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HOLDER CLASSES RELATIVE TO
DEGENERATE ELLIPTIC OPERATORS
AS INTERPOLATION SPACES

UGO GIANAZZA - VINCENZO VESPRI

The well known characterization of Holder classes as interpolation
spaces is here extended under suitable hypotheses to a class of spaces where
the Holder continuity is given in terms of an intrinsic distance relative to
degenerate elliptic operators of Hormander type.

1. Introduction and interpolation between Banach spaces.

In [9] we studied the generation of analytic semigroups by a proper
degenerate elliptic operator A and the aim was to apply that result to obtain
optimal regularity for the corresponding evolution equation.

However a major difficulty arose: we could not completely characterize the
interpolation spaces between the domain of the operator D(A) and the Banach
space X, mostly because of the lack of commutativity of the vectors fields X;
involved in the definition of A.

Therefore in this paper we concentrate on the definition of Holder spaces
by means of interpolation and we prove some interpolation results for spaces of
continuous functions.
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We recall that Prof. A. Lunardi in a recent paper ([16]) solved this problem
in the framework of Heisenberg vector fields, using a method that could be
applicable to more general subelliptic operators.

Let us introduce the general framework we will need in the following:

1.1 Homogeneous Spaces.
Let us be given a topological space X with a distance d.

Definition 1.1. We say that (X, d) is a homogeneous space in the sense of
Coifman e Weiss (see [8]) if
a) the balls B(r, x) form a basis of open neighbourhoods of x ;
b) there exists N e N s.t. Vx € X and Vr > 0 the ball B(r, x) contains at
most N points x; s.t. d(x;, x;) > 5 (homogeneity property).

Remark 1.2. A remarkable case where the homogeneity property is automat-
ically verified is when there exists a Borel measure p which satisfies the so
called doubling condition

(1.1) 0 < u(B(r,x)) < A/L(B(%,X)) < 09,

where A is an absolute constant.

Since the homogeneity property is usually verified showing (1.1), in the
following by homogeneous space we will directly denote a set X with a distance
d and a Borel measure p which satisfies (1.1). Without entering too much into
details, let us just say that homogeneous spaces have been recently used as a
natural framework to study Poincaré inequality relative to Dirichlet forms (see
[4], [5]). We recall also that it is possible to work with a pseudodistance instead
of a distance. For the sake of simplicity here we prefer to consider only the case
of a topological space X with a distance d.

1.2 Interpolation between Banach Spaces.
Let (X, || - llx) and (Y, || - ||y) be Banach spaces s.t.
a) Y CX;
b) there exists an absolute constant ¢ > O s.t. Vy e Y||y|lx < clly]y.
Let now t € R and consider the following real functional

K@, x,X,Y)=inf{|lallx +tllblly :x =a+b,ac X,beY}.

We then define

1
(X, Y)g oo i= {x X :supZK(1.x. X.Y) < oo}

t>0
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with 6 € (0, 1]. It can be proved that (X, Y)g o is a Banach space if it is
endowed with the norm

1
X1l (x.¥)50 = sSUp 5 K (1, x, X, ¥)
>0 f

and it turns out that it is also an interpolation space beetween X and Y in the
sense that for any linear operator 7 : X — X and 7T : Y — Y s.t. T € L(X, X)
and T € L(Y,Y) wehave T € L((X, ¥)g.00, (X, ¥)p.00)-

Definition 1.3. Let « € [0, 1] and E a Banach space s.t. Y C E C X.
a) E is said to belong to the class J,(X,Y) if
Ixlle < Cllxlly “lIxl§ VYxeY

for some absolute constant C > 0; in this case we write E € J,(X,Y);
b) E is said to belong to the class Ko(X, Y) if

K@, x,X,Y)<kt“|x|r VxeE,t>0
for some absolute constant k > O, in this case we write E € K, (X, Y).

For more details on general interpolation spaces and also on the spaces we
are considering here, see for example [2], [3], [6] and [15]. We conclude this
section, briefly presenting another interpolation method.

