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AN ABSTRACT ULTRAPARABOLIC
INTEGRODIFFERENTIAL EQUATION

LUCA LORENZI

We prove an existence and uniqueness result for a ultraparabolic in-
tegrodifferential equation in the strip [0, T7] x [0, T>] in the context of the
spaces of continuous functions with values in a Banach space X and we give
some applications to specific partial integrodifferential problems.

Introduction and statement of the main result.

This paper is concerned with the problem of determining a solution u
depending on two variables ¢ and s in an evolution integrodifferential equation
involving the two time variables ¢t and s (for the physical motivation see the
appendix).

The present model may be interpreted as a generalization of the corre-
sponding well-known model for thermic materials with memory to the case of
memories related to several time variables. We note that, while the case of
memory related to one time variable is well studied (cf. [1], [2], [3], [5], [6],
[8], [9], [10], [13]), the case of multi-time memory problems does not seem,
to the author’s knowledge, to have been investigated not even from the point of
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view of a general mathematical theory. Consequently, this paper wants to give
a contribution in this new field.

We can now pose our problem: determine a functionu : [0, T1] x [0, To] x 2 —
R such that

ay(t)Diu(t, s, x) + ax(s) Dsu(t, s, x) — Au(t, s, x) =
t s
:f(t,s,x)—l—/ dr/ h(t —t,s —0)Bu(r, o, x)do,
0

0

0.1) ] (t,s,x) €[0, T1] x [0, T2] x €2,
u(t,0,x) =u(t, x), (t,x)e[0, T]] x Q,
u(0,s,x) =uy(s, x), (s,x) €0, Ty] x Q,
u(t,s,x)=20, (t,s,x)€[0,T] x [0, T,] x 0€2.

Here €2 is a bounded and open set in R” while A and 8B are linear second-order
differential operators with variable coefficients depending on x only:

0.2) (Au)(x) = > i ;(x)D; Dju(x) +

ij=1

+ ch (X)Dju(x) + c(x)u(x), x € Q
j=1

(0.3) (Bu)(x) = > d; ;j(x)D;iDju(x) +

ij=1

+ ) di(x)Dju(x) +d(x)u(x), x Q.

j=1

A basic requirement is that 4 should be uniformly elliptic.

Consequently, under our assumptions, the differential operator a;(t)D, +
a,(s) Dy — A turns out to be ultraparabolic.

We observe that the aim of this work consists in proving an existence, unique-
ness and continuous dependence result in the large. Owing to the complexity
of the problem under consideration it will be more convenient to deal with an
abstract version of problem (0.1).
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We now pose the corresponding problem related to a Banach space X: deter-
mine a function u : [0, T1] x [0, T,] — X such that

a, (t)D;u(t,s) + taz(s)Dsu(t, s) — Au(t,s) =
f(t,s)—l—/ dt/ h(t —t,s —0)Bu(r,o)do,
0 0

©4) (t,5) € [0, T1] x [0, T,
u(t,0) =u (1), te[0, Tq],
u(0,s) =uy(s), s [0, T].

To solve problem (0.4) we first consider the case where 2 = 0 and we prove
an existence, uniqueness and continuous dependence result in the context of the
space of Holder continuous functions.

Then, we consider the general case and show that problem (0.4) can be trans-
formed into a fixed point problem in the space C*([0, T}] x [0, T»]; D(A)) N
C'*([0, Ty] x [0, T]; X).

We study this fixed point problem and prove that it is uniquely solvable in
C([0, Ty] x [0, To]; D(A)) N C'F([0, T1] x [0, Tol; X).

In this section we limit ourselves to stating the main result related to be abstract
problem (0.4). For this purpose we need the following functional spaces.

Definition 0.1. For any (77, 7o) e R, x R, any k e NU {0}, any & € R, and
any Banach space Y we set

B0, Ti1; Y) = {f : [0, T\l = Y : | fllsqo.ri1;y) =

= sup [|f(®)lly < +oo};
1€[0, 71

CH([0, Ty x [0, T2]; Y) = {f : [0, T1] x [0, To] — Y : f is continuously

differentiable up to the k-order with values in Y }

C*([0, T\] x [0, T»]; Y) is normed by

1 lctqo.maxtoziny = D, 1D flleqo.rxio.z:v)-
|BI<k

C(10, 711 X 10, T3J; ¥) = { £ € C(10, T3] x [0, 21 ¥) £ [DF flurqu
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(t1, 81), (12, $2) €

_ I D f (12, 50) = DF f (11, 1)
= sup{[

|ty — 111> + |52 — s 2] 1eD/2

[0, T1] % [0, T2, (1, 1) # (12, Sz)} < 400

for any multindex § such that |8| = [a]}.

C*(10, T1] x [0, T»]; Y) is normed by
I £ lceqo, rxt0,151:v) = Z ID? fllcqo.mixio. ) + Z [D? fla-ta1.00-
0=<|Bl=[e] 1Bl=lc]

We have used here the notation [«r] = the largest integer not exceeding «.

Definition 0.2. Let X and A : D(A) C X — X be a Banach space and an
infinitesimal generator of an equibounded analytic semigroup in X, respectively.
Then, for any « € (0, 1) and any k& € N U {0}, the vector spaces D, (k + o, 00)
are defined by

Dtk + . 00) = {x € D(AY) : [A* X, (000) =

— sup I/ Aexp(tA) Ak x| < +oo}.

t>0
Da(k + «, 00) turns out to be a Banach space when endowed with the norm

k

1 Dsttaoey = D A x ]| + [A X0, (e00), ¥ € Dalk +ar, 00).
j=0

Finally, we denote by E (T}, T>) and E,(Ty, T) the sets in [0, T}] x [0, T,]
defined by:

0.5 Ei(Ty, T) = {(t, $)€[0, T x [0, To] = s < by ' (b (1) if 1 €]0, To]};

0.6) Ex(T, 1) = {(t, s) €[0, Tol x [0, T>] : s = bz_l(bl(t))}-

The functions b, : [0, T1] — Ry, b, : [0, T5] — R, are defined by

0.7) bi(t) = / dr, Yt €[0, T1]; ba(s) = / dr, Vs €0, T3]
0 0

a(r) ax(r)

Moreover [0, To] C [0, T;] denotes the interval of definition of the function
by LS b1. We can state now our abstract result.
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Theorem A. Suppose that the assumptions K1-K7 and the compatibility condi-
tion K8, K9 of Section 2 are fulfilled. Then, problem (0.4) is uniquely solvable in
C*([0, Ty] x [0, T»]; D(A)) N C*([0, T1] x [0, T>]; X). Moreover, u satisfies
the following estimates:

0.3) lell co o, 110, 751004y =< C18(Callhllcro,71x10,751))"
(Nurllce o, myspcay + lallce o, 71 DA

+ 1 f llceqo, mixio,21:x) + I1De fllco vty 15):%) + 1 Ds f 1l ce (o (11,1): )
+ 1Aus + £, Ol a0, 11 Datoon + AUz + £O, I 80,731: Dat@00n )

0.9) lull e o, 7y1x 10, 721: %) =
< (Gsllhllcrqo. 110,08 (C2lAll et 0. 1y1x10.757)) + Ca)-
(N1l oo,y oy + Nluzll o, 204y
+ llu lleqo,mn:xy + s lleqo,mr:x) + ILf lce o, 7x0,751: %)
+ ID: fllcae 1y 12):x) + 1 Ds fllca By (11,120 %)
+ 11 Aut + £ Ol B0 111D w00n + AUz + (0, )l B0, 721:D0(0.00)

where C; (j = 1,...,4) are positive constants depending on o, M =

max sup % A"l £cx), Teo llarllceqo,ny + 111 /akll oo, 7 (K =1, 2)
k=0,1.2 [0, max(T;, T>)]

and g : Ry — R, is an increasing and analytic function such that g(0) = 1.

Theorem A is then applied (cf. Section 3) to the specific problem (0.1) in
the cases where X = L?(Q2) (p € (1,00)), X = L*®(RQ) and X = C(Q2),
denoting any open and bounded set in R” with a boundary 3 of class C?.

1. The differential problem.

In this section we consider the following problem: determine a function
u : [0, T1] x [0, T,] = X solution to the Cauchy problem

a(t)Dyu(t, s) + ax(s) Dsu(t, s) —

— Au(t,s) = f(t,s), (t,5) €[0, T1] x [0, T»],
u(t,0) =u (), tel0, T1],
u0,s) = ux(s), s €0, T»].

