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SEMILINEAR EQUATIONS ON NILPOTENT LIE GROUPS:
GLOBAL EXISTENCE AND BLOW-UP OF SOLUTIONS

ANDREA PASCUCCI

In this note we consider a semilinear Cauchy problem on a nilpotent Lie
group. We extend a classical result by Fujita about the global existence and
the blow-up of solutions.

1. Introduction.

The aim of this note is to extend to the case of nilpotent Lie groups some
classical result [4], [15] concerning global existence and blow-up of solutions
to a semilinear Cauchy problem. We assume that (R", o) is a Lie group with

stratified Lie algebra § = é% g;. Let {Xy,..., X,,} be a basis of §; and let L
j=1

be the second order differential operator in RV
(1.1) L=Y X;—3d.
=1

We refer to Section 2 where more precise hypotheses and additional definitions
and notations are given. We stress that L is an hypoelliptic operator since the
vector fields X1, ..., X, verify Héormander condition (2.1). In this paper, we
consider the following semilinear Cauchy problem

(1.2)

Lu = —u? inRY x10, T
u(x,0) =ax) x eRYV,
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Here p > 1, (x,t) denotes the point in RV x R and the initial data a is a
continuous, bounded, non-negative and non identically zero function. We study
problem (1.2) via the integral equation

(1.3) u@Jﬁzf [(x,t;y,0)a(y)dy +
RN

t
—|—// C(x,t;y, )uf(y,s)dyds = up(x, t) + du(x, t),
0 JRN

where I'(-, -; ¥, s) denotes the fundamental solution of L with pole in (y, s).
More precisely, we call a solution of (1.2) a function u € C N L® (RN x
[0, T[; [0, +o00[) which solves the integral equation (1.3) in the strip RV x
[0, T[. A function u which is a solution of (1.2) for every positive T is said a
global solution of (1.2). We remark that, actually, a solution of (1.2) is a smooth
positive function in R¥ x]0, T[ and it is a solution of (1.2) in the classical sense.

In the following statement Q denotes the homogeneous dimension of
(RV, o) (see (2.3)). Our main result reads

Theorem 1.1. Let p* =1+ % If 1 < p < p* then no global solution of (1.2)
exists for any initial data. If p > p* and if the initial data a is suitably small
(see (3.13)) then there exists a unique global solution to (1.2).

The simpltest example of nilpotent stratified Lie group is (RY, +). In this
case L in (1.1) is the heat operator and the theorem is a classical result by Fujita
[4] for p # p* and by Hayakawa [5] for p = p*. Actually, our method is
closely inspired by the papers [4], [15] and it relies on the remarkable global
estimates (2.7) and (2.8) of the fundamental solution given by Varopoulos [13].
A classical example of non-abelian stratified Lie group is the Heisenberg group
H" = (R?>"*!, 0). The group law in H" is given by

1
(x,y,8)o ", y,s) = <X+x’,y+y’,s+S’+ E(X-y’—X’-y)),

forevery (x, y,s), (x',y, s') € R¥"*! In this case

y 2 X 2
L=<&—§&)+<%+5&)—&

is a degenerate parabolic operator in R?"+2, The homogeneous dimension of
H" is Q =2n + 2.

Fujita’s results have been extended in several directions over the past years. In
[7] and [12] a wide survey of the related literature is presented. Recently, in
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[9], the author has considered problem (1.2) with L in a class of Kolmogorov-
Fokker- Planck type operators.

The paper is organized as follows. In Section 2 we present the necessary
background material concerning homogeneous structures on nilpotent stratified
Lie groups. In Section 3 we prove Theorem 1.1.

Acknowledgments. This paper forms a part of my Tesi di Dottorato di Ricerca
[10]. I am very grateful to my adviser Professor E. Lanconelli for proposing the
problem and for his guidance.

2. Notations and preliminary results.

By reader’s convenience and in order to present a reasonably self-contained
exposition, in this section we briefly recall some known facts about stratified Lie
groups. More details about this topic can be found, for example, in [10] and in
(2], [11], [14].

