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A NOTE ON THE FABER-KRAHN INEQUALITY
TILAK BHATTACHARYA

In this work we study the well known Faber-Krahn inequality for planar
domains. Let u > 0 be the first eigenfunction of the Laplacian on a bounded
domain and A; be the first eigenvalue. Let A} be the first eigenvalue for
the symmetrized domain. We prove that a certain weighted L' integral
of the isoperimetric deficiencies of the level sets of # may be bounded by
the quantity A; — A}. This leads to a sharper version of the Faber-Krahn
inequality. It can be easily shown that this result also holds for more general
divergence type equations.

1. Introduction.

This note is a continuation of [2], where we derived estimates on the
symmetrized first eigenfunction of the Laplacian on bounded planar domains.
We introduced a method for obtaining maximal solutions to the well known
Talenti’s inequality for the first eigenfunction [4], and derived upper bounds
for the symmetrized eigenfunctions by studying the corresponding maximal
solution. Our effort in this work will be to employ methods of [2] and quantify
the Faber-Krahn inequality in terms of the perimeter of the level sets. Our basic
conclusion is that the closer the first eigenvalue is to that of the disk of the same
area the smaller the isoperimetric deficiency is in a weighted L' sense.

Let Q C R? be a bounded domain and let 92 be the boundary of 2. Let u
solve

(11) Au+k1u =0 in Q, and MlaQ :0,
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where A1 = A;(2) > O is the first eigenvalue of the Laplacian. We refer to u
as the first eigenfunction. It is well known that X is simple and u has one sign.
From hereon, we will assume that u > 0 and supu = 1. For 0 < ¢ < 1 we let

(1.2) Q={xeQ:ulx) >t}

(1.3) w(t) =[],

where |S| denotes the area of a set S C R2. Also let Q* be the disc centered
at the origin with area equal to that of 2. Let (x, y) denote the Cartesian
coordinates of a point in Q*. Define

(1.4) u'(a) = inf{t > 0 : u(t) < a}, and
u*(x,y) = u' (T (x* + y?)).

The function u* is called the Schwarz nonincreasing radial rearrangement of u.
In this work, we take |Q2| = 1; also set A7 = A (2%).

We will now provide a formal derivation of Talenti’s inequality for the
positive solution of (1.1) (see Sections 4 and 5 in [4]. Also see [1]). This will
make explicit the questions we will be studying in this work. Recall that u is
locally analytic and thus by Sard’s Theorem and the Coarea formula we have
forO <t <1

2 1
(1.5) </ 1) < / | Du| )
I IR, s, |[Du|

Let L(0€2;) denote the length (1-dimensional Hausdorff measure) of 9€2;.
An application of the divergence theorem on (1.1), the classical isoperimetric
inequality and (1.5) yield that for a. e. ¢

(1.6) 4w p(t) < L(3S2)* < / [Du| =
99, 99, |Du|

1
= A1/ u=—-u'@) [ u, fora.e.t,
aq, |1Dul Jo, Q

where u'(t) = du/dt. Thus we have that

1
(1.7) drp(t) < —p' (1) (/ w(s)ds + tu(t)) , fora.e.t,
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£(0) = 1 and u(1) = 0.

In [2], a detailed study of (1.7) was carried out and a maximal solution
Z > u was constructed which lead to a better understanding of . In particular,
we obtained estimates for #* in terms of A; and A}. In this work we derive a
sharper version of the well known Faber-Krahn isoperimetric inequality, which
says that Ay > A} and A; = A} if and only if Q = Q*. Prompted by (1.6) and
(1.7), we define the following two quantities. Let s(¢) and o (¢) be such that

(1.8) Ar{l +o(t)}u(t) =

= L(3S2,)% and 47 {1 + s ()} u(t) :f |Du| ,
I, aq, |Dul

for all ¢’s at which (1.7) is well defined. Clearly, 0 < o(¢) < s(¢) and €2; is a
disc whenever o (¢) = 0 (or s(t) = 0). We refer to the quantity 4o (¢) as the
isoperimetric deficiency. Our effort will be to try to quantify the Faber-Krahn
inequality in terms of o () and s(¢). More precisely,