(1.1)
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We assume:

HIl ay € C*(10, T1]), 0 < my; < a1(t) < M, for any t € [0, T ] and some
positive constants my, M;

H2 ay, € C*(10, T3)) (@ € (0,1)) (cf(0.7)), mi < ax(s) < M, for any
s €0, T2];

H3 feC%0, T1] x [0, T»]; X), D, f € C*(E((T1, T2); X),
Dy f € C*(Ex(Ty, Ty); X);

H4 A : D(A) C X — X isa generator of an analytic semigroup {exp(tA)};>o

in X;

H5 u;j € C*([0, T;]; D(A)) N c'* (o, T;], X), u} € B([0, T}]; Ds(a, 00)),
(=12,

H6 Au; + f(-,0) € B([0,T\]; Dala, 00)), Aup; + f(0,-) € B([0, T1];
Da(a, 00));

H7 u1(0) = u2(0), a;(0)u}(0) + a2(0)u5(0) — Aui(0) = £(0, 0).
Here E;(Ty, T>) (j = 1, 2) are defined by (0.5) and (0.6).

1.1. The uniqueness of the solution.

Definition 1.1. For any 7,,7, € R, we define the sets D(Ty, T;) and
D, (T, T>) by

(1.2) Di(Ty, T1) = {(r,0) € [0, bi(T)] x [0, bo(To)] : T + 0 < bi(T1)};

(1.3) Dyo(Ty, T2) = {(z,0) €[0, b1(T1)] x [0, bo(T2)] : T + 0 < by(T2)}.

We now introduce the functions g : D1 (T1, T;) — X and g, : Do (T, 1) — X
defined by

(14)  gi(t.0) = f(b; ' (t +0),b;'(0)), V(r,0)€Di(Ty, To);

(15)  g(r,0) = f(by' (1), by (t +0)), Y(r,0)€Dy(Ty, To).

Some basic properties of g; and g, are listed in the following lemma.

Lemma 1.1. Suppose that assumptions HI-H3 are fulfilled. Then, the func-
tions gy, D.g1 belong to C*(D,(Ty, T,); X), while g», D,g, belong to
C*(D,(Ty, T); X). Moreover, the following estimates hold:

(1.6) l&1llce o, 1y 1) x) <

2 2 2 .
<max (1, Qllallgqo.7,y + la2lleqo. ) ) f llce e, mixs
(10.73]) (10.3)
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(1.7) &2l ey, 1):x) =

2 2 2 .
< max (1, (||al||c([o,T,]) + 2||02||C([0,T2]))a/ )”f”C“(Ez(T],Tz);X)’

2 2 2
(1.8) 1D:g1llce(p,(1y.15):x) < max (1, 2|la ”C([O,T]]) + ||az||c([0,rz]))a/ )

Nlarllceqo, i 1 De [l co ey (11, 1): %)

2 2 2
(1.9) Do g2llce(py (1. 12):x) < max (1, (lla ”C([O,T]]) + 2||02||c([0,72]))a/ )

Nlazllce o, I Ds f I ce (Ex (11, 1):) -

Proof. We limit ourselves to proving estimates (1.6), (1.8), the derivation of
(1.7), (1.9) being quite similar.

We observe that the function ; defined by ¥ (t,0) = (bl_l(r +0), bz_l(a))
for any (7, o) € D{(T1, T,) is a continuous and invertible map from D, (T, T»)
into E(Ty, T) (cf. (0.5), (0.6)). Then, for any (z;, 0;) € D1(T1, T2) (j =1, 2),

(1.10) llg1(t2, 02) — g1 (71, 01) | <
< [fleeg, .13 (b7 (T2 4+ 02) — b7 (71 + 0?4 |y (02) — b3 ' (01) [/
< Qllaillgqo.rip + la2l1E 0.z *Lf ey ri 1) (112 — Tl + |02 — 0112,

Moreover,

(111) ||gl||C(D](T],T2);X) = ”f”C(E](T],Tz);X)-

Taking advantage of (1.10) and (1.11), we easily deduce that g; belongs to
CY(D(Ty, T»); X) and satisfies estimate (1.6).
We now observe that g, is differentiable in D (T}, T>) and

D.gi(r,0) = ai(b;'(t + 0)D, f(b; ' (r + 0), by ' (0)).
Consequently, for any (z;, 0;) € D((T1, Tp) (j = 1,2), we get

(1.12) ID:g1(t2. 02) — Drg1(11, 01)|| <
< la1(by (12 + 02)) — a1 (by ' (t1 + o)) D, f (b7 (12 + 02), by ' (02)
+lai (b7 (T1+o ) D, f (b7 (ta+02), by ' (02)) =Dy £ (b7 ' (t1401), by (01) |
< 2°Playlceqo,rplailEqo.rp 1 Di fllcce, . msx (12 — Tl + o2 — o12)*/?

o/2

2 2 2
+(2”a1”C([O,T1]) + ||az||c([o,r2])) lla ||C([0,Tl])[th]C“(El(Tl,Tz);X)(|1'2 - T

+log — oy [H)*/2.
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Moreover,

(1.13) ID-gillco,,1):x) = laillcqo,rinyl Ps fllcE, i, 1):%)-

From (1.12) and (1.13) we immediately get (1.8). ([l

Lemma 1.2. Suppose that uy € C*([0, T1]; D(A)) N c'te(|o, T,1; X), uy €
B([0, T\]; Dala, 00)), uy € C*([0, T»]; D(A) N CH([0, Tol; X), u) €
B([0, T»]; D4(ct, 00)). Then, the function ui; defined by

ij(1) = u;(b; (1), 1€[0,b;(TH], (j=1,2),

belongs to C*([0, b;(T)1;D(A)NC** ([0, b;(T)]; X) and u; € B([0, b;(T)];
Da(a, 0)). Moreover, the following estimates hold.:
(1.14) 2 Il ¢ 0.5, T3 D(4)) <

< max (1, la;li¢qo,rp) lujllceqo.rioan, (G =1,2);

(1.15) 2t e 0,510 <

! : .
< max(1l, ||aj||ct((x[0’rj]))”uj||C1+“([0,Tj];X)a (Jj=12);

(1.16) 41| B0, (T)1: D (2. 00)) =

< llajllcqo.rnlu;llBo. 714000y, (G =1,2).

Proof. We limit ourselves to showing (1.14)—(1.16) when j = 1, since the
derivation of (1.14)—(1.16) when j = 2 is quite similar. We begin by proving
that i; € C*([0, b1(T})]; D(A)). For this purpose we fix t1, t, in [0, by (T})]
and observe that

(1.17) ity (t2) — 1 (t) || < [urleeqo.mpx) by (1) — b7 (#)|* <

< [uilceqo.r1xllaillcgo.nyplt — 1l

Moreover,

(1.18) 1l cqo,p,cri:x) = luillcqo, 7y x)-
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Consequently,

(1.19) 21 Ml co 0,6, (1 x) < max(l, ||a; ||%([0,T]]))||”1 llce o, 7i1:x) -

By the same technique, we can prove that Aiu; belongs to C*([0, by (T)]; X)
and satisfies the same estimate as u; with u; replaced by Au;. Hence (1.14)
follows.

We now observe that #; is differentiable in [0, b;(7T;)] and

i, (t) = ar(b; " ()u (b7 (1)), Vit e[0, by (T)].
Therefore

(1.20) lut O < llarllcqo,rplu lcqo.rxy. Ve €0, by(T].
Moreover, for any t1, t; € [0, b1(T7)], we get
(121 Nuj(t) — ui@t)| < lai(by (1)) — ar by @)} lleqo,r1:x)
+ llalleqo rplluy (57 (22)) — uy (b7 @)
< lailc=qo.rpllar ¢ go.z,p 14y lcqo. mix It — t11*
+ lla ||1CJ(F[%,T]])[Mll]ca([o,T]];X)|t2 —nl*.
From (1.20) and (1.21) we derive the following estimate:

(1.22) |luillceqo.p,(ryrx) < max(1, [lail¢go. 7 p) 1@t lleqo, iy 1) coqo.11:x) -

From (1.18) and (1.22) we get (1.15). Then, it is an easy task to prove (1.16).
O

Theorem 1.1. Under assumptions HI-H7 problem (1.1) admits at most an
unique solution u € C*([0, T1] x [0, T3]; D(A)) N C't ([0, Ty] x [0, T»]; X)
represented by the following formulae:

(1.23) u(t, s) = explba(s) Aluy (by ' (b1 (£) — b(s)))
+ /Ohm expl(ba(s) — §)ALf (b7 (b1 (1) — ba(s) + §), by ' (§)) d8,
(t,s) e E\(T, T,);
(1.24) u(t, s) = explby (1) Aluz (by ' (ba(s) — by (1))

b1 (1)
+/0 expl(b1(t) — &) A1 f (b ' (§), by ' (ba(s) — b1 (1) + £)) dE,

(t,5) € Eo(Ty, Ty).
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Proof. Let us suppose that u € C*([0, T;] x [0, T»]; D(A)) N C'**([0, T}] x
[0, T»]; X) solves problem (1.1). Then the functions v; : D;(Ty, Tp) — X (j =
1, 2) defined by

vi(r,0) = u(b; ' (t +0),b,'(0)), (r,0)€Dy(T}, T»);
(1, 0) =ub; (1), b, (t +0)), (t.0)€ Dy(T1, To),
turn out be solutions, respectively, to the Cauchy problems

D,vi(t,0) — Avy(1,0) =
(1.25) = f(b;' (t +0),b,'(0)), (r,0)eD\(T), T2,
vi(t,0) = u (by (1)), T €[0, by (T)];

D.vy(1,0) — Avy(t,0) =
(1.26) = f(by (1), by (1 +0)), (1,0)€Dy(Ty, To),
120, 0) = uy(b; ' (0)), o €0, by(Ty)].