Let (RY, o) be a Lie group and let (&, [, ]) denote the Lie algebra of the
o-left-invariant vector fields with the usual Lie bracket. We assume the two
following hypotheses:

(H)) § is nilpotent of step sg, i.e. € # {0} and §°FY = (0}, where
g = g and §%*VD = (g, §V] for k > 1;
(Hy) ¢ is stratified, i.e. § admits a direct sum decomposition

S0
=P
k=1

such that G, = [51, ] for 1 <k < sy.

For a fixed basis {X, ..., X,,} of ¥, we consider the differential operator

L= ix} — 3.
j=1

L is an hypoelliptic operator since, by (H), the vector fields X, ..., X, verify
the classical Hormander condition (see [6])

2.1) rank L(X1, ..., X,)(x) =N, VxeR",

where £L(X1, ..., X,,) denotes the Lie algebra generated by X1, ..., X,,.
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We define in RV a distance d suitable for the study of L: the Carnot-
Caratheodory (or control) distance. Condition (2.1) allows to prove that it is
always possible to join two points x, y € RY by a curve that stays tangent to the
fields X1, ..., X,,. Letus denote by C(T') the class of all absolutely continuous
curves y : [0, T] — RY that almost everywhere satisfy

Y1) =) a()X;(y(®)
j=1

for some a;, 1 < j < m, a.e. continuous functions such that
m
Y @iy <1, Vtelo, T
j=1

Then, for every x, y € RY, we define
dix,y)=inf{T |y eC(T)st.y(0)=x, y(T) = y}.

It was proved in [1] that d(x, y) < oo forevery x, y € RY and that, actually, d is
a distance. Moreover, for every compact subset K of R", there exist constants
Cy, C; such that

1
Cillx =yl =d(x,y) = Gllx —yll», Vx,yeKk,

where || - || denotes the Euclidean norm. More details about distances associated
to vector fields can be found in [8].
We define a family of dilations (8,);-¢ of R by setting, for 1 < j < s
and A > 0,
8,(v) = Av,  Vveexp(d)).

For every A > 0, §, is a Lie automorphism of (RY, 0). In particular, we have
$.(x0y) =8(x)08(y), Vx,yeRY, 1>0.

Moreover, the differential d§, = D, defines a family of Lie automorphisms of
¢ adapted to its stratification, in the sense that

(2.2) Dy (X)(h) = A X (8, (h)) YXe¥§, heRY, A>0.

In particular the principal part of L is homogeneous of degree two w.r.t.
(D3)r=o0-



SEMILINEAR EQUATIONS ON NILPOTENT LIE GROUPS:. .. 349

For every A > 0, the Jacobian determinant of 8, equals A2 where
S0
(2.3) 0= Zj -dim§;.
j=1

Therefore it seems natural to call Q homogeneous dimension of RN w.r.t.
((S)\))\>(). Clearly Q > N.

There is a remarkable link between the control distance d and the homo-
geneous Lie group structure on R" . Indeed, we have

dhox,hoy)=d(x,y) Vx,y,heR",
d(0, 8, (x)) =1d(0,x) VYxeRM A>0.
By setting

(2.4) x| =d,x), xeRV,

we define a homogeneous norm on R", i.e. a function | - | € C(R"; [0, 4+00])
such that

i) |[x| = 0 if and only if x = 0;

i) x| = |x7!;

iii) |8, (x)| = Alx].
Moreover | - | satisfies the triangle inequality

(2.5) lxoy| <I|x|+|y] Vx,yeRM.

We denote by
By(x,r) ={yd(x,y) <r}

the d-ball of center x and radius r > 0. Since the Lebesgue measure is a Haar
measure in (RY, o), we have that

(2.6) |Ba(x, )| = r?|B4(0, 1)].
The following polar coordinates formula holds:

f f(x]) dx = Q|B4(0, 1>|/ f(p)p¢ ' dp,
B, (0,r) 0

for every measurable function f.
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LetI'(-,-) =T'(., -; 0, 0) denote the fundamental solution to the operator L
in (1.1) with pole in (0, 0). Let us recall that I" is a positive solution of Ly = 0
in RV x10, 400[, I'(-,#) =0 fort <0 and ||['(-, 1)||; = 1 forevery ¢t > 0.

