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HOLDER CONTINUITY FOR SECOND ORDER
NON VARIATIONAL PARABOLIC SYSTEMS

MARIA STELLA FANCIULLO

Let Q be the cylinder Q2 x (—T7,0), with T > 0, we prove that if
ue WZ(Q, RMY (N integer > 1) is a solution in Q of the system

ou
a(X, H@w)) — Frie 0,

where X = (x, 1), a(X, &) is a vector of RV, measurable in X, continuous
in & and satisfying the conditions a(X,0) = 0 and (A), then u and Du are

Holder continuous in Q, if n < 4 and n = 2, respectively.
We obtain similar results for the solutions in Q of the systems

ou
a(X, H(u)) — i f(X)

and

ou
a(X, Hu)) — o = b(X,u, Du),

where f € QCZ*“(Q, RN) and b(X, u, p) is a vector of RY with linear growth.
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1. Introduction.

Let @2 be an open bounded set of R", n > 2, of generic point x =
(x1, X2, ...,X,), let T be a real positive number, we denote the cylinder Q x
(=T, 0) by Q and the point (x, ) e R} x R, by X.

If u(X): Q — RN, N integer > 1, we set

_8u

Diu = s
8)6,'

Du = (Dyu, Dyu, ..., D,u),
H(u) ={D;Dju} = {D;ju}, iLhj=12,...,m

Du is an element of R™ and H () is an element of RV .
We denote by

WP(Q, RN = {u we LP(=T, 0, H>"(Q, RY), 2—’: e L?(0, R")}
and
W2(Q,RY ={ue WP(Q,R¥):ue LP(—T,0, Hy"(Q, RY), u(x, =T) = 0},
where p € [1, +o0[, k is an integer > 1, Hz”’(Q, Rk) and Hol’p(Q, Rk) are the

usual Sobolev spaces.
We consider the system

ou
(1.1) a(X,H(u))—E =0,

where a(X, &) is a vector in RY, measurable in X, continuous in & and
satisfying the conditions

(1.2) a(X,0)=0;

(A) there exist three positive constants o, y and &, with y + § < 1, such that,
Vt,€€ R™N and for a.e. X € Q, it results

2

’

“ Xn:m —alaX,t+§) —a(X,g)]”2 < )/||r||2—|-8” irﬁ|
i=1 e
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(B) there exists a bounded non-negative function w(t), defined for t > 0, which
is non-decreasing and goes to zero as t — 07T, such that, VX,Y € Q and
vEe RN

la(X, &) —a(Y, §)I* < wd(X, V)|,

where d(X, Y) = max {||x — 1 — r|‘z}, X =@, HandY = (v, 7).

A solution of the system (1.1) is a function u € W?(Q, R") which satisfies
(1.1) fora.e. X € Q.
In [3] and [6] there are Holder continuity results in Q for the solutions of
the basic system
Hu)) — du _ 0;
a( 5y = U;
these results are been obtained by S. Campanato in [3], using the Sobolev
imbedding Theorem and, with different technique (using fundamental estimates
for H(Du), %22, H (u) and 2*) by M. Marino and A. Maugeri in [6].
Furthermore, in [6] M. Marino and A. Maugeri obtained similar results for
the following systems
a(H(u)) — 2—1: = f(X)
and

ad
a(H () = 5= = b(X.u. Du).
with f € L2, RYY and b(X, u, p) vector in RY with linear growth, i.e.
16(X, u, p)|| < c(+ [lull + lIpl)

forae. Xe Q,VueRY andVp e R"™W.

In this paper, for system (1.1), thanks to the hypothesis (B), we obtain

2.24+(n+2)(1-2)—¢ . du
loc regularity results for H (u) and 5} and then we prove that u

and Du are Holder continuousin Q, if n < 4 and n = 2, respectively.
In Section 3 we obtain similar results for the following system

ou
(1.3) a(X,H(M))—EZf(X)

with f € L2#(Q, R"). At last in Section 4 we study the Holder continuity in
Q for system

(1.4) a(X,H(u))—g—Lttzb(X,u,Du),

where b(X, u, p) is a vector of R with linear growth.
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2. Holder continuity for systems of type (1.1).
Let u € W2(Q, RY) be a solution in Q of the following parabolic system

(X, Hw) - 24 0
a(X,Hu))— — =0.
ot
In this section we shall give some Holder continuity results in Q for u and
Du.

Theorem 2.1. If the vector a(X, &) satisfies the hypothesis (1.2), (A) and (B),
then,Ye > 0 anVq e (2, min(g, n + 2)) ('), it results:

2,24(m+2)(1-2)—¢ 2
Hw)elL,. Q. RTY)
and
ou 2.24+(n+2)(1-2)—¢ N
(2.1 (0, R™).