Thanks to Lemmata 1.1, 1.2 and Theorem 4.3.1 in [7] we deduce that problems
(1.25) and (1.26) admit the unique solutions v; and v,, respectively, given by
the following formulae:

(1.27) vi(t, 0) = exp(o A)u; (b (1)) +

+ f expl(c — E)Alf (b7 (x + &), by ' (§)) dE;
0

(1.28) (T, 0) = exp(r A)uz (b; '(0)) +
+ / expl(t — §)ALf (b '(§), by ' (0 +§)) dé.
0

Finally, the assertion easily follows from the representation formula

v1(D1(1) — Da(s), Da(s)), (t,5) € Ei(T, Tn),
(1.29)  u(t,5) = { v2(b1 (1), ba(s) — b1 (1)), (t,s)€[0, Tyl x [0, T»],
0<b,'obi(t) <s.

O
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1.2. Existence of the solution.

By virtue of Theorem 1.1 we need only to prove that (1.23), (1.24)
define a solution to problem (1.1) belonging to C* ([0, T1] x [0, T»]; D(A)) N
C'** ([0, Ty] x [0, T>]; X).

We begin by proving a lemma.

Lemma 1.3. Suppose that f fulfills assumption H3. Then the functions g, and
g defined by (1.4) and (1.5) satisfy the inequalities
(1.30) lg1(2, 02) — g1(72, 01) — g1(71, 02) + &1 (71, oD =

< 2lla ”%([O,T]]) + ||a2||%([O,TZ]))a/z(z[f]Cﬂ(E](T],Tz);X) +

+ llaillceqo.nip 1D f e ey 1y, 1):x)) | T2 — T1l%loa — o1 ]%,
for any (1, 01), (11, 02), (12, 01), (12, 02) € D((T}, T);

(1.31) llg2(72, 02) — g2(72, 01) — g2(71, 02) + ga2(71, 0| <
< (las ||%([0,T]]) + 2”02”%([0,Tz]))a/z(z[f]ca(EZ(T],TZ);X) +

+ llazllce oz | Ds f llce By 1y, 13):x)) |72 — T1 ¥ o — 0|,

for any (71, 01), (11, 02), (12, 01), (12, 02) € Do (T, T>),

Proof. We limit ourselves to proving estimate (1.30), the derivation of (1.31)
being quite similar.

To derive inequality (1.30) we observe that, for any (ty, 01), (11, 02), (12, 01),

(12, o) € Di(Ty, T») we can deduce (cf. (1.6), (1.8)) the following estimates
according as |1, — | < lor |t — 1q| > 1:

lg1(t2, 02) — g1(72, 01) — g1(T1, 02) + g1 (71, oD =
=| [ tes1t00) - Desitr e

< [D:gilce 1. 1):%) |72 — Tilloy — o1 |*
2 2 2
< Cllailleqo, iy + HQZHC([O,Tz]))a/ llaillceo,71)
ANIDy fllce e, (1, 12): %) T2 — Tilloa — o]
<0 2 2 a2
< ( ”alHC([O,T]]) + ||02||c([0,]'2])) llaillceqo.m

AND; fllce e, (1. 1):x) T2 — T1l% o2 — 01]%;
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llg1(2, 02) — g1 (12, 01) — &1 (71, 02) +&1 (T1, oDl < 2[g1]ce (711, 1): )| T2 —T1|*

2 2 2
<2Q2|lay ”C([O,T]]) + ||02||c([0,72]))a/ Lf lce e r.m):x) |72 — T1|% o2 — o1 |*.

O

Taking Lemmata 1.1, 1.2, 1.3 into account, we can prove the following
theorem.

Theorem 1.2. Under assumptions HI-H7 the functions v, and v, defined
by (1.27) and (1.28) belong to C*(D(Ty, T»); D(A)) N C'+* (D (T}, T»); X)
and C%(D»(Ty, T); D(A)) N C'T(Dy(Ty, T»); X), respectively. Moreover,
they solve the Cauchy problems (1.25) and (1.26), respectively, and satisfy the
following estimates (cf. Definition 0.1):

(1.32) lvillce b, 1, 1): D4 <

< Ci(llurllceqo,11: 0y + I Ds fllce(E,(11,15): %)
+ 1 fllcee, (1, 1):x) + 1Aur + £, 0) |80, 731: D (e, 000) )

(133) ”Ul ”CH“(Dl (11, T2); X) =
< Cy(llurllcqo.71: 004y + Ny llceqo.ri:x) + 1 De fllce e .1 %)
+ 1 ek (. m):x) + 1 Aur + £, 0) B0, 711 Dae.00)

(1.34) lv2llce D, 1y, 1): D04 <
< Gs(luzllce 0.1 004)) + |1 Ds [l co By (11, 1): %)
+ 1 f llceeari,m);x) + I1Auz + £(Q0, ) B(10, 7o1; D (er,00)) )

(1.35) lvallce (py(ry, 1) x) <
< Cs(lluzllcx o, 151004y + Nz llceo,11:%) + I1Ds £l gy, 13):3)
+ 1 fllce ety 1) x) + 1Auz + £(0, ) B0, 75): D4 (er,00))) »

where C; (j =1, .., 4) are positive functions depending on o, Ty, ||| c« (0, 7,7)+

I1/aillcqo.ryy (I =1,2), and on M = max sup ||tkAke’A||£(x).
k=0,1,2 t£[0, max(T;,T»)]



AN ABSTRACT ULTRAPARABOLIC. .. 413

Proof. We limit ourselves to proving the assertion for the function vy, the other
case being quite similar. We begin by nothing that v; € C*(D; (T, T5); D(A))
if and only if v, (-, 0) € C*(DJ (T}, T»); D(A)) and v (7, -) € C*(D{ (T}, T»);
D(A)) for any o € [0, b1(Ty)] and any t € [0, min(b(Ty), by(T>))] with
Holder norms and seminorms being independent of o and 7, respectively. Here
DY (T, T5) = {t €[0,b1(T))] : (r,0) € D|(T1, T»)} and D{ (T, Tr) = {o €
[0, bo(T5)] : (z,0) € D(Ty, T»)}. Moreover,

loillce i = sup M@ e, my:x)
€[0.b1(T))]

+ sup [T, Ve Frr i T Sup [0l o) e ey, 1)
7€[0,b1(T1)] ! 0€[0,b(T>)]

Then, we observe that, thanks to assumptions H1-H6 and Theorem 4.3.1 in
[7], vi(z, -) belongs to C1+°‘(Df(T1, T); X)N C"‘(D’(Tl, T,); D(A)) for any
Tt €0, b1(T})] and

(1.36) D,vi(t,0) = Avi(t,0) + f(bl_l(‘L' +0), bz_l(O‘)),
(r,0) € D|(T, Ty).