Theorem 1. Let Q@ C R? be a bounded domain with |2] = 1. Let A, be the
first eigenvalue of Q2 and let A7 be the first eigenvalue of Q*. Suppose u satisfies
(1.1) withO < u < 1 and supu = 1. Define u, o and s by (1.3) and (1.8).
Then there exists an absolute positive constant C such that

1 1
(1.9) 0= / o(O)u(ndr < / sOut)dt < C(h — ).
0 0

Remark 1.1. Theorem 1 holds for more general uniformly elliptic p.d.e’s.
Consider the eigenvalue problem,

_Z <au(x) )—i—c(x)u—)qu in Q, ueW”(Q)
Xj

Here a;;(x) and c(x) € L*°(£2). We require c¢(x) > 0 and
aij (V&g = [§]°, VxeQ, VE e R
Let A; be the first eigenvalue. It is well known that A; > 0 and the first

eigenfunction does not change sign. From [4], one sees that (1.7) continues
to hold.
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Remark 1.2. It is not clear whether or not the exponent 1 on the term (A —A})
in (1.9), is sharp. We are also unable to determine whether a lower bound, in
terms of (A; — A]), holds. It also seems to be unknown whether an estimate of
the type (1.9) holds for the first eigenvalue for the p-Laplacian.

The proof of Theorem 1 is achieved by adapting the methods employed in
[2].

We have divided our work as follows. Section 2 contains some preliminary
results and the proof of Theorem 1 appears in Section 3.

We thank the referee for making several useful suggestions.

2. Preliminary Results.

We will first present a short proof of the Faber-Krahn inequality based on
our previous study of Talenti’s inequality in [2]. In order to prove the Faber-
Krahn inequality we first prove that A; > A} (see Theorem 3.3 in [2] and the
related Lemma 2.1 in this work). To prove that 2 is a disc when A; = A7, we
proceed as follows. We recall the definition of the maximal solution Z for (1.7).
For any given A; > 0, the function Z solves

1
2.1 i—nZ(t) =-Z'(r) |:f Z(s)ds + tZ(t)] , for0 <t <1,
1 t
Z0)=1.

As was shown in Theorem 1.1 in [2], () < Z(¢) in [0,1] (also see (2.13)),
and the value of Z(1) played a central role in obtaining estimates on p and
consequently for u*. If A; = A} then Corollary 3.1 in [2] implies that Z(1) = 0.
Now u/(t) exists outside a set of zero measure. Thus from (2.1), (1.7) and the
fact that u < Z, for a. e. t,

4z ([ -
2.2 W @)/ ) < _A_Z </ n(s)ds + tlt(f)) <
1 t

-1

4 ! ’
< 05 (/ Z(s)ds—i—tZ(t)) =Z)/Z({).

1

Note that — log 11(¢) is nondecreasing and continuous in [0,1). Thus (2.2) yields,

log(u(1)/1u(s)} < f WO (o) de < / Z/(0)/Z(x) dt = log(Z(1)/Z(s)).

N
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Clearly then,
(2.3) 1 <Z(s)/u(s) < Z(@0)/u(), 0 =s <t <1

Employing that —pu is increasing and Z is absolutely continuous, we see that

1 1
(2.4) Z(t) = —/ Z'(t)dt and u(t) > —f w'(t)dr.

Now using (2.4), (2.1), (1.7) and the fact that both Z and w are non-increasing,
we obtain that

Z@® _ [ =Z'(v)dr B
p(t) — ftl —w (tydr

([ Z(7) e : pu(r) e
“\) [l z@do+z(0) o [ @) do + (o)

1 1
S(/ Z(1) dr)/(/ ldr):bg(ﬂelastel.
. TZ(7) p 1—1¢

From (2.3) we see that Z(¢) = u(t), Vt € [0, 1]. Thus equality holds in (1.7),
Vt € [0, 1], and hence in the classical isoperimetric inequality in (1.6). Thus €2,
is a disc for all #. Since 2 = U,.(€2;, and €2, increases to 2 as ¢ decreases to
0, it is clear that €2 is a disc. U

(2.5)

In order to prove Theorem 1, we will use inequality (1.7) as follows. Recall
the definition of o (¢) from (1.8); thus u satisfies,

1
(2.6) i—ﬂ{l +o () < —u' (@) / w()dt +tu(t) |, forae.t.
1 ‘ i

If we use s(¢) instead, we get

1
/ u(t)dr +tu(t) |, forae.t.
t .