Definition 1.4. For0 <6 < land 1 < p < 00 set

V(p,0,Y, X) = {u Ry > X 1 up(6) = 1 VPu(r) € LP((0, 00); Y),
> u(r) = 177 (1) € L7 (0, 00); X) |,
lellvip.0,v,.x) = gl r©0,00):v) + V61l Lr(0,00):) -

Then

Proposition 1.5. For (9, p) €10, I[x[1, 00] U {(1, 00)}, (X, Y)g,, is the set of
traces at t = 0 of the functionsin V(p, 1 — 0, Y, X) and the norm

Ixllg., = inf{llullvp1-6.v.x) 1 ¥ =u(0), ueV(p,1—-6,Y, X)}

is an equivalent norm in (X, Y)g p.
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Proof. See for example [15], Theorem 1.2.10. ([

1.3 Hormander vector fields.

Let us consider C*°(R") vector fields X;, i = 1,...,m, that satisfy a
Hormander condition of order K : at any point the vectors and their commutators
up to order K span R”. In this case an intrinsic distance dx associated to the X;
can be defined. Namely

(1.2) dx(x,y) = inf {8 > 0 : 3 Lipschitz curve s.t.

(1) = Zai(t)Xi@(t)) with |a;(1)] =& and ®(0) = x, (1) = y},

i=1

(see also [18]). It is well-known that Vx, y € R" dx (x, y) satisfies the condition
1 &€
;Ix =yl =dx(x,y) <clx —yl°

where | - | stands for the usual euclidean norm, ¢ = K+r1 and ¢ > 1 is a suitable
constant. We can then define balls in the usual way relying on the distance dx.
When referring to Hérmander vector fields in the following we will always deal
with these so - called intrinsic balls.

If we denote with m the Lebesgue measure in R”, in [18] it is proved that

the following duplication property holds:
(1.3) 0 <m(B(2r,y)) < com(B(r, y))

for every ball with center at y € R” and radius r < Ry, with the constant ¢
possibly depending only on Ry. The validity of the duplication property is a
fundamental step in the proof of the Poicaré inequality for vector fields (see
[11] and [14]). Anyway we can say that the space R” with distance dx and
Lebesgue measure m gets the structure of homogeneous space as discussed in
1.1.

As a consequence of (1.3) there exists a constant v = log, ¢y such that

r v
(1.4) m(B(r. y)) < 2m(B(s. y)) (;)

forevery 0 <s <r < R On the other hand it is easy to see that
y > y

m(BQ2r, y)) > c*m(B(r, y))
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(where ¢* > 1 is a constant that depends only on ¢y) and

(1.5) m(B(s, y)) < m(B(, y))(f)"

where0<s<%<%anda=1—cl—*.

The numbers v and o give an upper and a lower bound on the intrinsic
dimension of R" and are in general different. However there are special cases
in which they can coincide and to these we will come back in Section 3. In any
case the intrinsic dimension v is usually different from n.

Finally, if we define

d, == sup {q>(x) —®(y) : PeCPRN, Y| X;(P)) < 1},

i=1

then d, is actually a distance and is equivalent to dx (see [12]). However in the
following we will always refer to dy.

Starting from his fundamental work on hypoelliptic operators (see [10]),
Hormander vector fields and more general subelliptic operators have been the
subject of a tremendous amount of work (see [12] for the references updated
until 1987, but much more has followed).

2. Interpolation between C°(X) and C%!(X).

Let us consider a homogeneous space (X, d, u), as explained in the
previous section.

By C°(X) (C*?(X), C*!(X)) we denote the space of bounded and uni-
formly continuous functions (the space of bounded Hélder continuous func-
tions, the space of bounded Lipschitz continuous functions, respectively) en-
dowed with the usual norms.

The following interpolation result holds

Proposition 2.1. Let 6 € (0, 1). Then

(C°(X), C™"' (X))g.00 = C*?(X).

To prove Proposition 2.1 we need this approximation Lemma.
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Lemma 2.2. Let 0 € (0, 1] and ¢ € C*%(X). Define for t > 0 and x € X

. 1, [
u(t, x) = sup{;g;g[w(y) + 5@ - —d @0}

zeX

Then u(t, ) € C®Y(X) and

(2.1) lu(t, )llcoxy < ll@llcocxys
(2.2) 0 < o(x) —ult,x) < 227177,
t, — t, _
23) sup LD ZUE I _ gy 301y 452,
XF#y d(x, y)

Vx e X andt > 0 with H proper absolute constant.