Moreover, there exists a positive function C depending on M, T, 75,
o, || l/aj ”C([O,Tj]) (j=1, 2) such that (cf. (1.6))

(137) sup [”UI(Ta ')”C”“(B]’(T],Tz);X) + ||U1(T7 ')”C"‘(B]’(T],Tz);i)(A))] =
T€[0,b1(T1)]

< Cllurlleqo. iy can
2 2 /2
=+ max (1, (2”01”0([0]]]) + ||02||c([0,T2])) )”f”C“(E](T],Tz);X)
+ 1 Aur + £, O B0, 111 Da@.0)))-
Therefore, we can limit ourselves to proving that v; (-, o) belongs to
C* (DY (T1, T2); X) N C*(DY (Ty, To); D(A)),

for any o € [0, b1 (T})].
Taking Lemmata 1.1, 1.2 into account, it is easy to show that, for any o €
[0, b1(T)], vi(-, 0) € C*(D] (T, T>); X) and

(1.38)  sup  [vi(-, 0)ce (e (ry,myix) < Mllarlle o, 7,1 ]ce o, 1iyx)
0€[0,0:(T2)]

+ Mby(T>) max(l, (2”01”%([0,]'1]) + ||02||%([0,T2]))a/2)[f]C“(E1(TI,T2);X)-
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Thanks to Theorem 4.1 in [12], we get

(1.39) Av(t,0) = exp(o A)[Au; (b '(v) + f (b ' (t +0), b, (0))]
— fb (x4 0), by (0))

+ f Aexp((c —E)Af (b, (t +8),b5' (&) — f(by'(x + 0), by ' (0))1dE.
0

Therefore, for any 71, 7, € DY (T}, T»), 11 < 12 we have (cf. Lemma 1.3)
(1.40) | Avy (12, 0) — Av; (11, 0)|| <
< |l exp(o A)[Au; (b '(12)) + f(b; ' (12 + 0), b, '(0)) — Auy (by ' (11))
— fb o +11), by o]l
+ 1 f By (T2 +0), by (0) — f(b] (T +0), by (o)

+ [ aepentser mro—o.05" 0 ~ 0 - £b7 (m+0). b7 @)

— O @ o = 6,570 = ) + BT (@ + o), b7 (@) ds |
< Mlaill¢qo. 7 LAu1ce o, 1ix) T2 — 71 [*
+ (M + DQllaillgo.ry + la2léqor) L lex gm0 T2 — 11l
+ Ma™ (b2 (T2)* Qllarl g o,z + la2lE o,
QLo v, my:x) F latllceqo, iy | Ds f llce ey, m):x) |72 — T1l*.

Consequently, from (1.37), (1.38), (1.40) we deduce that there exists a positive
function C; depending on M, o, Ty, |lakllceqo.r_) + II11/akllcqo.nptk = 1,2)
for which (1.32) holds. Then, (1.6), (1.32) and (1.36) imply that D,v, €
C*(Dy (T}, T,); X) and there exists a positive function C; such that (1.33) holds.
To conclude the proof we must show that v, is differentiable with respect to
variable T in D{(T, T,) and D, v, satisfies estimate (1.33). First we observe
that D, v, exists for any (7, o) € D (T, T,) and

(1.41) D, (t,0) = exp(c A) D, [u, (b ' (7))] +
+f exp(6A)D. [f(by'(t +0 —&),b5 ' (0 — £))]dE.
0

Then, an easy computation shows that D v (7, -) € C* (5f (T, Ty); X) for any
T € [0, b1(T1)] and D v (-, 0) € C*(DY (T, T»); X) for any o € [0, by(T>)].
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Moreover, the following estimates hold:
(142) sup ||D1—U1(T, ')||Ca(5r(71’72);x) =<
7€[0,b1(T1)] !
< (1/a)llailleqo, 7 1 | 1o, 731 D (@, 00)

+2M max (b (T2)' ™%, ba(T2)) max(1, 2llaillg .z + lla2lleqo.r,)*>)

Narllceqo, i 1 De [l co ey (11, 1): %)

1
(143)  sup  [Dvi (-, 0)lce oo ry.mx) < Mllarllcfo 7,141 | caqo.71:x)

0 €[0,b5(T2)]
2 2 2
+Mb2(T2)(2||al||c([o,T]]) + ||a2||c([o,72]))a/ larllceqo. 7 I De fllco ey 1y 1) %) -

Taking advantage of (1.42), (1.43) and the previous results, we deduce that v,
belongs to C'**(D, (T}, T»); X) and satisfies estimate (1.33). Ul

We can now prove the following existence theorem.

Theorem 1.3. Suppose that assumptions HI-H7 are fulfilled. Then, the func-
tion u defined by (1.23) and (1.24) belongs to C*([0, Ty] x [0, T»]; D(A)) N
C'*t([0, T\] x [0, T»]; X). In particular, u is the unique solution to the Cauchy
problem (1.1) and satisfies the following estimates:

(1.44)  Nlullceqo,mixi0.m1oca)y < CsUlurllceqo, ;o4 + lluzllce o, 11204y
+ 1 f llceqo, maxio, 11 x) + I1Ds fllce vty 1):x) + 1Ds fllco (2011, 15 %)
+ [Aur + £, 0810, 711: D400y + 1AU2 + (O, ) B0, 751 Da (@, 00)))

(1.45) ”u”C”“([O,T]]X[O,TQ];X) < Cs(|lu; ||C]+“([O,T]];;D(A)) + ||M2||C”([0,T2];i)(A))
+ lluillceqo.rirx) + lusllceqo.m1:x) + I lceqo. 1110, 751:3)
+ I D: fll a1y 1):x) + 1 Ds f e (511, 13):%)
+ 1 Auyr + 0o, 1) DAty + I1AU2 + (0, ) B0, 73): Da(@.0)))

Cs and Cg being positive functions depending on M, a, Tj, |la;llce(o.7;1) +
I1/ajllceqo.;yy (J = 1,2).
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Proof. We begin by noting that for any Banach space Y and any g : [0, T1] x
[0, T,] — Y suchthat g € C¥(E (T4, T»); Y) N C*(Ey(Ty, Ty); Y), g belongs
to C* (10, T1] x [0, T»]; Y) and satisfies the following estimate:

1—
(1.46)  lIgllceqo,mix0.01:v) < 2" “UIgllce(E, 1, 1):v) + 8l ceEacry, 1):7))-

In fact, suppose that (¢;, s;) € E;(Ty, T») (j =1, 2) and let (7, o) be the unique
point on the straight line joining (1, s1) and (¢, s») such that b, (t) = by(0).
Then, we have

(1.47) 11g(t2, 52) — g(t1, s < g (12, 52) — g(z, o)l + llg(r, 0) — g(t1, s1) |
< [8lcee i (2 — 1> + [s2 — o [H*/?
+ [glce gyt 1) (1T — 1> + o — 51[9)*/?
< 2" max([g]ce (e, (1. 7):%)» [8lce(Es 11, 1))
Q2 — 01 + Is2 — 512172
Moreover,
(1.48) lgllcqo.rixi0.71:v) < max(gllce, .1 v)s 18l c(Ex(r. 1):v))-

From (1.47) and (1.48) we easily get (1.46).

Thanks to (1.46) we can limit ourselves to showing that u belongs to
C*(E\(T\, Tp); D(A)) N C'*(E(Ty, T»); X) and to C*(E(T), T»); D(A)) N
C'*®(Ey(T,, T»); X). Let us now prove that u € C*(E (T}, T»); D(A)). We
first observe that, thanks to H7, u is continuous at the points (¢, b, Yo by (1)) for
any t € [0, Ty]. Then, for any (¢, s;) € E(Ty, T>) (j = 1, 2), we have

(1.49) lu(rz, s2) —u(ty, s <
< lv1(b1(t2) — ba(s2), ba(s2)) — v1(b1(t1) — ba(s1), b2 (s1)) |l
< max2*|[1/alIE o, 1,7)» 3211 /@2l g0, 7,7 (1) ey (17, 7272
(It = 1> + 152 — 51172
Moreover,

(1.50) lullcE . m):x) = lvillem, 1, 1):x)-

From (1.49) and (1.50) we deduce that u belongs to C*(E (T}, T); X) and
satisfies

(L5D) el o By (1), 1)) <

2 2
< max(1, 2*2|11 /a1 1 qo.7,7y» 3 N1 /a2l Eqo. ) V1 llce oy (i 139 -
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Reasoning likewise, we can easily prove that the function Au belongs to
C*(E (T}, Ty); X) and fulfills (1.51) with v; replaced by Av;. Therefore,
u € C*(E\(T), Ty); D(A)) and

(1.52) lullce e,y my): D)) <

2 2
< max(1, 2%/ ||1/a1||%([O’T]D,3°‘/ 11/a2l1¢ 0. zyp) 1Vt llce oy (71, 12): DAYy -

Analogously, we can prove that u € C*(E,(Ty, T3); D(A)) and

(1.53) lullcE, ., m):x) = lv2llcs, ., m):x)s

(1.54) Nl ce a1 004)) =<

2 2
< max(1, 3%/ ||1/a1||%([o,rl]),2a/ 11/a211¢ 0. myp) V21l co Dy (1. 1) DAY -

Taking (1.32), (1.34) and (1.46) into account, from (1.52), (1.54) we deduce that
ueC([0, T1] x [0, T,]; D(A)) and satisfies estimate (1.44).

