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THEORY OF MULTIVARIABLE BESSEL FUNCTIONS
AND ELLIPTIC MODULAR FUNCTIONS

G. DATTOLI - A.TORRE - S. LORENZUTTA

The theory of multivariable Bessel functions is exploited to establish
further links with the elliptic functions. The starting point of the present
investigations is the Fourier expansion of the theta functions, which is used to
derive an analogous expansion for the Jacobi functions (sn,dn,cn...) in terms
of multivariable Bessel functions, which play the role of Fourier coefficients.
An important by product of the analysis is an unexpected link with the elliptic
modular functions.

1. Introduction.

The theory of generalized Bessel function (GBF) has been reviewed in
Ref. [6]. The importance of these functions stems from their wide use in
application [10], [7] and from their implications in different fields of pure
and applied mathematics, ranging from the theory of generalized Hermite
polynomials [2] to the theory of elliptic functions [1], [5].

As to this last point, it has been shown that [5] exponents of the Jacobi
functions exhibit expansions of the Jacobi-Anger type in which the ordinary
B.E is replaced by an infinite variable GBF.

This paper is addressed to a further investigation on the link exixting
between multivariable GBF and elliptic functions. In particular we will prove
that the Jacobi functions can be written in terms of a trigonometric series
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whose expansion coefficients are infinite variable GBF. We will also prove that
these functions provide a natural basis for the expansion of the elliptic modular
functions.

Before entering into the specific details of the problem, we will review the
main points of the multivariable GBF theory. The few elements we will discuss
in the following are both aimed at making the paper self-contained and fixing
the notation we will exploit in the following.

A two variable one index GBF is specified by the following generating
function

(1) exp {%[)ﬁ(t - %) +x2<t2— tlz)}] - fi 0, (x1, %), 0 < |7] < 00

or equivalently by the following series

+00
) L@ x) = Y Jaoar () Je(xa).

{=—00

The extension to more variables is accomplished rather straightforwardly and in
fact

> x 1 =
exp |:Z f(ts - t_s):| = Z t"Ju(x1, X2, X3),

s=1 n=—o0
)
+00
Ju(x1, X2, X3) = Z Ju—ze(x1, x2) Jg(x3).
{=—00
In a similar way we can construct GBF with 4,5, ..., m variables. The

recurrence relations of a m-variable GBF can be written as

%SJ" ({xs}’{‘) = %[Jn_s({xs}g") _ Jm({xs},ln)}

ang,(1507) = s (107) o e (1507
s=1

The extension to infinite variables has been shown possible, under the

“

oo

assumption that the series ) _ s|x;| be convergent ([9]). The link of many-
s=1

variable GBFs with trigonometric series is almost natural, since the following
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generalized form of the Jacobi Anger expansion holds [9]

(e%e] +oo
(5) exp |:in5 sin(s@)i| =Y o J,,({xs}‘fo).
s=1 n=—00

Modified forms of many variable GBF can be introduced as well using the
following Jacobi-Anger expansion (1)

oo +0o0
6) exp {sz COS(sw)} =) In({xs}i”),
s=1 n=—o0

which is valid under the same restriction on the {x,} as in the J-case. Function
I, ({xs}‘f") satisfies the recurrences

(1) = 5 (105) # s (1)

N

oty () = s [cs (1907) B (15057) ]
s=1

(N

A particular type of many-variable GBF which will be largely exploited in
the following sections is defined below

®) e {éij_l (- ﬂ%)} = nior"% (tea?).

where the superscript (0) stands for odd. In the case of m = 2 the function
O J,(x1, x3) is specified by the series

+00
(9a) O g x3) = D Jusex)Je(xs)

{=—00

and the extension to a larger number of variables is obvious.