Proof. By the definition of u(z, x) we obtain
u(t,x) < ¢(x)
(so that the first part of (2.2) is immediately proved) and
u(t.x) = inflg(y) + -y 1)l
yex 2t

Now fix ¢ > 0 and let y, € X be such that

1
u(t,x)+e > (e + Edz(yg, x) > @(ye).

Since ¢ is arbitrary, we have u(t, x) > —||l¢|co(x) and we have proved (2.1).
Regarding the second part of (2.2), recalling that ¢ € C%?(X), we have

1
P(x) —u(t, x) < p(x) — p(ye) — 2—td2(yg, x) +e,

that is .
p(x) —u(t, x) < lpled® (x, ye) — 2—td2(x, Ye) + €.

Since the left-hand side above is nonnegative, we find

d(‘x7 y&') S M&'a
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where M, is the greatest positive number s.t.
M? < 2t(lpleM’ +e).

Then we have
p(x) —u(t,x) < lplsM! +& VxeX

and the second part of (2.2) follows as
1
limM, = (2 7,
lim M, = (2tlgly) =

To conclude the proof we have to show the validity of (2.3). For this purpose,
let ¢ > 0 and x € X be fixed and let z, , € X be such that

1 1
(2.4) u(t, x) < inflo(y) + =d*(zex. )] — =d*(ze.x. X) + .
yeX 2t t

Then | |
;dz(zs,x, x) <&+ o) —ult,x)+ Edz(zg,x, X).

From (2.2) we get
1 2 0 2 L 2
Zd (Zs,xa x)<e+(2 |(p|9)2*‘7t2*‘7 .
Now consider x’ € X. From (2.4) we have
4 1 2 / 2
(2.5) u(t,x)—u(,x’) <e+ ?[d (Zex, X)) —d*(Zex, x)] =
1 , )
=¢ + ?[d(z&x’ X ) - d(ZS,xv x)][d(zs,)ﬁ X ) + d(Zg’x, x)]

From the triangle inequality d(z; ,, x") < [d(ze.x, x) + d(x’, x)] we have
) d(zex,x) —d(zex, x) <d(x,x'),
i) d(zex, x") +d(zex, x) < 2d(zex, x) +d(x, x).

Then (2.5) becomes

u(t,x)—u(t,x)<e+ %d(x, xN2d(zex, x) +d(x,x)] =

L, 02 /
:8+?d (x,x)—l-?d(x,X)d(Zg,xax)
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and also

’ 15 ’ % ’ s&=\q1/2
u(t,x)—u(t,x’) <e+ ?d (x,x) + td(x, xX)[2t(e 4+ Cyt7)]/7,
where we have set Cy = (2°|¢|2)77 . Therefore, letting & | 0 we finally obtain

1 —
lu(t, x) —u(t, x| < ?dz(x,x’) +2d(x, x')y/2Cot =

or
lu(t, x) —u(t, x")|
d(x, x")

and by standard argument this implies

1 , -1
< ?d(x,x )+ 24/2Cyt =0

lu(t, ), < 2¢/2Cot57, Vit >0,VxeX,

which is exactly (2.3) once we set H = 2. O

Remark 2.3. It was already observed in [13] that this kind of regularization
works in general metric spaces even if no precise estimates were given. Here we
have adopted an argument due to [7]. What is interesting is that in [ 7] everything
is done in Hilbert spaces, but the actual properties used are just the metric ones.
We can now prove Proposition 2.1. As usual in this kind of results, we divide
the proof in two parts. In the following the symbol < will denote continuous
imbedding.

a) (C°(X), C*'(X))g.00 == C*(X).