We now prove that u is differentiable in [0, T}] x [0, T3]. From Theorem
1.2, we deduce that u is differentiable at any point (¢,s) € F = [0, T1] X
[0, T5] \ {(z, 192_1 o bi(t)) : t €10, Tpl} (cf. (0.5), (0.6)) and solves the Cauchy
problem (1.1) in F. Let us now prove that u is differentiable also at the points
(t,bz_1 o bi(t)). Since Au is continuous in [0, T] x [O, 192_1 o by (T)] and
ax(t) > my, for any t € [0, T;], we have only to show that u is differentiable
with respect to ¢ at the points (¢, b, o by (1)), (t €0, Tp]). We note also that

1
(1.55) Dtu(tas):mDrvl(bl(t)_bZ(s)abZ(s))v (t,5) € E\(T}, T2);

1
(1.56)  Du(t,s) = r(t)[DrUZ(bl(t)a by(s) — by (1)) —

— Dyva (b1 (1), ba(s) —bi(t)], 0 <by' obi(t) <s.
Therefore, u is differentiable with respect to ¢ at (¢, b, Yo b1(1)), if and only
if D,vi(0, bi(t)) — D va(b1(2),0) + Dsvy(bi(t),0) = 0. We observe that (cf.
Theorem 4.1 in [12])
(1.57) D:v1(0, b1(2)) — Drv2(b1(2), 0) + Dyva2(b1(2), 0) =
= exp(b1(t) A)[a; (0)u’ (0) + a2(0)uy(0) — Au,(0)]
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by (1) : :
+ f a1 (b7 (&)) exp((b1(t) — £)A)D, f (b (£), by (§)) d&
0
by (1)
+ f a>(by ' (€)) exp((by (t) — &) A) Dy f(by'(€), by ' (£)) dé&
0

b (1)
—A f exp((by(t) — £)A) f(b]1(€), by '(E)dE — f(t,b;," o by(1))
0

= exp(b; (1) A)la1 (0)u} (0) + a(0)uy (0) — Auz (0) — f(z, by " 0 by (1))]

bi (1)
+/ exp((b1 (1) — §) A)Dg f (b7 (6), by ' (§)) d§
0

- fo " Aexp((bi(t) — )AL f (b (), by () — f(1,by" 0 by ()] dE
= exp(b1 (1) A)[a1 (0)u} (0) + a2(0)uy(0) — Auz(0) — £(0,0)].
Therefore, thanks to assumption H7,
D.v1(0, b1(t)) — Dyvy(bi(t),0) + Dyv2(by(2),0) = 0.
Hence, u is differentiable with respect to ¢ at (t, b, ' o by (t)).

Let us now prove that D;u € C*(E(Ty, T>); X). Fix (¢;,s;) € E((T, T») (j =
1, 2) and observe that

(1.58) | Diu(tz, s2) — Dyu(ty, syl <
1

< |Dv1(bi(t2) — ba(s2), ba(52)) — D1 (bi(t1) — ba(s1), ba(s1))|| )m

1
ai(t)  ay(ty)

2 2
< max(2**11/ailE oy 32 M1/ a2l E 0.5, 11 /ar ll o,y

| Dzvi(by(t1) — ba(s1), ba(s))I

2 2 a2
[Devilce 1y 130 (2 — 11> + |52 — 511/

2 2\a)2
+ [1/arlceqo.1,) 1 D= v1llep, (1. x) (182 — 11l + |s2 — 5152

Moreover,

(1.59) I Dullc, 1y, m:x) =< II1/aillcqo,rin I Dzvillc, (11, 1):x) -
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Therefore,

(1.60) || Dyutllce e,y 10 < max(1, 2921 /ai o 1y 3% 11 /@2l E 0. 7))

A11/ayllceqo,rp I P villce oy 1y, 1): %) -

By the same technique, we can prove that D,u € C*(E,(Ty, T»); X) and

2 2
(1.61) || Dsutl oy, 1) %) < max(l, 3%/ ||1/a1||0c[([o,rl]),2a/ 11/a2llE o, 75)
N1 /arll o,z (1P v2llcepyry, 1):x) + 1 Do Vallcepyri 1) x))-

Since Du(t, s) = (ax(s)) "' (Au(t, s)+ f(t, s)—a,(t)D,u(t, s)) forany (¢, s) €
[0, T1] x [0, T»], we deduce that D;u € C* ([0, T,] x [0, T>]; X). Moreover,
reasoning as in the case of D,u, we deduce that

2
(1.62) || Dyullcoeyrymyixy < max(1, 22(11/ail|E 0. 717y 3% 11/a2 01 & 0. 1)

11/ axllceqo, 7 I Dz villce (b, (71, 1): %) + 1 Do Villce, (17,71, %))3

2
(1.63) || Dsull|ce(gy(ry,15):x) < max(l, 3a/2||1/01||oé([0,T]])v 2%/ ||1/a2||oé([0,T2]))

11/ azllce o, p | Do V2 llce (b, 1y, 1) %) -

Taking (1.33), (1.35), (1.46) into account, from (1.50), (1.53), (1.60)—(1.63) we
get (1.45). U

2. The integrodifferential problem.

In this section we consider the following integrodifferential Cauchy prob-
lem related to the set [0, T1] x [0, T»] (T1, T, € Ry): determine a function
u e C[0, T1] x [0, T»]; D(A)) NCL(0, T,] x [0, T>]; X) solution to the prob-
lem:

a,(t)D;u(t,s) + az(ts)Dsu(t, s)— Au(t,s) =
= f(t,S)—i-/ dr/ h(t —1,s —o)Bu(t,o)do,
0

2. " (t.s) €0, T x [0, T3],
u(,0)=u (), t [0, Ty],
u(0, s) = us(s), s €[0, T»].

under the following assumptions:
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Kl a; € C*([0, Th]), (e (0,1)),m; <a(t) <M;,tel0,T1] 0O <m <
M),

K2 a, € C*([0, T2]), (¢ € (0, 1)) (¢f- (0.7)), my < ax(s) < My, s €0, T»];

K3 feCe(0, Tyl x [0, Tol; X), D, f € C*(E((Ty, T»); X),

Dy f € C*(Ex(Ty, Ty); X);

K4 heC'([0, T)] x [0, T»]; R);

K5 A : D(A) C X — X is an invertible closed linear operator whose
resolvent set p(A) contains the angle ¥4 = {A € C: |arghA| < ¢} U {0} for
some ¢ € (11/2, w). Moreover, the resolvent operator (A — A)~! satisfies
(AT — A)~! leaxy < My|x|~! for any A € X4 and some positive constant
My;

K6 B :D(B) C X — X isaclosed linear operator with D(B) D D(A);

K7 uj € C*([0, T;]; D(A)) N C'([0, Tj]; X); uj € B([0, Tjl; Da(er, 00))
(J=12);

K8 Au; + f(-,0) € B([0, T1]; Da(e, 00)), Auy + f(0, ) € B([0, Ty];

Dala, 00));
K9 u1(0) = u2(0), a;(0)u}(0) + a(0)u5(0) — Au;(0) = £(0,0).

Remark 2.1. According to the inclusion D(A) C D(B) we can define ¥ =
BA~! in the whole of X. Since it is a closed operator, according to the closed
graph theorem, we get BA~! € £(X). This fact will be used throughout the
remaining of this paper.

Remark 2.2. The assumption 0 € p(A) is not restrictive as can be seen by
replacing the unknown u and the datum (f, &, u;, u,), respectively, by u and
(f, h, iy, ii2), where i(t,s) = e 0y, s), f(t,s) = e ™I f(t,5),
h(t,s) = e ™ EOn(t,s), u1(t) = e 00 jis(s) = e O9y,(s). Here
k(t,s) = [y(1/a)(v)dT + [, (1/az)(0)do for any (t,s) € [0, T1] x [0, T5]
and 2A is a suitable positive constant contained in the resolvent of A.

We now prove the following two technical lemmata.

Lemma 2.1. For any Banach space Y and any f € C*([0, T ] x [0, T2]; Y), the
function ¢, : [0, T1] x [0, To] — R defined by

(2.2) Ya(t,s) = ”f”C”([O,t]x[O,s];Y)a

is a real, bounded and measurable function.

Proof. First of all we remark that ¢ is measurable in [0, T}] x [0, T5] if
and only if the function ¢, : [0, T}] x [0, T»] — R defined by ¢, (¢, s) =
[ flceqo.11x[0.51:¥) 18 measurable. In fact, the function (¢, s) = ||gllc(o.1x[0.57:7)
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is continuous in [0, 7] x [0, T»] for any g € C([0, T1] x [0, T»]; Y).

To prove the measurability of function ¢, we proceed in two steps.

Step 1. Here we prove that for any 6 € [0, o) the function ¢y is continuous in
[0, T1] x [O, T>] (observe that f € Cc?([0, Ty] x [0, T»]) for any 0 < 0 < «).
Define the function g : [0, T;]*> x [0, T»]> — Y by

I f (2, 82) — f(t1, s :
f
ot 12,51, 50 = 4 (o — 1 + 152 — 1 P2 if (11, 51) # (t2, $2),

0, if (¢1, 51) = (2, 52).