(') The 1, ({xs }’1”) functions are modified GBF of first kind and play the same role as

I, (x) in the one variable case.
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Analogously, one can define the modified version, VI, ({xp,_1}"™ ) of
O 7, ({x25-1}"™ ;) and then consider the relevant extensions to the infinite-
variable case denoted by ©J, ({x2,_1}s=1) and @1, ({x2,_1}s>1), respectively,
for which the following Jacobi-Anger expansions hold true

i) wcasinl@s=hgl £
e =! = Z emw(O)Jn({XZS—l}SZl)’

n=—oQo

(9b)
Y xicos[2s—De] 00

es=1 = Z eimp(O) In({x23—1}szl)v

n=—oQo

oo
under the assumption that the series Y (2s — 1)|xp,_1| be convergent.
s=1
An interesting result, to be immediately quoted, is the possibility of ex-
ploiting functions of the above type, to establish “non-linear” Jacobi-Anger ex-

pansions, i.e. expansions relevant to the generating functions

F(x, 9; I’l) — eix(sin 9)”,
(10) i
G(x,0;n) = e 9",

In the specific cases of n = 3 we obtain

I 3 x
s0)3 Xr3cos6 s(36 inf (0
ex(coq ¥ 84[ cos f+cos(30)] _ Z ol ( )In<va _),

4
11) e
( +o00 3 x
ix(sin6)® __  ii[3sinf—sin(30)] __ inf(0) ( )
e —e'4 = e J —-X,—),
n;m "\47 4

After these few remarks we are able to introduce the specific topic of the
paper namely the link between GBFs and elliptic functions of the Jacobi-type.

2. Generalized Bessel functions and theta elliptic functions.

In a previous paper ([5]) it has been proved that the Jacobi functions sn u,
dn u and cn u are linked to the infinite variable GBF by Jacobi-Anger like
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expansion. In other words, using the Fourier expansions of the elliptic functions,
for real z it can be shown that

1
xsnu ©) yg" 2
el — Z el J, |:{ qu 1] i|’
n=—00 m>1
m—1/2
xcenu __ inz(0) yq
(12) e _Zez 1“1+qu1] J,
m=

n=—0oo
400
exdnu — e% Z eZinzl ky qm
n=-—00 ! 1+q2m 1 ’
— m>
where
(13) Tu { JTK’} 27
= —, =expq| — , = —Xx
tTax 1T TR YT kK

and K and i K’ are the quarter periods of the elliptic functions, specified by the
integrals

T
K = / —dgj —
o
(14) 0 +/1—k?sin" ¢
:/ N L
0 V1 —k?sin’¢
Expansion analogous to (12) can be derived for the theta-functions too.

It is to be noted that Eqs. (12) can be viewed as trigonometric series
associated to the exponents of the Jacobi functions. In this paper we will derive
trigonometric series of cn u, dn u etc. whose coefficients are provided by
infinite variable GBFs.

The starting point of our analysis is the following representation of theta-
functions in terms of infinite products, namely

0,(z) = 2¢"/* sinzG(q)ni (1 —2¢%* cos(2z) + g™,

0:(2) = 29" cos2G(q) T (1424 cos(22) +4*).
(15) 03(2) = Glg) T (1+2¢°"" cos(22) +¢*2).

61(2) = G(g) T (1 - 24" cos(22) +q*2),

(6= -0
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Taking the logarithm of the first of Egs. (15) we obtain

o0

] = Zln (1 —2¢*" cos(22) + q™").

n=1

(16) 1 [ 01(2)

n ————————————————————
2q'*G(q) sinz

The r.h.s. of the above equation can be cast in a more convenient form by
means of the expansion [11]

oo
17) 1 ( 12 22 il
n — = _—
[ XCcosy +x ] ) Z . cos(my)
m=1
which holds for
(18a) |x| < exp(—Imy)

or supposing |x| < 1
1 1
(18b) —:Re(ln —) < Imy < :Re(ln —).
X X

Accordingly, the n™ term of the summation in Eq. (16) writes

X 2nm
(19) In (1 —2¢*" cos(2z) + q4”) =2 Z 4

whose validity is limited to the region

(20) —mwlImt < Imz < wlmt
(q — eiﬂf ) .

