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CONVERGENCE IN GENERALIZED SCHATTEN
CLASSES OF OPERATORS

JM. ALMIRA - FE. PEREZ ACOSTA

In this paper we give definitions for several generalized Schatten classes
of operators and prove that several properties from the classes S, can be
generalized to them. The main goal is characterization of convergence in
these classes. We also will prove that they are quasi-Banach spaces.

1. Introduction.

Let H be a Hilbert space and consider B(H, H), the algebra of bounded
linear operators T : H — H. Let T € B(H, H) be a compact operator. Then
the numbers

o, (T) = inf sup 1T x|

X Xt €H =1, (,00) = = (6, %, 1) =0

and
A(T)= inf ||T -S|
rank(S)<n
both coincide with the n-th s-number of 7 (which is the n-th eigenvalue of
(T*T)li) ([3]). The Schatten class of operators S, (1 < p < 00) is then defined
(see [3]) by
S,={TeB(H, H): {,A(T)};2, €l,}.
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This is a Banach algebra with the norm

IT1s, = 1A (T} s,

In this paper we give definitions for several generalized Schatten classes
of operators and prove that several properties from the classes S, can be
generalized to them. The main goal is characterization of convergence in these
classes. We also will prove that they are quasi-Banach spaces.

2. Generalized Schatten classes of operators.

Let X, Y be two Banach spaces. Denote by B (X, Y) the space of bounded
linear operators 7 : X — Y, by K(X, Y) the subspace of compact operators
and by F (X, Y) the closure of the space of finite rank bounded operators. Then
T e F(X,Y) if and only if lim,_, , §,(T) = 0, where

8,(T) = inf 1T — S|
rank(S)<n, SeB(X,Y)

is the n-th linear width of T (see [2]). On the other hand, if

d"(T) = inf sup ITx|); d°(T) = |IT||
Lio Ly €X" x| =1, Lyx=...=L,x=0

is the n-th width of T in the sense of Gelfand, it is well known that 7 € K (X, Y)
if and only if lim,,_, o, d"(T) = 0 (see [2]).

Observe that d"(T') generalizes «,1(T) (use the Riesz-Fischer represen-
tation theorem) and §,,(T") generalizes A, (T).

Definition 2.1. Let X, Y be Banach spaces and let B = {b,} be a sequence of
non negative real numbers. We define
SO Y) = {T e BOCY) 1Tl = I (bad" (DI, < o0

SECY) =T e BOXY) 1Tl gy = 18, (DN, < 00}

Remark 2.1. In what follows we will use the following notation: Z‘,’?(X)
denotes the set Zg (X, X) and S,'? (X) denotes the set S,é (X, X).

Now we list several well known properties of the sequences {d"(T)}>2,
and {6,(T)}2,:
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Proposition 2.1. Let T € B(X, X). Then the sequence {d"(T)}:;2, is non-
increasing. Furthermore d"(T) < 8,(T) for all n.

Proof. See [2]. U

Proposition 2.2. Let T, T, € B(X, Y). Then

(1) d"™" (T, + Tp) < d"(T)) +d"(T»)

(2) |d"(T) —d"(To)| < [Ty — T»||

(3) 811+m(T1 + T2) =< 8n(T1) + 8m(T2)

(4) 18,(T1) — 8,(Ty)| < | Ty — T>||
for all n,m € N. Furthermore, if Ty € B(Y,Z),T, € B(X,Y), and T; €
B(W, X) then

(5) d""(T\T,) < d"(T)d" (T»)

(6) d"(T\T,T3) < |Tl|d"(T) || T3l

(7) 6,(ThT2T3) < I T1118,(T) | T3]l

Proof. See [1]. O

max{bZns

Corollary 2.3. Let B = (b,) C (0, 00) such that sup,{ ™
Then (S)(X,Y), | - lssx.r)) and (SHX, V), 11 - | si(x.y)) are quasinormed
spaces.