As is easily seen

(2.3) go(t1, 2, 51, 82| < [ fleeqo, 7y1x10,153:v) (I1t2 — 112+ |5y — 1@ D2
for any (1, t», 51, 52) € [0, T1]* x [0, T>]>. Hence, gy € C([0, T,]* x [0, T>]?).
Obviously,
24)  @a(t,s) = [flcoqo,nx0,51:v) = 186l cqro,e2x10,512)
V(t,s) €0, Th] x [0, T3].

Hence, ¢y € C([0, T1] x [0, T3)).
Step 2. From (2.3) we easily deduce that
(2.5) @o(t,8) < (TP +TH eyt ),

V(t,s)el[0,T1] x[0,T2], VOel0,a).

Let us consider an increasing sequence {&,},cy converging to o as n — —+00.
Then,

(2.6) limsupg,, (¢, 5) = @u(t,s), VY(,s)el0,Ti] x [0, Tz].

n—+00

From (2.6) we immediately deduce that ¢, is measurable in [0, 7] x [0, T>].
To prove (2.6) we observe that, for any (¢,s) € [0, T;] x [0, T>] and any
(tj,s))€[0,t] x [0,s] (j =1, 2) we have

| f (22, 52) — f(t1,sDl
(It — 1112 + [s2 — 1|2/

B =< (p(xn(tv s)v if (tla sl) # (t27 S2).

Therefore,
0o (2, s) < limsupg,, (£, s).

n—+00
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From (2.5), with 6 replaced by «,,, we deduce

@a(t, s) = limsup gy, (7, 5).

n—+o00o
(2.6) is so proved. U

Lemma 2.2. Suppose that assumptions K4—-K6 hold. Then, for any u €
C*(10, Ty] x [0, T»]; D(A)), the function F(u) : [0, T1] x [0, T5] — X de-
fined by

t N
Fu)(t,s) = / dr/ h(t—t,s—o)Bu(t,o)do, V(t,s)e]0, T\]1x[0, T,],
0 0

belongs to c't ([0, Ty] x [0, T»]; X) and, for any (t,s) € 10, Ty] x [0, T,],
satisfies the following estimate:

Q.7 I F @) |l cr+e0,1x[0,51:x) = 2(1 + 2_a/2) max(1, T7, T, (Ti T)) W | ecx)

1/<1 ) I~
'||h||C]([O,T]]><[O,T2]) df || Il ¢ (10, 21x10.01: D(A)) 4O

la I—a
1/(1-a) 1/(1—a)
([ 108w mnand?) ([ 108G o) ]

Proof. We will prove that, for any (¢, s) € [0, T}]x[0, T»], F (1) € C'*%([0, t]x
[0,5]; X). We first observe that Bu € C%([0, T;] x [0, T5]; X). In fact,
Bu = W Au and, owing to Remark 2.1, v is a bounded linear operator mapping
X into itself. Taking advantage of the Holder inequality, we deduce that

e®  Irwel= ([ ar [ ol do) 1w
0

t s -
(/ drf | Au(r. a)||1/<1—“>da)
0

11—«
1/(1-a)
=< (TITZ) ||\P||£(X)||h”C(OT]]><0T2]) / d‘L’/ ”A ||C(OT]XOU];X)dO) 5

for any (¢, s) € [0, T1]x [0, T>]. Moreover, we observe that F (1) is continuously
differentiable in [0, T;] x [0, T>] and

2.9) D, F(u)(t,s) = f dt /S D:h(t,0)Bu(t —t,s —o)do
0 0

+ / h(0,0)Bu(t.s — o) do:

0
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t s
(2.10) DsF(u)(t,s) = / dt/ Dsh(t,0)Bu(t — t,s —o)do
0 0

t
+/ h(t,0)Bu(t — t,s)dr.
0

As is easily seen, D, F (1) is bounded in [0, 7] x [0, s] and

(2.11) sup  [|DF(u)(p,r)ll <
p,rel0,t]x[0,s]

t s
5/ dT/ | Dkl cqo,c1x10,0 D 1Y Il ey | Autll ¢ 0.t =21 10,5—01:x) dO
0 0
N
+/ 171l coxto,on ¥ Nl ecx) 1 Aull e qo,nxf0,s—01;x) dO
0
C(10,1x[0,01: X)

-«
< (T 191l oo I DAl reio. ) /‘df/’HAuwﬂla> )

-«
171
+ Tza||‘I’||£(X)||h||C([0,T]]x[0,T2])(/ ||AM||C/((0 ,(]xl 0.01:X) dU) .
Moreover, for any (¢, s;) € [0, ¢] x [0, s] (j =1, 2), we get

| De F(u) (2, 82) — Do F(u)(t, s <

15 52
5/ dT/ | D;hllc(o,21x10,0 ) TW Il cx) | Al ¢ (10,6, — 71 %10, 50— 1: ) AT
1 0
1 52
+/ dT/ | D;hllco,21x10,0 ) TW L ecx) | Al (10,1, —21x10,51—0 1 X) AO
0 81

1 N
+/ dT/ | D;hllco,21x10,0 DY Nl £ ) [Au ] ce ((0,6,—11x[0,5—01: X) AO
0 0
(2 = 111> + Is2 — 5119

852
+/ I21lcoxio,on 1W Ilecx) 1Akl (10,61 x[0,5,—01: X) O

S

S1
2 2\ a)2
+(/ ||h||C(0x[o,a])||‘I’||£(X)[Au]ca([o,tz]x[o,sz—a];X)dU)(|f2—t1| +1s2—s51H)%
0

11—«
1/(1—a)
< ID:hllcqo,rx0,mn 1P 1ex) /dT/ | Au ||c/(010jxog]x)d )
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(TH |ty — 1 |* + T“lsz —s511%)
« 1/(1-a) I-a
+ (T Ty) ||Dzh||C(0T,]x0T2])||‘I’||£(X) df AM] (0.71x[0.01:x) 4O )
(I = 11 + |s2 — 51 >°‘/2

s -«
1/(1—a)
+ ||h||C([o,T,]x[o,T2])||‘I’||£(X)</ ||1‘\M||c/(ot(]xx 0.01:x) 40 ) ls2 — s1]*
0

-«
1/(1—a)
+ Tza||h||C([0,T,]x[o,T2])||‘I’||£(X)(f [Au] s (01 o,a];X)dU)

(It — t1* + |52 — s11%)*2.
Therefore

(2.12) [D; F (1) ]ce(10.1x10.51:x) <
<" 4 max(l, T, T, (i)Y | £ x)

L 1o
||Dth||C(OT]]><OT2]) df ||AM|| (10.2]x[0.01:x) 40

1/(1-a) e
+ ||h||C([O,T]]><[O,T2])< ||AM|| (10.11x[0,01:X) d“) ]
From (2.11) and (2.12) we deduce

(2.13) 1D F (1) || co 10.11x[0.51:X) =
<2(1 4277 max(l, T, TS, (TiT)) Y| £x)

1/<1 ) I
||Dth||C(OT]]><OT2]) df |M|| ([0.21x[0.01: D(A)) 40

h 1/<1 —a) d I
+ 7 llcqo. 110, 10) A ||’4|| ([0.11x[0.01:D(A)) 4 -

Reasoning in the same way we get

(2.14) |Ds F (1) || ce (0,11x[0.5]: %) =<
<2(1+27%7) max(l, T, T8, (TiT)) Y| £x)

lddoe) e
| 1 Ds h||C(OT1]><OT2]) d‘L’ ||u|| (10,71x[0,5]; i)(A))d

1/<1 ) I~
+ ||h||C(OT1]><OT2]) ||Lt|| ([0,71%[0,s]; ;D(A))df .
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Then, from (2.8), (2.13), (2.14), we deduce (2.7). Ul

2.1. An equivalent problem.

Theorem 2.1. Suppose that u € C*([0, T1] x [0, T»]; D(A)) N c't ([0, T,] x
[0, T»]; X). Then, u is a solution to the Cauchy problem (2.1) if and only if it is
a fixed point of the operator I : C* ([0, T1] x [0, T»]; D(A)) — C*([0, T1] x
[0, T»]; D(A)) defined by the following formulae, where G (u) = F(u) + f:

(2.15) T (u)(t, 5) = explba(s) Aluy (by ' (b1 (1) — ba(s)))

by (s)
+ / expl(ba(s) — £) AIG (u) (b, ' (b1 (t) — ba(s) + £), by ' (§)) dE,
0

forany (t,s) € E\(Ty, T») (cf. (0.5));
(2.16) T(u)(t, s) = explb; (1) Alua (b5 ' (ba(s) — by (1))

by (1)
+ / expl(bi (1) — ) AIG (u)(b; ' (§), by ' (ba(s) — by (1) + £)) dE,
0

forany (t,s) € Ex(Ty, T») (cf. (0.6)).

