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ON TOTAL FUNCTIONAL STABILITY
WITH TWO MEASURES

GIUSEPPE ZAPPALA

A concept of total functional stability in terms of two different measures
is given.
The theoretical results are obtained by mean of an extension of Liapunov’s
direct method.

Introduction.

In this paper we consider the problem of total stability, or “stability
under persistent perturbations”, for general differential systems defined on open
subsets of RT x R".

The total stability problem of the zero solution of a differential equation was first
examined, in a general formulation, in a paper by Dubosin [1] and in subsequent
works by Malkin [8],[9] and Gorsin [3].

Movchan’s theory of stability in terms of two metrics [12] appeared on mathe-
matical scene in 1960.

From this we obtain, for example, Liapunov’s stability [15], Rumiantsev’s
partial stability [16] and [18], the stability of sets by Peiffer and Rouche [14].
In the present work we deal with a new method (founded on auxiliary functions
measure depending) for characterization of total stability in terms of two differ-
ent measures, it is developed by introducing the total functional stability and the
total eventual functional stability, two notions of new formulation.
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As we shall see the ideas which constitute a starting point for theory construction
lie in [4], [5], [7], [17], [19], [20] and [21], [22], [23], [24].

1. Preliminaries.
First, it is useful to remenber two classical definitions.

Definition 1. A function a : R™ — R™ continuous, strictly increasing, so that
a(0) = 0 is said to be a class K function ([4]).

Definition 2. A function 7 : R™ x R" — R™ continuous s.t. infa(z,y) =0
for each t € R is said to be a class H function ([6]).

Assumption A. Given hg, h € H with suph = [ > 0 suppose that 31 > 0,
dm e K s.t. ho(t, y) < X implies a(t, y) < ml[h,(t, y)] < m(A) ([7]).

Notations. Let p = min[m(X),{], n € 10, p] and 1’ € ]0, n[ we denote
O, ={t.y)€R" xR" : 0 < h(t,y) < n}, Q = Qpand Q, xn =
0,%10, n], F, A = the boundary of set A, A’=closure of A, R =]0, ool.
Consider the differential equation with initial condition

(1.1) y=Y(t,y),YeCPQ — R"), y(t) = v
and their perturbative
(1.2) Y=Y, y)+ P, y)=Z(t,y), PeC’(Q — R".

Because Y, P € C° then V (1, yo) the relative Cauchy problem admit continuous
solutions y'(t, fy, yo) defined on J'*(ty, yo) for (1.1) and y(¢, to, yo) defined on
J+(t0, yo) for (1.2).

Let us list the following classes of functions for convenience:

1(0,) ={g =g, y)eC’(Q, = R}

I'(Q,) ={e=e(t.y)eC’(Q, - RT),supe > 0};
1"(Q,) =1{Y(,y)eC’(Q, - R}

L(Q, xn)={V(,y, h): Q, xn— R, continuous };
L'(Qy, xn) ={V(t,y,h)e L(Q, x n) : limy_o+ V = 0};
L"(Q,xn) ={V(t,y,h) e L(Q, xn): VeC'}.

Let ¥ be a family of positive continuous functions that depend upon the
parameter €, ¥ = {f. = fc(¢t,y) > 0, (¢, y) € O, € > 0}.
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Definition 3. The system (1.1) is said to be functionally (hg, h)-totally stable if
(Ve > 0)(Yto € RT)(38(e, ) > 0)(Vyo : (to, Yo) € Qe ho(to, Yo) < 8)(VP :
1Pl < fe on Qc) (h(z, y(t, 10, Yo)) < € Vi = 1p).

Definition 4. If § = §(¢) we have the “uniformity”.

Remark. If f, = const we obtain the (hg, h)-total stability ([7], [24]).

Let g = g(t, y) € I(Q) be a continuous function corresponding upon the
function Y so that for every || P|| < g we have the following definition

Definition 5. The system (1.1) is said to be uniformly (hg, h)-totally even-
tually stable if (Ve > 0)@T > 0)(3é > 0O)(Vty = T)(Vyy : (to, Yo) €
Qe, ho(to, yo) < &) then (h(z, y(t, fo, Yo)) <€ Vi > 1o).
Definition 6. The system (1.1) is said to be (hg, h)-totally functionally stable
if Ve > 0)3S§ > 0)(V(tg, Yo) € Q¢ : ho(to, o) < §)(Fo > 0) 3 f, €
LO)(VP :||P|| < fo)(h(z, y(2, 10, Yo)) < € VI > 1p).

