € R},

which completes the proof of (26) fori = 1.
Let f eC! i =2 and (x, y) be a fixed point in R%. From (7) - (11)
it follows that

Lp1,p2°

—S”(f x,y)=—nSE(fix,y)+
JEARy IS}

220 @) f f (2. 2) drdz.

j=0 k=0 ik
n n

Similarly as in the case i = 1, by (28) and by (13) — (17), we get
(G0 ESEF 95 0 ) = —n] £+ F 8P - +
+ £ NS =y )+ S (v VT =+ = %5 xy) |+

Jt1

;{f(x WS 3 + £, y)Zan,(xn/(r—x)dtJr

j=0

=~
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+ [, S xSz — yi y) +

+ 2w [ [ 1//(t,z)\/(t—x)z—i—(z—y)zdtdz} =
j=0 k=0 T
_ 5 PN, D).
= fl)+ 3 ;gan,j(xm,k(y)(n x)n

J1 kel

/ /w(t,z)\/(t—x)z-l-(z—)’)zdtdz = f,!(x,)’)-l-;f\n(x,y)

n

for n € N. Applying Holder inequalities, we get for n € N
[An(x, y)| <

S ket
1/2

5ZZan,j(x>an,k(y))£—x)n{ f f YA =) +(—y) Mdedz <

j=0 k=0 J
n n

< {(Spa (@ =% x, YD WA, D — 2% x, ) +
+ Syt )z — y)* x, y}'
and, by (13) — (15),
172

SP WA, 20 — 0% x, y) < [SE @, 21, )} PSP -0t 0}

S, 9z — 0% x, ) < [SPWhe, 95 0} PSP - b o)

which by Lemma 1, (12) and ¢ (x, y) = 0 yield
lim nS™ (W21, 2)(r — x)% x, y) =0,
n—o0o ’

lim nS2 (W2, 2)(z — y)% x,y) = 0.
n—oo ’
From the above facts and by (17) we deduce that
3D lim nA,(x,y) =0, for every fixed (x,y)e€ Ri.
n—oo

Using (31) to (30), we obtain (26) for i = 2.

The proof of (26) for f € Czl; . is identical. U
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