Proof. Suppose that u € C*([0, T;]1x [0, T»]; D(A)NC'+ ([0, T;]1x[0, T»]; X)
is a solution to the Cauchy problem (2.1). Then, assumptions H1-H7 of section
2 are implied by K1-K9 thanks to Lemma 2.1. Consequently, by virtue of
Theorems 1.1 and 1.3, u solves equations (2.15) and (2.16).

Conversely, suppose that u € C*([0, T1] x [0, T»]; D(A)) is a fixed point of
operator I'. Then, from Theorem 1.3, we deduce that u € C'™*([0, T] x
[0, T»]; X) N C*([0, T1] x [0, T»]; D(A)) and solves problem (2.1). U

2.2. Basic properties of operator .

In this subsection we will show that problem (2.15)-(2.16) is uniquely
solvable in C“([0, T1] x [0, Tz]; D(A)). For this purpose, we will prove
that there exists an n € N such that I'* : C%([0, Ty] x [0, T,]; D(A)) —
C*(10, Ty] x [0, T»]; D(A)) is a contraction map.

We begin by proving the following generalization, to the case of two variables,
of the Gronwall’s inequality.
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Lemma 2.3. Suppose that {¢,},en : [0, T1] x [0, T5] — R, is a sequence of
real, bounded and measurable functions such that

t s l—«a
2.17) <pn+1(t,s)sc[(/ drf wn(r,(r)”“-“)da) +
0 0

* (/ot en(T, s)l/(l_“)df)l_a + (/OS alt, o—)l/a—a)d(f)]_a]v

forany (t,s) €0, T1] x [0, T»], some positive constant C and o € [0, 1). Then,
(2.18) [@n1(t, )] < 3" C" @1l L0, 71x10,2])
(T\Ta+ Ty + To +2)" DD () 7 (15 4 1 4 )",
forany n e N.
Proof. We prove the lemma by induction on n. We begin by observing that
a4 <3%a+b+0)'"Y Va,b,c>0, Yael0,1].

Thanks to the previous inequality, it is easy to show that (2.18) holds for n = 1.
Suppose now that (2.18) holds for n = k and let us prove it for n = k + 1. Then

t s t
O (1, 5) < 3“0[/ dr/ 0 (2, 0)1/(1_“)da—|—f o, V1= gr 4
0 0 0

S -«
[ wtoeo]

0

< 3%k — D01l 2o, 1 x10. 75 (T1 T2 + Ty + T + 2)*= 2=
t S t
(/ dr/ (ra—l—r—l—a)k_lda—l—f (ts + T+ 5)de
0 0 0

§ l—a
+ / (to +1t+ U)k_l da)
0
< 3CH Ik — DT Nlill e qo. w0,z (Ti T2 + Ty + Tp 4 2) 7207

'(;(” o s +s)k)l_a
k(k + 1) X
< 3% @1l Lo, 7110751
(T To+ Ti+ To + 2000 15 41 4 9)K0 7,
for any (¢, s) € [0, T1] x [0, T3]. The proof is now complete. O

By virtue of Lemmata 2.2 and 2.3 we can prove the following existence-
uniqueness result for problem (2.1).
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Theorem 2.2. There exists ng € N suchthat T'" : C* ([0, T1]x[0, T]; D(A)) —
C*(10, Ty] x [0, Tz]; D(A)) is a contraction map for n > ny. Consequently,
problem (2.1) admits an unique solution u € C*([0, T1] x [0, T;]; D(A)) N
C't2([0, T,] x [0, T»]; X). Moreover, u satisfies the following estimates:
(2.19)  lullceqo, ryixio0. 1oy < Di(llurllceqo,m:ocay + luzllce o, 71004y

+ 1 f llceqo, maxio, 11 x) + IDr fllce v ry,1):x) + 1Ds fllco(Ex(t1, 105 %)
+ [[Aut + £ Ol sgo,r1 oy + 1 Auz + £O, I 0,751 Dac@000 )

(2.20) Nl creqo, 71x10,70:30 < D2 (llurllce o, ocay + Nuzllce o, 7104y
+ luillcqo.n:x) + lusllcqo.mx) + I f llee o, mixo. 11:x)
+ ID: fllcae, 1y 12):x) + 1 Ds fllca (511, 12): %)
+ | Aus + £, 030,71 Dae00n + AUz + F(O, ) B(10, 751 Daer,000 )+

where
Dy = Cig(Gallhller o, 1y1x10,11)) 5
Dy = Gsllhllcrqo,11x10, )& (C2 1Rl 1 0, 711x10,21)) + Cas
C; (j =1,...,4) arepositive constants depending on a, M, Ty, ||ax|| ce0,7,)+

I1/akllceo,7,) ¢k = 1,2) and g is an increasing and analytic function in R
such that g(0) = 1.

Proof. Let us split I' as the sum of two terms: 'y = k + Tu. Here
k is the solution to problem (2.1) and T is the linear operator defined on
C*([0, T1] x [0, T2]; D(A)) by

(2.21) Tu(t,s) =
min(b; (t),b(s))
_ /O exp(EA)Fu(by (b1 (1) — £), by (ba(s) — £)) dE,

for any (¢, s) € [0, T1] x [0, T3].

By Theorem 1.3 and Lemma 2.2, we deduce that I' maps C*([0, T1] x
[0, T3]; D(A)) into itself. Moreover, for any v; € C*([0, T1] x [0, T»]; D(A))
(j = 1,2) and any n € N, we have I'" (v,) — I'"(vy) = T"vy — T"v;. Therefore
we can limit ourselves to proving that, for n sufficiently large, 7" is a linear con-
traction in C* ([0, T1] x [0, T»]; D(A)). Applying estimate (1.44) to the interval
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[0, ¢] x [0, 5] ((z,s) €]0, T{] x [0, T5)) andiaking Lemma 2.2 into account, we
deduce that there exists a positive constant C such that

(2.22) 1T vl ceo,1x[0,51: D(A) =

~ 1/(-a) e
= C||h”C‘([O,T1]><[O,T2]) d‘E ” ” ([0,71x[0,01; @(A))d

1 —a -«
1/(1—a) 1/(1-a)
/ vl co g0, 71x10,51: i)(A))dr / V1l ¢eg0.11x 0,01 DAYy 40 ) ]

for any v € C*([0, T1] x [0, T»]; D(A)). By iteration we deduce that

(2.23) 17"l co10.11x[0.51: DAY <

11—«
~ 11/ (=a)
< Clihlcrqo.mx10.730) /df/ 1T vl ceo.21x[0.01: DAY 4O )
11—«
n—1 1/(1 o)
/ 1T vl o0, 21x10.51: @(A))df)

-«
1, 1/(0-a)
/||T" Ul ca Ot]XOU]i)(A))dU) ] VneN.

Applying Lemma 2.3 to the sequence {¢@}ren defined by ¢ = T*'u for any
k € N we deduce that

(2.24) IT"vllcoqqo,1x10.51: 00y < 3" C"(T1T + Ty + T +2) D=

-1
(I’l') +a||hHZI([O’T]]X[O’TZ])”U”C"‘([O.T]]X[O,Tz]:i)(A))-

Consequently, according to a well-known result (cf. [11]), the equation I' (1) =
u admits an unique solution u € C*([0, 7] x [0, T>]; D(A)) N C'*4 ([0, T] x
[0, T»]; X) given by u = Zzio T"k = (I — T)"'k. By means of (2.24) we
easily derive (2.19).

Then, from Theorem 1.3 we deduce that I' maps C* ([0, T}] x [0, T»]; D(A))
into C'*%([0, 7] x [0, T>]; X). Moreover, from (1.45) and Lemma 2.2, we get
the following estimate:

(225) ||u||C1+a([O,T]]X[O,T2];X) =< ”k”CH“([O,Tl]x[O,Tz];X) + ||Tu||C]+a([O,T]]X[O,T2];X)

=< ||k||cl+a [0,T11x[0, T>1; X)

1/(1—-a) I
+C||h||C1 OT1]><OT2]) d‘L’ ||Lt|| or]xog];i)(A))dU

105 -«
1I/(1—-a) 1/(1—-a)
([ 10 o 7) /H 1o oo de) ]
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for some positive constant C. Hence, (2.20) follows from (2.19) and (2.25).
O

3. Some applications.

In this section we are concerned with the following problem: determine a
function u : [0, T1] x [0, T»] x Q — R solution to the following problem:

a;(t)D;u(t, s, x)+a2(s)D u(t,s,x)— Au(t,s, x) =
= f(t,s, x)—l—/ dr/ h(t —t,s —0)Bu(r, o, x)do,

(3.1 4 (t,5,x) €0, 1] x [0, T2] x €2,
u(t,0,x)=u(t,x), (t,x)e[0,T] x Q,
u(0,s,x)=uy(s, x), (s, x) €0, To] x Q,
u(t,s,x)=0, (t,s,x) €0, Ty] x [0, T,] x 0L2.