Proof. Let supneN{%f’”*]}} = C < 00. Then

b2n+]}} < oo,

[ibg”d%m * TZ)"F = [ic”b{:(d"(n) + d"(Tz))”]%
n=0

n=0
< c[(Snpar ) + (S ar)’]
n=0 n=0

= C(||T1||gg(x,Y) + ”TZ”Eﬁ(X‘Y))

and
N ]
[ > bhnd @+ 127" < (1T lsgenm, + 1Tl gsinm))-
n=0
Hence »
1T+ Tally ) = 267 (1Tl + 1l g
and

1
T + TZHEﬁ(X,Y) = 2”C<”T1”2ﬁ(x’y) + ||T2||Eﬁ(X,Y))
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so that | - ”z;f(x,Y)
is also a quasinorm. ([

is a quasinorm. The same arguments prove that || -

”2{5(}(,)/)

Corollary 2.4. (25(X), Il - ||25(X)) and (S,’f(X), Il - ||S,‘f(X)) are algebras. Fur-

thermore, if by > 0,
1
”TITZHSﬁ(X) =< b_OHTlnsﬁ(x)HTZ”Sﬁ(X)
1
ITiT2lsp 00 = 3ol s o0 1 T2l 00

Proof. Let Ty, T, € S5(X). Then

IT1 Tall g ) = 11Padn(TiT2) 150 s,

< HballT1l18: (T2} 20 1, = N T1lHH{BaSH (T2)} 20 s,

=< b_O 171l Sﬁ(X) I 72| Sﬁ(X)'

The same arguments are valid on (E,’f X), || - O

| Eﬁ(X))'

Corollary 2.5. Let Ty € ), (X) and T, € 3}, (X), where & + L

B = {bulp2y C (0,00), B* = {5-)2, and set § = {1},en. Then
1
1T\ Tallgs ) < 27 1Tl

T * o
](X)” 2”222 (X)

Proof. We have that

[Zd”’(nn)l’]F < [Zd"(Tl)”d"(Tz)”]F
n=0 n=0

= [Zb,’:d"(n)'%bi)"d"(n)"];
n=0 n

L
)

00 Pl_l 00 1
: [Zbé’ld"m)"l] [Z(b—)'”d"(Tz)’”]
n=0 n=0 "

= ”Tl”z;ﬁl (X) ”Tz”Eﬁ;(X)

1

p

and
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and, by an analogous argument,

00 g
§ dN(nT)? | < ||IT Tyl s+
[ - ( 1 2) = ” 1”2[‘:]()()” 2”2]‘:2()()
n=|

also holds. Hence
p p
ITVT2 20, < 2[ 1Tl 5p 1 T2l 5 )

and the proof follows. ([

It is clear that if [|[{b,};2,[l;, < oo then

{bnd" (T)}2 1 i, = KO NT 12 s, = IT HH{BaY 2 11, < 00

n=1 n=1

and
1628, (T Y21 111, < IHBRIT 121 i, = NT HIH{baYoZ; I, < 00

forall T € B(X, Y). Hence we have the following.
Proposition 2.6. If [|{b,}22ll;, < 0o then £5(X,Y) = SH(X,¥) = B(X,Y).

Definition 2.2. We say that 2,’2 (X, Y)(S,é (X,Y), respectively) is a proper
generalized Schatten Class of Operators if ||{b,}52, |l;, = oo.

Proposition 2.7. If |[{b,}52, l, = oo then Eg (X,Y) € K(X,Y) and
SP(X,Y) S F(X,Y).
Proof. LetT € E,E(X, Y).If T ¢ K(X,Y) then the sequence {d"(T")} does not

converge to zero. Hence there exists some ¢ > 0 such that d"(T) > c for all n.
Hence

1T 52,y = Hbad" (D20, = b}yl = 00

which is in contradiction with 7 € ¥ ,’? (X, 7).
The second claim has an analogous proof. ]

Proposition 2.8. For all compact operator T € K(X,Y) there exists some
sequence 8 = {b,} C [0, oo[ such that |{b,};2,|;, = oo forall p > 1 and

T eSH(X,Y).
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Proof. T € K(X,Y) implies that lim,_,, d"(T) = 0. Hence we may choose
a sequence {n}ren such that n;y < n;y and d™(T) < 27% for all k. We set
B = {b,}, where
b_{l if Jk,n=mny
"o otherwise.
Then [[{bn};2 11, = oo forall p > 1 and

1

00 »
”T”zjﬁ(x’y) = ”{bndn(T)}Zi()”l,, = {Zdnk (T)p} < OQ. O
k=0

The same arguments are valid to prove the following.