Let o(t, y) € I'(Qy) and E(p =0) = {ye€ Q : 9(t,y) =0, }.
Definition 7. A function V (¢, y, h(¢,y)) : QO — R is said to be g-definitively
# O onthe set E/ (¢ = 0) if 3g € 1(Q))(Vn€l0, pD@AB, = By(t, ¥), vy =
Yat, ) € IOV, y) € Oyt lot, Y| < vy) IV(E, y, h(t, )| = By8)-
Definition 8. We say that VV >0on Q if Vi €]0, p] we have Afl ={(t,y) e
On:0 <y, VV <0} =¢.

2. Theoretical results and applications.
Theorem 1. Suppose that

1) three functions V € L'(Q x p) and a, b € K corresponding to Y exist;

2) for every € > 0 there exist three functions V. € L"(Q¢ X €), f(t,y) € F
and M. € {I(Q.) : inf M. > 0};

3) on the set Q. X € the following conditions hold
al) Ve(tv Y, h) = V(t, Y, h)’
by) Ve(t,y, €)= a(e);

V. v 0h
) N1 ool < M@, y);
y

oh dy
. . 1
dy) Vet y. )=V < — £t y).

1.
Then the system (1.1) is functionally (hg, h)-totally stable; if V (¢, y, h) < b(h)
we also obtain the “uniformity”.
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Proof. Given € > 0 and 1) € R* by the Malkin generalized formula [24], from
c1) and d;) we deduce

- (1. av, oV oh
a 1)+ € €

y (1.2)
2.1 Ve T =V, P+ —=—P < —f +2M]|P]|.
2.1 e ’ 3y oh oyl = Je ellPll

If [| P|| < 5% on Q. we obtain V> < 0.
Because V € L'(Q x p) 38’ €10, €[ sothat h(ty, y) < 8" — V(to, y, h(to, y)) <
a(e).

Let (10, yo) € Qe s.t. ho(to, o) < 8 = min[A, m~"(8")] consequently

h(t,, yo) < m(ho(to, v,)) < 8', hence, by a;), we deduce

(2.2) Ve(to, yo, h(to, y0)) < V(to, Yo, h(to, Yo)) < a(e).

Let y(t) = y(t, to, yo)) a solution of (1.2), suppose that 3¢' € J T (to, yo) so that
h(t', y(t)) = € with h(t, y(t)) < €Vt € [ty, t'[ then, by b;) we have

(2.3) Ve(t', y(@), h(t', y (1)) = a(e).

Therefore 3¢” € Jty, '[ s.t. V. (¢, y("), h(t”, y(")) > 0 itis a contradiction.
If V(t,y, h) < b(h), fixed € > 0 we obtain b(h) < a(e) — h < b~ '(a(e)).
Let ho(to, yo) < & = min[A, m~' (b~ (a(€)))] = h(to, yo) < mlho(to, yol <
b~ (a(e)) then

2.4) V (10, (1o, h(to, y(10))) < blb™"(a(€))] = ae).

When A(ty, yo) = O the proof is trivial.
Theorem 2. Assume that

1) seven functions g € 1(Q), 9 I'(Q),Ve L' (Q x p),WelL(Q x p)N
L"(Q x p),a,be K,he HNC! exist so that
@) Wat,y,hzath);
by) ¢(t,y) =0= W = W(t,y,h(z,y) <0; .
) Yn>0,Voel(Q,)Ivel(Q,(infv>0),:9p>0c =W, y,h(t,y)=<
—(vg)(t, ¥); ,
dy) V is g-definitively # 0 and VV > 0 on the set E,(¢ = 0);
e2) hit, y)=<0;
2) two constants L, M > 0 exist s.t. we have on the set Q X p.
) IVILIVYIl < Lg;

dp 0@ oh
82) |——L =l Il < M;
at ay ay
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Then, the system (1.1) is functionally (hy, h)-totally stable.