4 ,
(2.7 )»_1{1 +sO}u(t) = —p' (@)

In either case, ©(0) = 1 and pu(l) = 0. We now derive an easy weighted
L' estimate for s(¢). Observe that F(t) = (ftl w(s)ds + tu(t)) = (er u)

is continuous and decreasing in ¢f. Thus F(¢#)u(¢) is also continuous and
decreasing. Hence,

1
Fu(l) = FO)u(0) < / (F(H)u() dt <0.
0
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Simplifying, we obtain
1 1 1
0< —/ u’(t)F(t)dt—/ n(@)F'(¢)dt < F(0)=f u(t)de < 1.
0 0 0
Combining this with (2.7) yields

4 (! !
(2.8) —/ {14+s@)}u(r)dt 5] w()yde < 1.
A1 Jo 0

Also noting that — log .(¢) is nondecreasing, continuous and

—1

1
w' @)/ () = —i—n(l +s()) (/ w()dt + tu(t)) for a.e. t,
1 t

we obtain that for 7 € (0, 1),

<1

yr— 1+s(7)
29 0<u) <exp [_Tl 0 [T u©)do + tu(r) dr}

We now construct a maximal solution G(¢) to (2.9) as follows (see proof of
Theorem 1.1 in [2]). Forn = 1,2, ..., set

47 (! 14+ s(7)
2.10 G,(1) = exp | —— dr |,
10 ® eXp[ Al fo [} Guo1(6)d6 + G,y (z) T}

where Go(t) = 1 on [0,1]. Now G,(0) =1,Vn =1,2.... Using (2.9), (2.10)
and u < 1, we have

4 (!
G(t) = exp [_)»_1/0 (I+s(7)) df] > u(1).

If G,(¢t) > u(t) for some n, then (2.9) and (2.10) imply that G, (z) > u(z).
Again G(t) < Go(t), and if G,(t) < G,_,(t), for some n, then (2.10)
implies that G,+,1(t) < G,(t). Thus, arguing by induction, we see {G,(¢)}
is a decreasing sequence of decreasing functions, bounded below by p(¢)
and bounded above by 1. Thus taking limits in (2.10) and setting G(t) =
lim,,_, ., G, (t), we obtain

47 (! 1+ s(7)
2.11) 0 < u(t) <G(t) =exp |:_)»_1 ; /1 G©®)dd +1G@) df:| <1,

GO)=1.
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Furthermore, G(¢) is absolutely continuous on [0, a], Va < 1. By differentiat-
ing (2.11), we see that for a. e. ¢,

1
2.12) i—”{l + s(O)IG(t) = —G'(t) </ G(t)dt + tG(t)) ,
1 t
GO) = 1.

By taking o (7) in (2.10), in place of s (#), we would generate a maximal solution,
say G(t) > u(t),t0(2.6),1. e.,

1
i—”u +oM)G(1) = -G (1) <f G(r)dt + tG(z)) i
1 t

Dropping the term s(¢) entirely, in (2.10), we would get back the maximal
solution Z(¢) to (1.7). By comparing the iterates Z,, G,, G, and u(t) (e. g.
wi) <Gi(t) < G (1) < Z,(t)) and employing an argument, similar to the one
used above in the proof of the existence of G (¢), we find that

(2.13) 0<u®)<Gt)<G@t)<Z(@) <1,Vrel0,1].

We now prove an identity for G (#) which will help us in deriving the estimate
in Theorem 1 (see Theorem 3.1 in [2]).

Lemma 2.1. Let G(t) be as in (2.11). Then the following identity holds,
namely,

1
G(1)Js (,/“i(l)> + /j—’ffo s(1)y/G () J; (,/“i(”) dt =
1
:—JO< )"—1>/ G(t)dt,
Y 0

where Jy, J1 and J, are the Bessel functions of order 0, 1 and 2 respectively.