Proposition 2.9. For all T € F (X, Y) there exists some sequence B = {b,} C
[0, oo[ such that T € Sg(X, Y), |{b,}° l;, = o0 forall p > 1.

n=1

From the fact that for any subspace X, of dimension < n of a Banach
space X there exists a projection P, : X — X on X,, of norm < /n + 1, it can
be deduced that (see [2]).

Proposition 2.10. Forall T € B(X, Y) and all n,

8,(T) < (14 /m)d"(T).

Hence we have the following

Corollary 2.11.

bn

( )
S[gh")(X, Y) - E;hn)(x’ Y) - SpHﬁ (X, Y)

o
Corollary 2.12. Let us assume that “ { lfﬁ} . ” = 00. Then

lp

2;,”">(X, Y) C F(X,Y).

Proposition 2.13. Let X be an infinite dimensional Banach space. Let {g,} be
a non-increasing sequence of positive numbers such that lim,_, o, &, = 0. Then
there exists an operator (with no finite rank) T € F (X, X) such that 6,(T) < ¢,
(hence, d"(T) < ¢,) for all n.
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Proof. We choose a sequence {a,} such that Z,fin a, = ¢, for all n and let
{x,};2, be a free subset of X. Set X, = span{x;};_, forn > 1 and X, = {0}.

Denote by P, a projection of X on X,,. Then the series Y -, a,,”;,—”P,, is
absolutely convergent, so that it converges to some operator

nd 1
T=> a,—P,.
; P, "

Now it is clear that rank(S,) < n for all n, where Sy = Py and

n
1
S, = Ay
" kX_; 1Pl

since Xg C ... C X,_1 C X, C.... Hence

Py

o0
3,(T) < |IT = §,| < Z ay = &, for all n. O
k=n+1

Corollary 2.14. Let X be a Banach space. Then for all 8 = {b,} C [0, c0)
there are T € 2,’3 (X, X)and S € S,'f (X, X), operators with no finite rank.

A normed linear space Y has the extension property (cf. [2]) if for all
normed linear space X and all M linear subspace of X and T € B(M, Y), there
exists an extension 7 € B(X, Y) with ||T|| = || T||. It is well known that if ¥ has
the extension property then all 7 € B (X, Y) satisfy the relation d"(T") = 4,(T)
for all n. Hence we have the following

Proposition 2.15. If' Y has the extension property then E,’? X,Y)=3S§ ,’? X,Y)
forall X and B.

3. Convergence in generalized Schatten classes of operators.

In what follows we will assume that {b,} C (0, c0) and

{ max{bs,, brpi1}
supy —m8M8M8M8m ™
neN

b }=C<oo,

to be sure hat the generalized Schatten classes are quasinormed spaces.
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Theorem 3.1. The sequence of operators {T,} converges to T in the topol-
ogy of Sﬁ(X) if and only if |T,, — T|| — O and the family of series

{||{b 8 (Ti) )52 0||, } u is equiconvergent.
me
Proof. (=) |Tw —Tllgsx) — O implies |T), — T|| — 0, since ||T,, — T'|| <
P
1
%”Tm - T”sﬁ(x)-
1

Let ¢ > 0. Then there exists some ny € N such that ||7,, — T”s‘*(X) <er

for all m > ng. On the other hand ||7,, — T||S5(X) < oo for all m < ng. Hence

there exists some ko € N such that

1

P

o0
> 68Ty —T)" | <ev forall meN

k=ko
and .
ibfak(T)p <e7.
k=ko
But
[Zb (T) ]
k=ky
C[ (X BT = T F + (Y BT ]
k=ko k=ko
<2Cev
and
[ Z b2k+l (Tm)p] ’
k=ko
[ Zb 8¢ (Tyy — T)P)7 +(Z b (T)")? }
k=ko k=ko
<2Ce7.
Hence

Y bis(T)? < 2C)Pe
k=2kq
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and the family of series {|| {6, (T) 152 |l Z } N is equiconvergent.
me

(<) Let {T,,,}U{T} C S,’f(X) such that || T,,, — T || — 0 and the family of series