Proof. From hypothesis d>), Yn € 0, p] two continuos functions B,, y, €
1(Q,) exist and two sets

AL, ={t,eQ, 9 <y, > V<—Bg. V <0},

At ) = (. 0)€Qy 9 <y = VZBig. V=0)
with A!, N A%, = ¢.
Let i = 1,2, denote by n;(> 3) the first integer s.t. one at least of the sets

Bly(t,y) ={(t,y) € A’ : B2y, < (1, y) < =2y, } is non empty.
We set

; ;. ni—3 n;i—1 ;
Cy=lt.y)edy: ——y =et.y) = ——y} OBy,

1 1

T.={(t,y)eRT x R": >+ ||yl> <1}, 7 >0,
p= inf (D(Fr@,. FrA')), D(FrA',, FrC',), D(FrC',, FrB' )}

where D (A, B)=euclidean distance. Denote
Ay = ALNT,, B = B ,NT,, C e = CNTy, Qe = 0, N Ty

Consider the functions ¥, (¢, y) = 1V (¢, y) : DI(t, y), Bj ] < p: ¥, . (t,y) =
oOv(,y): D[(t,y), Bfn] > p and the averaging functions [11]

(2.5) o ye(2) = Yl W) (2 — u) du

RxR"

where u,z€e R x R", r = %p.
We have the following properties [by (2.5)]

J) ainr(t7y)ecoo;
2j) 0 <oy (t,y)<1;
Qe (ty) dat (2, y)
3j) |— |, |[—
' ot ay ' ' '
4j) o'y (t,y)=1when (t,y) € B')r,a'y: (t,y) =0V (t,y) ¢ A" ;.

[I<M, (> 0, constant);
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Since n<p then 0, < Q,we put,on Q,
(26) H?]‘L’(tv yvh(t’ y)):

= S=1 (=D (6, )V, y, k() (= h(2, ).
We have
r) Hr]t(t’ Y, h)<0;
2r) Hnt(t’y’n):(); .
3r) Hr]t =0V, y)¢ Alr]r;
4r) Hy<To10(—D*(n — hya, (¢, y)V(t,y,h) <2M,nLg.

We now define on Q. the function (1 > 0, constant)

(2.7) WH (@t y, h(t, )= W(t,y, h(t, y) + uH, (t,y, h(t, y)).
By (2.7) we deduce

s) W”,]t(t, Y, h)SW(t, Y, h)7

25) Whye(t, yon) = W(t, y, m) + pHye (1, y. )= a(n);
3s) Wit =W + uHy..

Letn; >4 (i =1,2) then ¢ > }—1)/,, and by ) v € I1(Q,) s.t. W< — vg; this
implies

(2.8) W< —vg +2uM,Lgy;

; Sf Vv Vit < _ Y8
if u<inf M, Ly we have Wmf > on Q.

Let ny = 3, ny = 4 we deduce

¥ 1
(2.9) Blmz{(t,y)eAlm:05<p<t,y>5?”}, <p>4—1ynva,y>¢81m.

On the set B',; we have a!,; = 1 hence H,; = (—1)’(n —h)V = (n —h)V
and

(2.10) Hy=—hV + 0 —WV<(n—h)V<—1nB,g

where " = (n — h) then W#IS — un'Byg.

Let (t,y) ¢ B',; then 3V € I(Q,) so that W< — /g, therefore W#Tf—v’g +

2uM, Lgn is true for < infﬁ = ' we have W#Tf — %
1

Choose p so that —3v'g< — un'B,g, it is verified when psinfioe = s
n

then, if u < min(u', 1), we obtain W) < — un'g,g. Similarly by elaborating

the cases ny > 4, np > 3; n; = ny = 3 we verify hypothesis d;). Since t is

arbitrary we obtain the proof.
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Application of Theorem 2 to analytical mechanics.

The motion equations of a nonstationary mechanical system, with ([13])
variable masses m;(q, ¢, t), under the action potential, gyroscopic and dissipa-
tive forces have the form ([13], [25])

d(aT) oT fi .+8U oR % 1 )
Sy — f : —— — (i,s=1,...,n).
dr 9q; g, P Bindls dg;  0q;

(2.11)
Here T = %aisq'iq's + a;qi + To = T, + T, + T is the kinetic energy
(2D, gis = gis(q,t) = —gsi(gq,t) the gyroscopic coefficient, R = R(g)
the dissipative function, U = U(q) the forcing function, f; = f;(g, q) the
generalized forces of masses variation. In this section the symbol X is deleted,
[| - || =euclidean norm.