Let ¢ € (C°(X), C®'(X))g.00. Then for any # > 0 and any & > O there exist
fie€C%(X) and g, , € C*'(X) s.t.

o) = fi:(x)+ g(x), VxeX

and
0
I frellcooxy + 2ligllcorxy < 17 ll@llcocxy.corxyyene + €

where the (C°(X), C%!(X))g.oo norm has been defined in the previous section.
Therefore

9x) —@(y) = fr.e(x) = fi.e(Y) + 8r.e(x) — gr.e(y)
and also
lo(x) — oW < 2|l frellcoxy + 18rehid(x, y) <

<2Ct? + ' Y (x, y) + éd(x, y) + 2e,
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Vx,y € X,t > 0 and some constant C > 0. Now, letting ¢ | O and taking
t =d(x,y), we are done.

b) C*(X) — (C°(X), C*'(X))g.00 -

Let ¢ € C%%(X) and let u(z, x) as above in Lemma 2.2. For every ¢ > 0 and
x € X we set

fix) =) —u@*?, x),

2—60

&i(x) =u@™", x).

Then for some proper constant C we have

0 -1
I fillcoxy < Ct?, gl < Cro 1.

Since [|g:llcox) < l@llcocx), we obtain

| fillcoxy +tdllgillcoxy +18:11) = Il fillcoxy + tllgellcorxy < ct’

and so K(t, ¢, C°(X), C*' (X)) < Ct? for any ¢t € (0,1). Since this last
inequality is trivial for # > 1, the conclusion follows. (]

Remark 2.4. As a matter of fact, the implication (C°(X), C*!'(X))p.co =
C%9(X) holds not only for spaces defined on (X, d, u) metric and homoge-
neous, but also for (X, d, u) generally homogeneous. In fact it is the second
inclusion that requires d to be a distance and not just a pseudodistance. For a
general characterization of Lipschitz functions in this more general setting, see
[17].

3. The Gagliardo completion.

Consider now the case of C™ vector fields X; that satisfy a Hormander
condition of order K. As we said in Section 1, R” endowed with the intrinsic
distance and the Lebesgue measure is a homogeneous space of the kind consid-
ered in Section 2; we can therefore specialize its situation to this new one.

We denote by Cg (R™) the class of bounded and uniformly continuous
functions f : R” — R and set

4 @) = £ e Q@ ¢ 11y = sup LD IO

ocop, 6¢€(0,1),
XF£y dg(xv y) }
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[f(x) = f }
up ——— < Oy,

CY (R = CY(R") : =
VIR = {7 e CRmn 1l = s S

exactly as in the previous section, where for the sake of simplicity we write
d instead of dx from here on. It is obvious that Proposition 2.1 immediately
applies here so that we can conclude that (C?( (R™), C?(’l R"))o.0c0 = C?(’e (R™).
As a matter of fact, the presence of a differential structure in this context
allows us to say a little bit more.
First of all, let us define

Cy(R") :={feCYR") : X;(f) eCYR"), Vi=1,...,m}.

It is immediate to see that if f € C}( (R™), then f € C?(’l (R™). In fact take xg
and x; in R". Then there certainly exists ® such that

1 m
u(xr) —u(xo) = u(®(1)) —u(®(0)) :/0 Zai(t)Xi(u(CD(t)))dt-
i=1

Since X;(u) € c;} R",Vi=1,...,m,they are all bounded in R". Therefore
lu(xo) —u(xp)| < Cd(xo, x1)
where the constant C does not depend on xg or x; and we conclude that

lu(x) — u(y)| -

sup <C < o0.
X#y d(x ’ y)
One is now naturally confronted with the following.

Problem 3.1. Can we strengthen the result of the previous section and conclude
that actually
(CY R, CxR"))s.00 = Cx" R,

with 8 € (0,1)?

Under this point of view we have the following general result due to
Gagliardo (see for example [1] and [2]).

Proposition 3.2. Consider a couple of Banach spaces Ay and A, and the real
functional K (t, f; Ao, A1) defined in Section 2. We have

3.1 K, f; Ao, A1) = K(t, f; Ag + 00A;, A + 00Ay) =
=K(, f; Ap, A +00Ap), t >0
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forall f e Ay + Ay where

a) anelement f € Ag+A; is saidto belong to Ag+00A; if there is a sequence
{g:} € Ag for which

sup [|gella, <00, lim |l f — gellag+4, = 0;
e £—0

b) analogous statement holds for A 4+ 00 Ay with obvious interchange of the
roles.