56 loc

Proof. Fixed Q(X°,0) = Q(0) cCc Q (®), with0 < o < 1, let w be
the solution of the Cauchy-Dirichlet problem (the existence and uniqueness are
ensured by Theorem 1.2 in [6]):

we Wi (Q(o), RY)

0 ow u .
a(X”, Hu)+ H(w)) — E = E in Qo).

For this solution, (1.8) of [6] ensures the following inequality

2.2) fQ (i@ |%2 ) ax =

<cf
Q(o)

Set v = u + w in Q(0), it results: v e W?(Q(o), RY) and

a 2
a_L: — a(x", H(u))” dx.

a(XO,H(v))—E;—:zo in Q).

(') G is the constant (> 2) that occurs in (2.19) of [6].
3 X0 = 2,19 e Qand if p > 0, the symbol Q(XP, p) denotes the cylinder
B(x®, p) x (1° = p?,1%).
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Thanks to Theorem 3.2 in [6], for v the following inequality holds

2.3) fQ y (@I + | 5] ax <

. ov |2
< er2ta 3)/ (”H(U)HZJr ”_” )dX’
0(o) o

V7€ (0,1)and Vg € (2, min(g, n + 2)).

Now, thanks to (2.2) and (2.3), since ¥ = v — w and is solution of
system (1.1) and thanks to the hypothesis (B), it follows, Y7 € (0, 1) and
Vg € (2, min(g, n + 2))

24) fQ " (1 o1 + Uaa—bt‘uz)dx <
: 2/%) (1w |5 ) ax +2me (1 + |52 ) ax <

2 duv |2
Scr2+<n+2)(1—,§)f (||H(v)||2+ ”_v” )dx+
0(0) ar

dw ||2
w2 (P | 2] ax <
0() ot

0 2
< cp?H 0D f (@R + | 2| ) ax +
() ot

0 2
+c/ ()P + |22 ) ax <
0() ot

(s |2 ax

+ c/
0O(o)

_2 au ||?
< C_L_2+(n+2)(1 ;)/ <||H(M)||2+ ”_MH )dX +
0(0) ot

< CT2+<n+z><1—§> f
0(0)

2—? — a(x", H(u))”de <

+C/ la(X, H () — a(X°, H(w))|>dX <
Q)

0 2
- CT2+(n+2)<1—§)/ <||H(u)||2+ ”_“” )dX + co (o) | H (w)|*dX
0 o1 0@
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and hence

2.5) fQ , (1@ + |5 ] ) ax <

< C|:_E2+(n+2)(1—§) +w(0)]/

ou ||2
(@I + | 2| ) ax.
0(0) ot

From (2.5) and Lemma 1.III in [1] it deduces that Ve > O there exists
0. €(0,1)suchthat Vt € (0,1) and Vo € (0, o,]

.6 [ (rar+ 5] ) ax <
< cr2+<"+2>“‘3)‘€fg(a) (@I + H‘;—Z’HZ) dx,

Vg € (2, min(g, n + 2)).
From (2.6) the thesis follows. O

Thanks to Theorem 2.1 and Lemma 2.II in [4] it deduces that

2,4 2(1-2)—
(27) DM c £loc+(n+ )( q) S(Q, RnN)

Ve > 0 and Vg € (2, min(g, n + 2)).
If n < 2¢ — 2 (and in particular if n 2), there exist ¢ > 0 and

g € (2, min(G, n +2)) such that 4 + (n +2)( - %) —& > n+2and (2.7) holds

(with this choice of ¢ and ¢), and then
Du is Holder continuous in Q.

On the other hand, from Lemma 2.1 in [4] and from conditions (2.1) and (2.7),

it follows: .
2,64+(n+2)(1-2)—¢ N
u€ Ly, “ (Q,R7),

Ve > 0 and Vg € (2, min(g, n + 2)), from which we have that, if n < 3§ — 2
(and in particular if n < 4), the vector

u is Holder continuous in Q.
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3. Holder continuity for system of type (1.3)..
Let f : Q — RY beafunctionof class L>(Q, R") and let u € W2(Q, R")
be a solution in Q of the parabolic system
ou
(3.1) a(X,H(u))—§=f(X),
with a(X,€) : O x RN — RV measurable in X, continuous in & and
satisfying conditions (1.2), (A) and (B).

Lemma 3.1. For every cylinder Q(X°,0) = Qo) C Q, with o < 1,
V1e(0,1)andVq e (2, min(G, n+2)) ", one has:

62) [ (e |5 )ax <

SC[r2+<n+2><1—§>Jra)(o,)]f

du |2
(1@ + || ) ax +
() 9t

2
+c f IFI17dX,
Q(0)
where the constant ¢ does not depend on o and t.

Proof. Fixed Q(X°,0) = Q(0) C Q, with o < 1, let us denote, as in the
proof of Theorem 2.1, by w the solution of the Cauchy-Dirichlet problem

we W (0(X° o), RY)
a(X°, Hw) + H(w)) — dw _ du in Qo).
ar  t
Set v = w 4+ u in Q(0), it results: v e W?(Q(o), RY) and
0 dv .
a(X’, H(v)) — e =0 in Q().