Theorem 3. Suppose that the following hypotheses hold on the set F =
{(t,q,9) :teR™, liqll, lIqll < S}, S >0,

az) a;,a;j, Ty, U are continuous and bounded with their derivatives;

oU
b3) f;, gis bounded and continuous with f;(q,0) + a—EO,‘

1

aais .. aai . 8TO . 8TO 8ars aar
—q4iqj+—qi+— — [igi=0, —q; =Ty, —qi = a5, —¢q; =
&) 5 didy it 5~ fidi= 0, 5onan = To, ongi = drs, nd
oR
a,, —¢q; = mR (m = const > 0);
aq;

dsz) T8+U <0,h(t,q,qg) =T, —Ty—U, U) =0, g =m, hg = a(h) with
aek;

e3) ¢ = R>Db(lglD, beK;

) Vpelo,S[3p'(t, q, 9 € I(F) s.tllgll = p = To(q) = mp'.

Then the system (2.11) is functionally (hg, h)-totally stable.
Proof. The explicit form of (2.11) is

(2.12) diiootaisd b 10a,s. . 0dags. 9Ty Fitgin +3U OR
. AisqsTaisqsTadi — - ——qyq4s— —4s— —— = Ji iss T — .-
I I 290 P9, " g, S PR

From d3) taking W = T, — To — U = h we have a,); by (2.12), b3) and c3)
follows W < —m R<0, since ¢ = R, when R = 0 we have W < 0; and hence
by), e3). .

Leto >0and ¢ > o then W = —mR < —mo, put g = m,v = o, we have
C2).
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Given V = g—;qi we obtain, by (2.11) and f3)

. . aU JR
(2.13) V=30+2T1+To+ figi + &ir9iGr + 7—qi — 7=

g, 94i
By b3), b3) we deduce that in the set ¢ = 0 we obtain V=Tyand VV =0 if
we suppose ||g|| > p €10, S[>Ty > mp’ i.e. dy).
Theorem 4. Suppose that six functions Me€I(Q), VeL'(Q x p),V,,
Y : RT—R™, a, b € K with the following properties exist
ay) a(h)<V(t,y, h)<b(h),
ba) Valt, y, )>0;
c4) V(+t, Y, == Vit, y, h)+ (@),
o

dy) / Y(t)drt < +oo;

0

aV oV dh

—I|, ||——1|I<M(z, inf M > 0).
e4) Ilayll ”ah ay”— (¢, y) (inf M > 0)

qi-

V.
Then, put g = ﬁ the system (1.1) is uniformly (hg, h)-totally eventually
stable.

Proof. Put
+00
(2.14) U,y h(t,y) =V, y, ht, y)+ y(r)dt
t

we deduce, by ¢c4) U =V (i, y, h) — ()< — V,.
From the generalized Malkin’s formula

. . A% aV oh
(2.15) Ue?=pyt? 4 —p4 ——P<—V,+2M|P|.

ay oh Jy

Therefore || P|| < 5% implies U1-? <0 on Q.
For any € € ]0, p[ there exista T > 0 so that ft:roow(r) dt < % fortg > T.
Let’s assume &8 = b_l[”(Te)], if we choose (ty, yo) € Q. with #(>T and

ho(to, yo) < min(A, m~'(8")) then h(ty,yo) < m@m~'(8')) = & and
b(h(to. yo)) < b(8') = “2.

Consider a solution y(t) = y(t, 9, Yo) of (1.2) we have

(2.16) a(h(t, y())<U(t, y(@), h(z, y(1)))<b(h(to, yo)) + A Y (t)dr.

From (2.16) follows
ath(t,y())) <a(e) = h(t,y(t)) <€ Vt>t.
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Application to differential system.

Let us consider the differential system defined on D = {(¢, x, y) : t>0,x €
R, [yl=1}

_ r(t)
x=[1—-A@x,y)]y— mxy
(2.17) :
_ - fx, y)y B p(t)q(X)[1 C A % )]+ xg ()]
r(t) r(t)

where g e C°(R* — R), p,r e C'(R* — R) and inf(|p], |r|) > O.