Proof. Form = 0,1,2,..., multiply (2.12) by G(¢)™ and integrate the right
side by parts to obtain

1
(2.14) 4—”/ {1 +sOIGEO)" ' dt =
A Jo

1 1
_ _;/ (G@)" Y (/ G(t)dt + tG(t)) dt =
m+1J t
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= LG mt 1G d th)
- _low (/ () dt +1G(0)

1
_ b {G(l)m+2—/ G(t)dt —
0

m-+1
1 1
— f GH)"dr |} =
0 0

m-+1

1 ! 1 !
= —Glm+2—/ G(t)dt —f sz”dz}.
m+1{m+2 (D) A (1) +m+20 (1)

Thus, taking m = 0 and m = 1 we get

1

1
—f tG' ()G ()™ ! dt} =
0

0

thm+2
m+2( @)

4 (! 1 5 ! |
—/ {1+s®}G@)dt = —=G(1) +f G(t)dt——f G(t)*dt
A Jo 2 0 2 Jo

and

4 (! R DIPRCEES BY | L
)\_1/0 {1+s()}G() dt——gG(l) +5/0 G(r)alt—ﬂ ) G(t)’ dt.

Combining the above equations we obtain that

oM M\ L /1tht—|—f1 (t)(G(t)—k—llG(z)z)dz—
_EJr(E) 22) ), CONE) S 472 -

MG () ) () /1 3
=—-———— — 1 —_— PR — G() dt.
<477 2 +<471) 1-2~3G() * ) 1-2.2-3 ) ®

Assume that for some N > 0

N )\-1 m 1 2 1
(2.15) {n;)(—l) <H) <%) ]/0 G(t)dt +
1 N-1 " )\-l m G(t)m+l
+/0 s(t){,;)(_l) <E) COErEST) e

_ N 1y )\‘1 m G(1)m+l N
=260 (H) (m — 1)2m(m + 1)

m=1

+ (=D (ﬂ)N __ /1 Gt dt
4w ) (ND2(N+ 1) J, '
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We employ (2.14) with m = N to find that

1 A G1N+2 A 1 1
/G(r)”“dr:——1 M7= M fG(t)dt—
A 4T N+2  4nN+1J,

1
—/ s(OGHN dr — . GOV dr.
0

1 1 :
E(N+1)(N+2)f0

Substituting this formula in (2.15) we find that

N m 2 N+1 2
oy () (A v (2 ! .

e (32) G o () () |
1 1 N-1 m m+1

MM G(1)
. G@t)d -D"l—) ——
/0 " t+/0 S(t){n;)( ) <4n) T

() e |
=D <47r) CPERED

N
= w( A\ G
- {n;(_l) <47T> m—1D2m@m + 1) +

N+1 N+2
+ (=DM <£> G } +

4m (ND*(N + 1)(N +2)

D™ ) : 1G N+2 g
ey <E) (N+1g)2(N+2)/0 () t

Clearly formula (2.15) holds for N = 1 and N = 2. Thus (2.15) holds for every
N =1,2,.... Observing that G(¢) < 1 and taking limits in (2.15) we obtain
that

o] )\-l m 1 2 1
> o =n” <—) <—) /G(t)dt+
0 47 m! 0
: (M) G B
[ro(Zer (&) ) -

=0
> w2\ G()mt!

S () oo

4 (m—1)*m(m+1)
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Comparing formulas for Jy, J; and J, [5], we see

Jo (@) G+ | & / s()/G D) J; (,/ 1G () ) dt —
0

— —G(I)J2< kl(:”).

Rewriting we get,

1
2.16) G(1)J, <‘/MG(1)>+ /4—”/ s(t)\/G(t)J1< AlG(’))dzz
T A Jo b
)]
=gl )2 /G(t)dt.
7 JJo
Similarly we can show

- 1 -
G(1)J, ‘/Mi(l) '+ /j—f/o o (1) G (1), Mi(” dt =

(2)[
=—0 — / G()dr. O
T 0

Before getting to the proof of Theorem 1, we make an observation regarding the
Bessel function J;.

Proposition 2.1. Let vy, oy and By denote the smallest positive zeros of Jy, Ji
and J,. Let 0y = (a9 + Vo) /2, then there exists an absolute positive constant K
such that

1
(2.17) 0<K < < 2 Vo € (0, 6]

J1(6)
0

Proof. We first recall the following formula [5]

d <J1(0)) _ L)
a\ o6 ) 0

Then J;(0)/6 is decreasing in (0, Bo], and consequently J;(6)/0 > 0 in (0, o).
Since vy < 6y < agp, we see that J1(6y) /6y < J1(6)/6, in (0, 6]. It is easy to

verify that J;(0)/0 — 1/2 as & — 0T. Thus by setting K = J;(6p)/0p we
obtain (2.17). U
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3. Proof of Theorem 1.