In this case we say that A} +00A is the Gagliardo completion of A; in Ag+A;.

Referrring to the previous notation, if we take Ag = CQ( (R™ and A; =
Cj (R"), it is clear that

Ao+ A =CRR"), AgNA; =CyR").

In the classical case, i.e. X; = 5=(m = n), we have C'(R") + coC’(R") =
C%!(R™); in this situation the answer to Problem 3.1 is immediate, since we
obtain

K(f, t; C°R"), C*'(R") = K (f, t; C°(R"), C'(R")) =
= (C'(R"), C"' (R")p.0o = (C'(R"), C'(R"))g.0o = C* (R™).

Is the same true in the case of general Hormander vector fields? What we were
able to prove is the following

Proposition 3.3. Suppose that the (upper bound of the) intrinsic dimension v is
such that

(3.2) Cir’ =m(B(r, x)) = Gor”,

where Cy and C, are two constants that do not depend on x or r. Then for any
function f € C%l (R™) there exists a sequence { f.} C C)l( (R") s.t.

CY R™
a) fo — fase— 0,

b) ”fs”c)l((R") < C forany e > 0,

which is the same to say that C%l(R") is the Gagliardo completion of C)l( (R™)
in C% (R").
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Proof. Take the function f : R — R defined by
o) = | &P <—1_1—tz) ] < 1
0 [t] > 1

and for ¢ > 0 fixed, set

a,(x) = L/ d><d(x’ y))dy.

gv &

Relying on (3.2) it is then easy to see that with v as in the hypotheses
1) 0<C < lag| < Cy;
2) [Xi(a)| < <.

Given now f € Cy'(R"), define

1 1 d(x,
A= [ o(*=2)s0ay.
RN

ag(x) ev e

It is not difficult to see that f. € C}(R"). In particular, if we take f* = 1, we

have L a( )
X,y
* = — O ——)dy=1.
fe ag(x) &’ f ( € ) Y
Therefore
1 q)(d(x.y))
3.3) 0=X:(f5) =X, —f ——dy) =
eV Jpn  ag(x)
I o)
= — X; | —=——] dy.
eV Jrn ag(x)
Moreover

1 1 d(x,
/ncb( (xg V) rwydy — £x)

— 0 (rny = SU —
1 = fellegan =sup| == |

Rn

5( 1 i/ @(d(x,y))dy) SupIf(y)—f(X)I e — Le,
las(x)| & Jro € Ay dx,y)

1 1 d(x,
—/R s ”)(f(y)—f(x))dy)

as(x) e £
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where we have taken into account that <I>(§) = 0 when |¢t| > ¢ and L is the
Lipschitz constant of f.

1 X (fllco ey = Sﬂgp 1X;(fo)l =

1 1 d(x,
X, (—/ e y))f(y)dy>
&¥ Jpn as(x) e

O (Le)
X; (—) ' |f @) = f)ldy

ag(x)

= sup
R~

<

< sup—v
Rr €7 JRe

where we have taken into acount (3.3). Moreover

e[| e
’Xi ( a(x) ) B a?(x)Xi(aS(x»q)( € o
2. (x) £

Therefore considering that &™) (£) =0 Vs > ¢ and m € N U {0}, we conclude
that ||Xi(fg)||cg)( ®n < K, where K does not depend on ¢ or i and we are done.
O

Remark 3.4. Actually a kind of regularization as the one used here is consid-
ered in [20], where however the aim is more in proving the existence of regular
cut - off functions relative to a suitable quasi-distance, defined in terms of the
exponential mapping.

Remark 3.5. The essential hypothesis assumed above is (3.2); as a matter of
fact, due to the particular nature of the function ®, we do not really need (3.2)
for any r > 0: it is enough that it holds for » < 1 and in fact we could have
assumed it directly in the hypotheses. Therefore, even if it does not hold for
general vector fields, as it remarked in Section 1, it is however verified in a wide
range of situations, as it is the case of X; associated to polynomial groups (see
[19], Proposition 4.9).
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