Theorem 5. Suppose that
. . +Oo
as) 0 < % ,A() = 3f — %20, / (rp_lA)(u)du < 400;
0
bs) xq > 0 for x#0, pf>0on D;
X

¢s) 3 aconstant L > 0 s.t. 2/ qu)du < sz, VxeR, - <L;
0

’
X
r
ds) h(x,y) 2/ q(u) du + ;yz, ho(x, y) = sup{|x], |y[},
0
es) g = fy*A~1, where A = p*(q* + ;—22y2).
Then, the system (2.17) is uniformly (hg, h)-totally eventually stable.
Proof. LetV =h, V. =2Ly2 = LA we have as), by), dy) immediately;
¢4) 1s valid because
(2.18) V=plrs—-20)y<p s -2y
From cs), ds) follows h<2Lho* and by || (3%, %)n2 < 4(q> + p—) we deduce
64).

Theorem 6. Suppose that, ¥V P(t,y) €l'(Q), two functions Vp* € L(Qxp)
and Vp € L"(Q x p) exist so that

as) a(h(t, y))<Vp*(t,y, h(t,y))<b(h(t,y)) witha, be K ;
bg) Yo > 03 f, € I(Q) so that when ||P|| < f, the following conditions
hold:
2) |Ve(t, y, h) = Vp*(t, y, h)| <o,
29) Vp'" (1. y, <0,

Then, the system (1.1) is (hg, h)-totally functionally stable.
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Proof. Given € > 0, from b(h(t, y)) < %a(e) we obtain, by ag), h(t,y) <
b_l[%a(e)] =€c* <e.

Therefore, given o € R™ so that (ty, yo) € Q«, ho(to, yo) < min(A, m~'(e*)) =
é it follows

(2.19) h(to, yo) <ml[ho(to, yo)] < m[m~"(€*)] = €*,

1
(2.20) Vp* (10, yo. h(to, y0)) = e1<b(h(ty, yo)) < 561(6)-

Let y(¢) = y(t, to, yo) asolutionof (1.2), if 3¢’ € J " (tg, yo) so that h(z, y(1)) <
€ YVt €lty, t'[ and h(t', y(t')) = €, we obtain, by ag)

2.21) Vp*(', y(t'), h(t', y())) = ex>a(e) > e;.
Let’s assume o (fo, €) = %5 (> 0),if || P|| < f, we obtain, from z)

[Vp(to, yo, h(to, Y0)) — Vp™(to, Yo, h(to, y0))| < 0 =

ert+e

(2.22) = Vp(to, Yo, h(to, yo0)) < >

and

Ve, y(&), h(t', y(@') — Vp*(t', y(t)), h(t', y))| < 0 =

(2.23) — V(e y(E), Rt y () > 2 erez.

Because, from 2z) V (¢, y(¢), h(t, y(t))) does not increase, this is a contradic-
tion.

Application of Theorem 6.

Given two differential equationson Q = {(¢, u) : t>0, |u| < 1}

(2.24) i =—f(t, u), with £(t,0)=0, V>0,

(2.25) w=—f, u)+ P, u),

where f, P € C°(Q—R).
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Theorem 7. Suppose that:
M2
i)/ [Pz, D) dT<|P(t, w)l;
ou2
2i) / P(t,t)dt < P*(t,u);
0

3i) a(IuI)ﬁ/u f(t, v)dv<b(ul), a,be K.
0

Then u = 0 solution of (2.24) is (hg, h)-totally functionally stable, with h

euclidean metrics and hg = a(h), a € K with ligl a(r) = +oo.
r—+00
Proof. Assume

2

V*(t,u,P):/ [f(t, T)+ arctg P2(¢, T)]dT,
0

2

V(t,u,P):/u |f(t,t)— P(t, 7)ldr
0

from arctg P*(r, T)<% we obtain

2

Lt2 u
/ arctg PX(t,7v)dt < / zdr = z142.
0 0o 2 2

Furthermore, by 3i) we deduce

2

(2.26) a(lul)f/ [f(t, T)+ arctg P*(¢, T)]dt =
0
* T 2
= V*<b(u|) + Eu =c(u)eKk.

From definition of V, V*, denote P’ = sup{|P| on Q}, we obtain
(2.27) V¥ —V|= V [P(t, T)+ arctang P*(t, T)]dt| <

0

5/ (|P|+ P?)dt<P’ + P™.
0

Let o > 0, suppose 0 < |P| < %[(40 + 1)% — 1] then |V — V¥ < 0.
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Deduce also

228) VO@® =[f - Pl*® =[f — Pl[-f + Pl= —[f — PI*<0.

By Theorem 6 we conclude the proof.
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