The following remarkable global estimates of I' and X;I" hold (see [13]):
there exists a positive constant C such that

2.7) L exp(—cﬁ) <T(x,1) < %exp(—@),
2 t 2 Ct
and
2.8) XD 1) < — exp(— ﬁ)
o C1

for every x e RN and ¢t > 0.

3. Proof of Theorem 1.1.

The aim of this section is the proof of Theorem 1.1. The following estimate
of the solutions of (1.2) is the key step in proving the non-existence part of
Theorem 1.1.

Lemma 3.1. If u is a solution to (1.2), then

_ 1

(3.1) tul ' (0,1) < R (URA
p

where uy is defined by

up(x,t) = /RN C(x,t;y,0)a(y)dy.

Proof. For fixed 1,0 <t < T,and ¢ > 0, we set
Ve(x, ) =T(0,1 +¢&:x,9), (x,9)€RY x[0,1],

and
Je(s) = f Velx, s)u(x, s)dx, se]O0,t].
RN

We claim that

(3.2) iJg(s)=/ Velx,s)ul(x,s)dx, s€]0,t[.
ds RN
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Let us prove (3.2). We first observe that V, € C*(R" x [0, t]; 10, +o0[)
and |V.(-,s)|l; = 1 for every s € [0,¢]. We also remark that Xj’.‘ = —X;,
1 <j<m,and I'*(x,t;y,s)=I(y,s;x,t)is a fundamental solution of L*,
formal adjoint of L. Therefore

* 2
(3.3) Lvsz(ijJras)vg:o

j=1

in RV %10, ¢[.
Now, we consider a cut-off function p € C{°(R; [0, 1]) such that p(t) =1
for 7] < 1 and p(r) =0 for |7| > 2. We set, for n € N,

x|

(3:4) xn(X)=p<7) =p([8:0)), xeRY,

and
Js(n)(s) :/ Vo(x, u(x, s) x,(x)dx, se€]l0,1t].
RN

In (3.4), | - | denotes the homogeneous norm defined in (2.4). By the monotone
convergence theorem, we have

lim J™(s) = J.(s), Vsel0,1].
n—oQ

Next, we prove that < J™ converges uniformly in [0, 7] to the right hand side
of (3.2) as n goes to infinity. Indeed, we have

d
—J® = | (uds Ve + Vedsu) xn dx
RN

ds
= / Veu? x, dx —|—/ (ux,,ang + Vexa ZX}M) dx
RN RN

Jj=1
_ 7 (n)

Using the upper estimate of the fundamental solution, we obtain that, for some
positive constant C,

(3.5 0 5/ Vo(x, s)uP(x, ) dx — 11" (s)
RN

C lx]?
(3.6) < IIuII{’.O/ ——exp| —C——— (1 — x,(x))dx — 0
BV (t46—5)7 p( H‘S—S)
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by the dominated convergence theorem, as n tends to infinity uniformly in s.
Concerning 1", by (3.3) and by some integration by parts, we get

m
"= Z/ VX7 X+ 2uX; VX Xn) dx.
j=1 VB
We observe that, by (2.2),

1
(3.7 Xjxn(x) = ;(ijl)@%(X))-

Thus, by the estimate (2.8), for some positive constant C, we have

<

/ u(x, s)X;Ve(x, s)X;x,(x)dx
RN

u —7 SXPp —)|X; x)|dx
— o0 N SQ;] C([ ) an

(by (3.7) and by changing variable of integration y = §1(x))

~Cn2 M u o LAY
_ ngR exp (- m)uxjxo(ywy

Cn?-! X; 8,()|?
- n IIMIIQOf]II JXI”OOf exp(_ 18, ()| )d
e S RN Ct+e)

(by changing the variable of integration x = §,,(y))

1 C”u”oo”Xle”oo/ ( |x|? )
== o exp| — ——)dx |].
n e RN Ct+e)

In the same way one can handle the term

/RN quXsz,,dx,

in order to show that 12(") converges uniformly to O as n goes to infinity. This
concludes the proof of (3.2).
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By means of Holder’s inequality, from (3.2) we get

d
_ P
(3.8) e J. > (J)P.