{||{b,,8,,(Tm)},j‘iO|| ;: } . is equiconvergent, and let ¢ > 0. Then there exists
" Ime

some kg € N such that

o0
> b8 (T,)" <& forallmeN
k=ko

and
D o bls(T) <e.
k=ko
Hence
[Z bh 2 (T — T)f’]
k=ko
< c[( Sobfeator) + (Y b,fak(T)f’ﬁ]
k=ko k=ko
<2Ce7
and
|: Z bgk+182k+l(Tm - T)p]
k=ko
< c[( Sobfator) + (Y b{akm");]
k=ky k=ko
<2Ce7.
Hence

o0
> b8(Tw — T)P < (2C)Pe
k=2kq
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and
2ko—1 00
1T = Tl = D bESK(Tu = TV + D bl8k(Ty = T)”
! k=0 k=2k,
2ky—1 o0
< [ > b,i’]nTm =TI+ ) 8T~ T)"
k=0 k=2ky
2ko—1
< [ > b,i’]nTm —T|”+ (20)e
k=0
which approaches to zero since || 7, — T'|| — O. U

Theorem 3.2. The sequence of operators {T,,} converges to T in the topo-
logy of Eﬁ(X) if and only if |T,, — T|| — O and the family of series
||{bnd"(Tm)}?,iO||,p} is equiconvergent.
P ImeN

Proof. The proof follows the same arguments as in Theorem 3.1. (I

Proposition 3.3. Let T € S,’f(X) and set S(t) = exp(tT) — I forallt > 0.
Then S(t) € S5(X) and

Tim 1S = Sl g5y, =0

where

Proof. ||S(t) = Su(1)| — 0 is clear. To prove that {||{5,8,(Sn (N1},
is equiconvergent, we note that if rank(R) < n with R € B(X, X) then
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TRe B(X, X) and rank(T R) < n forany T € B(X, X). Hence
AP
a2 aT
k=1 k=1

"
3 =TT - R) ”

k=1

8,(Su()) < inf
rank(R)<n

< inf
rank(R)<n

m
<)
k=1
m

tk
[Z FIITIII‘_I]&,(T)

k=1

ITI*" inf T — R
rank(R)<n

i
!|

bl

< te'Vlg, (T)

and - -
D bPs(Su()” < 17PN " bl (T)”
k=ko k=ky

and the equiconvergence follows, since 7' € S,'f (X).

To finalize the proof we must show that S(z) € S,’f(X ). To do this, we
observe that the inequality

180 (Sm (1)) = 8, (SEN] < IS (1) = SO
implies

8.(S(@) = lim 8, (S, (1)) = sup 8,(Sw (1)) = te'!715,(T)

meN

for all n € N and now it is clear that T € S5(X) implies S(r) € Sh(X). [
Theorem 34. (2;(X), || - ll5sx)) and (S)(X), || - lg#x) are complete.

Proof. Let {T,,} be a Cauchy sequence in S,'? (X) and suppose (without loss of
generality) that sup,,cy | Tl sy = M < oo. Then {T,} is also Cauchy in
P
B (X, X) because of the inequality || T,,, — T, || < hi0||Tm] — Tm2||sﬁ(x). Since
14
B (X, X) is complete, there exists an operator T € B (X, X) such that

lim |T — T,|| = O.
m—0oQ
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Let N € N and ¢ > 0 be arbitrarily chosen. Then there exists some n =

n(e, N) € N such that
N
[Zb,{’]HT —T,||? < e.
k=0

Hence

N N
> b38u(T)P < CP Y b ($(T — T,)) + 8(T,))”
k=0 k=0

N N
<2071CP Y ST — T,)P +277'C7 ) 8T,
k=0 k=0

N N
< 2P—1c1’[2b,§’] 1T = Tll? +2°71CP D " bL8i(T,)”
k=0 k=0

< 2P71CP (s + MP).

On the other hand

N
Zbgk+182k+l(T)p <2P71CP (g + MP)
k=0

has an analogous proof. It follows that
2N+1
> bPS(T)P <2°CP (e + MP)

k=0

for all N and ¢. Hence
”T”Sﬁ(X) <2CM

and T € S,’f (X). Let & > 0. Then there exists an my € N such that

1T — Tmllgsxy < € forall k,m > mo. Using the same arguments as above
14

and noticingthat T — T,, = T — Ty + Ty — T}, it is clear that for all m > my,

17— Tm”Sg(X) < 2Ce.

This proves that S 5 (X) is complete. The proof for E,’f (X) is analogous. ]
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