Inserting therefore Eq. (19) into Eq. (16) we end up with

2n

01(2) S
(21) In [W] Zl n(l — COS(27’[Z)

which, according to Eq. (20), holds for

(22) —nlImt < Imz < wlmrt.
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Using the same reasoning we are able to write

n

0 oo
(23) In [é(i?)] =-2 Z n(l(iw cos(2nz)

n=1

whose validity is limited to the region

14 T
24) —EImr < Imz < Emr.
Finally exploiting the identities

62(z) = 01(z +7/2),

(25)
03(2) = Oa(z + 7/2),
we find
62(z2) B X (=D g
" [W] - _ZZ: n 1—q¥ cos(2nz),
(26) _

n

D1 D" g
In [G(q)] = —2; T e cos(2nz).

According to the previous results, for z real we can express the theta
functions (¥;(z) = ¥;(z)t) in terms of infinite variable GBF as reported below

01(2) = 29'*G(q) sinz f e, | —Zm(%qum)}m]’

02(2) = 2'/*G(q) cosz f ez""”n[{%}m>l]’
@7 - N

6@ =G6@ Y. |- m(quzm)}ml]

n=—00

m

64(2) = G(q) jf [ f - m(12+qbn)}m>1]'

The above formulae provide the direct link between GBF and theta elliptic
functions. In the next section we will show how similar expression can be
obtained for sn u, cn u, dn u, ..., Jacobi functions.
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3. Generalized Bessel function and Jacobi elliptic functions.

The principal Jacobi function sn, cn and dn, are quotient of 6 theta
functions, indeed [11]

1 61(2) \/k’ 02(2) 03(2)
2 = - | _
(28) snu TR0 cnu % 0D \/_94(1)

where 7 = %

Exploiting the previous relations for the logarithm of the theta-functions,
we get from Egs. (28)

24 > q"
In(sn u zln[ sinz}—l—Z — cos(2nz),
(sn u) v nX_;ann (2n2)

(29) In(cn u) = In [2q1/4[cos z] + ZZ paa ( oy —— cos(2nz),

1 , 2 g¥ ' cos(4n —2)z
In(dn u) = SIn(k) +43 - — )
n=1

which for real z yield

2g1/4 +oo m

Snu = i]/E n;oo sin[(2n + 1)z]1, Hn% 7 j]_qm }mzl],

m

(30)  cnu —2q1/4\/> 3" cosl@n + Dzl H%l;fw}m}

n=—0oo
4 q2m—l
2m —11—g4m=2 }mzl]'

dnu =k Z e O H

n=—0oo

Analogous expression relevant to the product of elliptic function can be
found keeping e.g. the derivatives of both sides of Eqs. (30) with respect to u,
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thus getting
nql/“ f
cnudnu= 2n + 1) cos[(2n + 1)z]-
Kk 2=,
2 m
A2
ml1l4 g™ JIm=1
nq1/4 +oo
(B1) snudnu="—¢ > @n+ 1sin[@n + 1)z]-

n=—oo

m

g

j = 2m—1
—Ksnucnu= i /K Z neZinz(O)]n[{ 4 q™" } ]
m>1

K 2m — 11— g2

We can now specialize the above relations for particular values of u to get
further interesting identities. By setting # = 0 in Eq. (30) we find

+00 m
TES SR S (et |

(32a) ":_
1 +00 4 2m—1

- Sl )
N/ n;w 2m — 11 —g*"=2)m=1

In a similar way, u = K yields

1 = 2 q"
Sz, 1 nI"H_ } ]
2 1 n;oo( ) m 14 g™ Im=1

(32b)

2m—1

+00
W= 3 crnl{ats s,

2m — 11— g2

n=—0oo

These last relations provide the basis for the link between multivariable GBF
and elliptic modular functions.
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4. Concluding remarks.

In the previous sections we have analyzed the link existing between GBF
and Jacobi elliptic functions. Further interesting relations will be discussed
in these concluding remarks. We believe that an important by product of the
already developed analysis is the possibility of expressing the so called elliptic
modular functions (EMF) in series of GBF with infinite variables.