Finally, integrating (3.8) on [0, 7] and letting & go to zero we obtain (3.1). ]

Proof of Theorem 1.1.

[The case 1 < p < p*]. Let u be a solution of (1.2). It is non-restrictive to
consider the case a(0) > 0, so we can choose ag, § > 0 such that a(x) > ag for
x € B4(0, §). Thus, for every t € [§, T[, we have

uo(0, 1) > ao/ Ty~ 6dy
B;(0,0)

(by the lower estimate of the fundamental solution)

2
C
(3.9) > aOQ/ exp<_clﬂ)dy: =
Cit? JB,0.8) 8 s

for some positive constants Cy, C, depending only on L. Combining (3.1) with
(3.9), one has that, if 1 < p < p*, then u cannot be a global solution.

[The case p = p*]. By contradiction, we suppose that there exists a global
solution u to (1.2). From (3.1) for p = p*, by the lower estimate of the
fundamental solution, we get

1 |2

(3.10) f exp(—Clly—ox
RN t

for some positive constants Cy, C, depending only on L. Thus, as ¢ tends to
infinity in (3.10), by the monotone convergence theorem, we obtain

)a(y)dy < Citfug(x. 1) < G,

lally < Ca.
Regarding u(-, t) as initial value, we have
(3.11) uC, Dl = C, Vi=0.
For fixed @ > 0, we set v(-, t) = u(-, t + o). Once more using the estimates of

the fundamental solution, it is not difficult to verify that v dominates a Gaussian
function.
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Precisely, there exists a positive constant C3 such that

(3.12) wv(x,t) >

( Cslx|?
<o ( —

. ¥(x,1) eR¥x]0, o0
2 Y eRY0, ool

Ci(t +a)*

Since v is a solution to the integral equation (1.3), by (3.12), we have

1+3
! 1 Csly|? ¢
||v(',t)||12/ // C(x,t;y,5) —Qexp<— 3|y|) dydsdx
RN Jo JRN Ci(s +a)? S+ o

(by Tonelli’s theorem and since ||[['(-,# — s)||; = 1 for ¢ > s)

12 (! 2\ Csly|?
=G, Q[)(s —i—a)_%_l/IRNexp(—(l—l-E) s3_:_y(|x)dyds

(performing the change of variable £ = 8( oy} (y) and by a straightforward
ST

computation)

_ C4log<t —i—oz),

for some C4 > 0. On the other hand, obviously, estimate (3.11) also holds for
the function v. Thus we have a contradiction.

[The case p > p*]. We are looking for a solution in the class of bounded,
continuous functions. Therefore the uniqueness of the solution follows from
standard arguments. We refer, for example, to [3], Chap. 2.

Concerning the existence, we claim that there exist some positive constants
8o, @ such that, if the following estimate of the initial data holds

(3.13) a <8I, a)
then a global solution u to (1.2) exists. Moreover

u(x,t) < MU(x,t+a), Y(x,1)eRY x [0, +ool,
for some constant M > 0.

Indeed, we first observe that, if (3.13) holds, then for every (x,t) €
RY x [0, o0,

(3.14) up(x,t) < 80/ Ty lox, )T (y,a)dy =8 (x,t + a).
RN
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Here we have used the so-called reproduction property of the fundamental
solution. Next, we define the recurrent sequence (i, ),cn as follows

Upy1 = o + Pu,,
where ®u is a s in (1.3). The sequence (u,,),en 1S monotone increasing as it can
be easily verified by induction. We want to show that it is possible to choose
80, @ > 0in (3.13) in such a way that

(3.15) uy(x,1) < MT(x, 14+ ), V(x,1)eRY x [0, 4+00[, n €N,

for some positive constant M. If (3.15) holds then, by the monotone conver-

gence theorem, u = sup u, is the global solution of (1.2).
neN

In order to prove (3.15), we set 8,1 = 8 + 84, n €N, and we claim that,
for suitable «,
(3.16) uy(x, 1) <8,0(x,t+a), (x,t)eRY x [0, +oo[, neN.
Now, for small 8y, (8,),en is convergent. Therefore (3.15) follows from (3.16).