For w and v the estimates (2.2) and (2.3) hold, respectively. Making use
of these estimates and proceeding as in the proof of Theorem 2.1, one gets,
V7€ (0,1)and Vg € (2, min(g, n + 2))

(3.3) fQ (e |5 ) ax =

2
< 00D [ (o + |5 ) dx +
() ot

+ c/
0(o)

2—2‘ —a(x®, H(u))”de.
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Now let us estimate the last integral in the right hand side of the (3.3).
Since u is solution of system (3.1), one has:

88—2’ —aX’, Hw) = a(X, Hw) —a(X’, Hw)) — f(X) in Q(o),

and then, thanks to hypothesis (B)

3.4) /
Q(o)

52/ ||a(X,H(u))—a(X0,H(u))||2dX+2f IfFXON?dX <
0(0) 0(0)

88—? — a(x’, H(u))”ZdX <

< cw(0) IH w)lI*dX +2f IfXOI*dX.
Q) Q)

(3.2) is a trivial consequence of inequalities (3.3) and (3.4). [l

The next theorem follows easily from Lemma 3.1:

Theorem 3.1. If u € W?(Q,RN) is a solution of system (3.1), if the vector
a(X, &) satisfies conditions (1.2), (A) and (B) and if f € L>*(Q,RY), 0 <

,u<)~L:min{2+(n+2)(1—%),n-I-Z},then

(3.5) Due L' (Q,R™)
and
(3.6) ue L0, RY).

Proof. The proof is similar to that of Theorem 4.1 in [6]. Fixed Q(o) C Q,
with o < 1, V7 € (0, 1) and for every ¢ € (2, min(g, n + 2)), in virtue of
Lemma 3.1 and from the hypothesis f € £%*(Q, R"), one has:

(3.7) fQ (mewrs 12 ) ax =
< [0 D 4 (o) ] fQ(U) (||H(u)||2+”2—':”2) dX 4o | F 1% g -

From (3.7) the thesis follows proceeding as in the proof of Theorem 4.1 in
[6] and using Lemma 2.VII in [2], instead of Lemma 1.1 in [1]. U
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From (3.5) it follows, as in [6], that, if n < 2g — 2 (and in particular if
n=2)andif feL£L>*(Q,RN), with € (n, 1),

Du e LZ*2(0, R™),

loc

with u + 2 > n + 2, and then
Du is Holder continuous in Q.

If n < 3G — 2 (and in particular if n < 4) and if f € L2H(Q, RY), with
u e (n—2,1), for (3.6) one has

ue L3740, RY),

loc

with u 4+ 4 > n 4+ 2, and then

u is Holder continuous in Q.

4. Holder continuity for systems of type (1.4).
Let u € W2(Q, R") be a solution in Q of the system

“4.1) a(X, H(u)) — 2—? =b(X, u, Du),

where a(X, £) is a vector in RY, measurable in X, continuous in £ and
satisfying conditions (1.2), (A) and (B).

Let b(X, u, p) be a vector in RV, measurable in X ,continuous in (u, p)
and satisfying the condition

(4.2) 16X, u, Pl < (1 + llull +Ipl)

forae. Xe Q,VueRY andVp e R"™.
Theorem 3.1 in [5] ensures that there exists g € (2, 2(",1—”)} such that,

Vge 2,9, §
ue Wi (0, RY),

hence, thanks to Lemma 2.1l in [4], one has, VQ (o) CC Q and Vq € (2, g):

0 2
| ipu= owowitax et [ (i + |G| ) ax <
() () ot

du |4 7
S C02+(n+2)(1_§)|:/ (HH(M)Hq + ”_u” )dX:|q,
0(0) ot
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from which ,
2,2+ (n+2)(1—=)
Duc L. “(Q.R™),

Vge2,9).
On the other hand, making use of Lemma 2.1 in [5] (with p = 2), it

deduces )
2,4+(n+2)(1-2) N
ue L, “(Q,R7),

Vge(2,9).

Then u and Dju, i = 1,2,...,n, belong to the space L>*(Q* RV),
Yu e <0, 24+ + 2)(1 — %)) and VQ* CcC Q, from which, for condition
(4.2), it follows that the vector f(X) = b(X, u, Du) € L>*(Q*,RN), Vu €
(0,2+ (n+2)<1 _ %)) and VQ* CC Q.

For Theorem 3.1 one has

Du e LZ*2(0, R™),

loc

ue L0, RY),

loc

Yu e (0, 1*), where A* = min {2 + (n+ 2)(1 - ql) n+ 2}, q* =min(q, q).
Now reasoning exactly as in Section 5 of [6] it follows that

Du is Holder continuousin Q ifn < 2q™ —2

and
u is Holder continuous in Q ifn < 3¢* — 2.
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