The EMF are usually denoted by ([11], [8])

_ 65(0]7) )
f(o) = —9;‘(0|r) = k-,
04(0]7)
33 — 4 — 12
(33) g(1) 25010 kK,
]’l(‘L’) = _f(‘L') = —k—2 = k2

¢(1) K2 1—k

and satisfy the properties

fx+2)= f(r), g(t+2)=g(r),
f@+gx)=1, f(r+1)=nh(r)

(34)

which follow from the fact that

(35) k2 + k/2 =1 qg= eirrr — eirr(r+2) — —eiﬂ(T'H),
The link between EMF and GBF is readily obtained. The first of Egs. (32a)
yields indeed

imnwt

(36) (P) = Vh(r) =2 men[{%m}ml

n=—

while Eqgs. (32b) provide the identities

immwt

K'? = Y f(x) =2¢ Z (=D"I, Hm 1 _T_elmm }mzl]’

(37) S

e(2m—l)mr

npe _ n(0)
k g(f Z ( 1) I |:{ —1 1_62(2m l)lﬂ‘f} Zl:|.

n=—0o0
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By keeping the fourth power of both sides of Egs. (36) and (37) and by
using the Jacobi-Anger expansion for the GBF we get

o0

. 8 eimrrr
R o L |
(T) e Z ml+ (_l)mezmnr m=>1
n=—00
00 8 eimrrr
T S A L
(38) f(t) e n;oo( ) m 1 +ezm71r m>1
00 16 e(2m—1)i7rt
_ _ 1\
g(r) = Z (=D I"[{Zm 11 = 20m—Dire }mzl]

n=—0oo

It is worth noting that the properties of the EMF can be directly inferred
from the above series definition, in fact

39)  f(zr+1) = 167D i (—1)"1n[{ 8 ﬂ}m>l]

I’I_’l 1 + eimn(r+1)

= —16¢"" ni@(—l)nln[{%%}mﬂ]
and since
(39b) (D)) = D))
we end up with
(39¢) fr+1)=—16e"" _i ’H%ﬁ}ml]

namely, the last of Egs. (34).
By noting that, the last of eqs. (32a) yields

1 +00 o 4 e@m=Dint
“ = X i 7]
( ) \/P :2_: 2m — 11 — edm—2)int m>1
it appears convenient to introduce the further EMF

+00 —D)i
16 e(2m lint
— )

an - @= 3 |

n=—00
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and note that
(42) I(r 4+ 1) =g(7).

Furthermore, from the Jacobi-Anger expansion of multivariable GBF it
also follows that
) o 2 eimnT
_ int =
43) h() = ~16¢" exp |4 Z} T iy |

and similarly for the other functions.

A more general treatment regarding EMF and GBF will be presented
elsewhere. Before closing this paper it is worth giving further identities, which
albeit an almost direct consequence of the considerations developed in the
previous sections, provide a deeper insight into the link between GBF and
elliptic functions.

By integrating both sides of Egs. (30) we obtain

" 4 g¥n! 1 2Kd i g
il )= [ e
"L2m — 11 —g#m=2 L= 2K~k Jo -4

m

2 q 1 .1 kg
4 {=— = —qg VA—(=)"".
“@4) "Hm1+(—1)mqm}mzl] 24 2K(k’)
4K Tu
. Jk 2 1)—1du.
fo cn(u, k) cos[(2n + )ZK] u

Analogous relations involving the theta functions can also be obtained, thus
getting e.g.

1 [{(—1)m~ = ! o —2inz
n Qm}mzl] = 27TG(Q) - QS(Z)e dZa
+
(45) I, [{qm}mzl) = 7TG1(C]) /0 04(z) cos(2nz) dz,
- 2g™
(n = Tm(l— q2m))'

This paper is a further contribution to the theory of GBF and to their
link with elliptic functions. All the possible implications are far from being
completely understood, a forthcoming note will be devoted to a deeper insight.
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