We prove (3.16) by induction.
For n = 1, we have

t
ul(x,t)féoF(x,t+a)+8g/f C(x,t;y,9)TP(y, s + a)dyds
0 JRN

<ul'(x,t+a),

since, by estimate (2.7) of the fundamental solution,

t
// Lx, 25y, 9)TP(y, s + @) dyds
0 JRN

5/0 /RNF(x,t,y,s)l"(y,s—i—oe)((s_i_a)%) exp(— Cota) )dyds

(by the reproduction property of I")

+oo C p-1
(3.17) <T(x,t +Ot)/ (—Q> ds <T'(x,t+ ),
0 (s+a)?

since p > p* and by choosing « sufficiently great.
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Finally, supposing that (3.16) holds for a fixed n € N, we have

Unp1 (X, 1) = uo(x, t) + Pu,(x, 1)

A

Sol'(x,t + o) + 8PP (x, 1 + o)

(by 3.17))
<8, T(x,t +a).

This proves (3.16) and thus concludes the proof of the theorem. O

REFERENCES

[11 W. Chow, Uber Systemen von linearen Partiellen Differentialgleichungen erster
Ordnung, Math. Ann., 117 (1939), pp. 98-105.

[2] G.B. Folland, Subelliptic estimates and function spaces on nilpotent Lie groups,
Ark. Mat., 13 (1975), pp. 161-207.
[3] A. Friedman, Partial differential equations of parabolic type, Prentice-Hall, En-
glewood Cliffs, N. J., 1964.
[4] H. Fujita, On the blowing-up of solutions of the Cauchy problem for u; =
Au + u't®, J. Fac. Sci. Univ. Tokyo, Sect. I, 13 (1966), pp. 109—124.
[51 K. Hayakawa, On non-existence of global solutions of some semilinear parabolic
equations, Proc. Japan Acad., 49 (1973), pp. 503-505.
[6] L.Hormander, Hypoelliptic second order differential equations, Acta Math., 119
(1967), pp. 147-171.
[71 H.A. Levine, The role of critical exponents in blowup theorems, SIAM Review,
32-2 (1990), pp. 262-288.
[8] A. Nagel - EM. Stein - M. Wainger, Balls and metrics defined by vector
fields, Acta Math., 155 (1985), pp. 103-147.
[91 A. Pascucci, Fujita type results for a class of degenerate parabolic opera-
tors, Advances in Diff. Eq., to appear.
[10] A.Pascucci, Tesidi Dottorato di Ricerca, Dipartimento di Matematica, Universita
di Bologna, A.A. 1998-99.
[11] L.P. Rothschild - EMM. Stein, Hypoelliptic differential operators on nilpotent
groups, Acta Math., 137 (1977), pp. 247-320.
[12] A.A. Samarskii - V.A. Galaktionov - S.P. Kurdyumov - A.P. Mikhailov, Blow-up

in quasilinear parabolic equations, de Gruyter Expositions in Mathematics, 19,
Berlin, 1995.



SEMILINEAR EQUATIONS ON NILPOTENT LIE GROUPS:. .. 357

[13] N.Th. Varopoulos - L. Saloff-Coste - T. Coulhon, Analysis and geometry on
groups, Cambridge Tracts in Mathematics, 100, Cambridge Univ. Press, Cam-
bridge, 1992.

[14] FEW. Warner, Foundations of differentiable manifolds and Lie groups, GTM 94,
Springer-Verlag, New York, 1983.

[15] FE.B. Weissler, Existence and non-existence of global solutions for a semilinear
heat equation, Israel J. Math., 38-1/2 (1981), pp. 29-40.

Dipartimento di Matematica,
Universita di Bologna,

Piazza Porta di S. Donato 5,
40127 Bologna (ITALY)
e-mail: pascucci@dm.unibo.it