Let vy, a9 and By be as defined in the statement of Proposition 2.1.
By the interlacing property of the zeros of the Bessel functions, 0 < vy <
a < Po. Now Ay > Af = vlm. Assume that Ay < 7 ((vo +0)/2)”.
Since 0 < u@t) < G@t) < G@t) < Z@) < 1, for t € [0, 1], it follows
that 0 < J/MG()/m < (v + @)/2 < ay < Py, and consequently,
J (VAG()/m) = 0 and J, (VAIG(@)/7) > 0,Vt € (0, 1). Thus

1 1
(3.1) /4—”/ s/ G (1) (‘/MG(”> dt < —Jp (,/A—l>f G(t) dt.
A1 Jo T ) Jo

We now use the estimate in Proposition 2.1, Lemma 2.1 and (3.1). Recall that
G is nonincreasing and 0 < G(¢) < 1. Hence

0< M< )\'_1<M:90'
-V x Vo~ 2

If K is as in (2.17), then

(3.2) K <J, (JMG(”)/‘/@gl, 0, 1].
T T 2

Inserting (3.2) in (3.1), we find that

1 1
3.3) ZK/ sG@)dt < —Jy (‘/ £> / G(t)dr.
0 Y 0

Now Jo (VAi/7) = Jo (VA7) — Jo (VA7/m) < C(h — 1Y), where C is

again an absolute positive constant. Thus, (3.3) yields

1 1 1
0= / o()u(r)dt < f s (r) dt < / sG (1) dt < C(hy — A)),
0 0 0

where C > 0 is absolute. O

Remark 3.1. A natural question, one could ask, is what happens when G(1) =
0. It can be easily shown from (2.13) that u(¢) = G(¢). Thus equality holds in
the second inequality ( from the left) in (2.9). It is not clear to us whether or not
2 has to be a disk.
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We now make a few brief remarks about the quantities s and o.

Remark 3.2. If Q is a disc then it is well known that the first eigenfunction
u, in (1.1), is radial and thus s(t) = o(z) = 0. Conversley, if s(#) = 0 (or
o(t) = 0) at some ¢ € (0, 1), then L, is a disk. One can then conclude from
Proposition 3.1, below, that 2 is a disk.

Proposition 3.1. Let Q2 C R", n > 2, be a bounded domain. Let u be the first
eigenfunction of (1.1) on Q2. Suppose that0 < u < 1 andsupu = 1. If Q, isa
ball for some t € (0, 1) then Q2 is a ball.

Proof. Since 2, C €, it follows that A1(€2;) > A1(2). Also, if Bg(0), the
ball of radius R, is such that A;(Bz(0)) = X;(£2) then vol(Bg(0)) > vol(£2;).
Let R be such that vol(;) = w,R", then R < R. For each n € R, set J, to
be the Bessel function of order 1. Let P € 2, be the center of 9€2,. Setting
r=|P — Q|, Q €, define

R\ Jn—2)2(A11)
vy =12 S A Ly
Jn-2)2(/A1R)

r

Furthermore, if v,_, is the first positive zero of J,—2)» then 4| = A;(2) =
v2 ,/R?. Now Av+Ajv=0,in Q, v(R) =tand v(R) =0. Ifw =u — v,
then Aw + Ayw =0, in ,, and w = 0 on 9€2;. Since A; < A1(£2;), it follows
that w = 0 in ;. By unique continuation, # = v in 2 N Bg(0). We claim
Q = Br(0). Suppose there are points of d Bg(0) inside €2, then u = v will
vanish somewhere in €2. This contradicts that # > 0 in Q. Similarly, one can
show that there are no points of 92 inside Bg(0). Hence the claim. ([l

Remark 3.3. Finally, if s(#) = o(¢) for some ¢, then we may again conclude
that €2 is a disc. First observe that (1.6) and (1.8) imply that |Du| = C; on 9€2;,
for some constant C; > 0. A celebrated result of Serrin’s [3] then implies that
2 is a disc. This togetherwith Proposition 3.1 implies that €2 has to be a disc.
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