Here  denotes any open set in R” with a boundary 92 of class C2. Moreover,
A and B denote the second order linear operators, formally defined by

B2 (AE) = D ¢ ;()D;Dux) + Y ¢;(x)Dju(x) + c(x)u(x), x € ;

ij=1 j=1

n n
(3.3)(Bu)(x) = Z di j(x)D;Dju(x) + Zdj(x)Dju(x) +dx)u(x), x € Q.
ij=1 j=1
We assume that ¢, j, ¢j, ¢, d; j, d;, d are continuous functions in Q (i, j =
1,...,n)and

(3.4) D &g = vIEY, YxeQ, VEeR”,
ij=1
for some positive constant v.

3.1. The case X = LP(2) with p € (1, +00).

The realization in L?(£2) of the linear operator + generates an analytic

semigroup provided we choose D(A) = WP (Q) N WOl "7(Q) (see [7], Theo-
rems 3.1.2, 3.1.3).
By the Agmon-Douglis-Nirenberg a priori estimates for regular domains (see
[7], Theorem 3.1.1), we deduce that the graph-norm of D(A) is equivalent to
the W2P(Q2)-norm. From Theorem A we obtain the following existence and
uniqueness theorem.
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Theorem 3.1.1. Suppose that

KI0 a; € CA([0, Ty]), (@ € (0, 1)), m; < a;(t) < My, t€[0,T1] (0 < m; <
My);

K11 a; e C¥([0, T2)), (@ € (0, 1)) (¢f. (0.7)), m; < ax(s) < My, s €[0, T2];

K12 feC*([0,T1] x [0, T2]; LP(S2)), D, f € C*(E(T1, T2); LP(R)), D, f €
C¥(Ey(Ty, To); LP(2));

K13 heC'([0, T] x [0, T»]);

K14 D(A) C D(B);

KI5 uj € C%([0, T;]; W2P(2) N W, () NCH ([0, Tjl; LP(RQ)) (j = 1,2);

K16 Auy, + f(-,0) € B([0, Ti]; D, 0)), Aus + f(0,-) € B([0, T»];
Dy (a, 00));

K17 u1(0) = uz(0), a;(0)u}(0) + a2(0)uy(0) — Au; (0) = £(0,0).

Then, problem (3.1) admits an unique solution u € C*([0, T1] x [0, T»];
Wz’p(Q)ﬂWOl’p(Q))OCHi([O, T,1x[0, T»); LP(2)). In particular,if p > n/2,
ueC(0,Ti] x [0, Tr] x ).

3.2. The case X = L*®°(Q).

The realization in L*°(€2) of the linear operator defined (3.2) is a generator
of an analytic semigroup provided we choose D(A) = {u € N>y Wli’cp(Q) T u,
Au € L*(R), u(x)jye = 0} (see [7], Corollary 3.1.21). Moreover, D(A) is
continuously embedded in C' (Q) (see [7], Theorem 3.1.19). From Theorem A,

we immediately deduce the following theorem.
Theorem 3.2.1. Suppose that

Ki8 a; € C*([0, Th]), (@€ (0, 1)), m; <a;(t) <M, te[0, T1] (0 <m <
Ml);

K19 a, € C*([0, T2D), (@ € (0, 1)) (¢f- (0.7)), my < ax(s) = My, s €[0, T2,

K20 feC*([0, T\]1x[0, T»]; L>(2)), D, f € C*(E(T\, T2); L*(2)), Ds f €
CY(Ex(Th, To); L™=(2));

K21 heC'([0, Ti] x [0, T»]);

K22 D(A) C D(B);

K23 uj € C*([0, Tj]; D(A)) N CH([0, Tj1; L®(Q) (j = 1,2);

K24 Au; + f(,0) € B([0,T1]; Dula, 00)), Auy + f(0,-) € B([0, T»];
Daler, 00));

K25 u1(0) = u2(0),  a1(0)u(0) + a2(0)u;(0) — Au(0) = f(0, 0).

Then, problem (3.1) admits an unique solution u € C*([0, T1]x [0, T»]; D(A))N
C'* ([0, T1] x [0, T»l; L*°(R2)). In particular, u € C([0, T1] x [0, T»] x Q).
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3.3. The case X = C(Q).

The realization in C(Q) of the linear operator in (3.2) defines a generator
of an analytic semigroup provided we choose D(A) = {u € N> Wli’cp (Q) : u,
Au € C(Q), u(x)pe = 0} (see [7], Corollary 3.1.21). Moreover, D(A) is
continuously embedded into C'! () (see [7], Theorem 3.1.19). From Theorem
A, we immediately derive the following theorem.

Theorem 3.3.1. Suppose that

K26 a, € C*([0, T1]), (@ € (0, 1)), m; < a;(t) < My, t€[0,T,] (0 < m; <
My);

K27 a; € C¥([0, T2)), (@ € (0, 1)) (¢f. (0.7)), m; < ax(s) < My, s € [0, T»];

K28 f e C¥([0,T1] x [0, T2]; C(S2)), D; f € C*(E (T, T2); C(K2)), Dsf €
C*(Eo(Ty, Tr); C(2));

K29 heC'([0, Ty] x [0, T»]);

K30 D(A) C D(B);

K31 uj € C%([0, T;]; D(A) NCH ([0, T;]; C(Q)) (j =1,2);

K32 Au; + f(-,0) € B([0, T\]; Du(a, o0)), Au, + f(0,-) € B([0, T5];
D4 (a, 00));

K33 u1(0) = uz(0), a;1(0)u}(0) + ax(0)u’(0) — Au,(0) = £(0,0).

Then problem (3.1) admitsa_n unique solutionu € C* ([0, T,] x [0, T3]; i)(_A))ﬂ
C'* ([0, T1] x [0, T»]; C(R)). In particular, u € C'([0, T;] x [0, T>] x Q).

4. Appendix.

This section is devoted to show a physical motivation for the integrodiffer-
ential equation in (0.1), which is related to two different times.
Let S be a smooth enough surface containing a spatial domain V. We consider
a physical system F, where some diffusion process with memory take place.
We assume that the evolution of a part of the system can be accessible only
subsequently. We describe the evolution of the system by using two different
times ¢ and s, by two conservation laws concerning p; (¢, x) and p,(s, x). These
quantities account for, e.g., the density, the temperature, or more generally, some
measurable physical quantities related to two parts F; and F, that constitute F.
We introduce now the following notation:

e v is the outward normal unit vector to the surface S,

e g; (i = 1,2) are the generation rates per volume unit and per time unit
related to the physical quantity of Fj,
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e J; (i =1, 2) are the flux densities per surface unit and per proper time unit
related to F;.
We now make our first basic assumption: the variations of functions p; and

02 are negligible with respect to s and t, respectively. Consequently, from the
conservation principle we get the following equations:

“4.1) DI/ozl,ol(t,s,x)dxz—/Jl(t,s,x)-vdn—i—/ qi(t, s, x)dx;
1% s 1%

4.2) Ds/ a0 (t,s,x)dx = —/Jz(t,s,x)-vdn—l—f qo(t, s, x)dx,
1% S 1%

where «; (j = 1, 2) are proportionality constants.
By means of the divergency theorem and by the arbitrariness of the volume V,
the evolution equations of the system turn out to be

4.3) a1 Dipi(t, s, x) = —divJy (¢, s, x) + fi(t, s, x);

(4.4) arDsp1(t, s, x) = —div/a(t, s, x) + f2(t, s, x).

Let us now suppose that the thermic memory is accounted by a convolution
kernel h(t, s) depending on the two times, which in turn, accounts for the two
process Fj.

Consequently, we obtain, as a generalization of the thermic diffusion process,
the following laws linking J;, p; and &, (i = 1, 2):

4.5) Ji(t,s,x) = —=D1Vp(t,s,x)—

t N
—k1/ f h(t —t,s —0)Vpi(tr,0,x)dtdo,
o Jo

(4.6) Jo(t,s,x) = —=DrVpa(t,s, x) —
t N
— sz / h(t —t,s —0)Vpy(t,0,x)dtdo.
o Jo
Hence, we get a system of two integrodifferential equations for p;, (i = 1, 2)
4.7 a1 D,pi(t, s, x) =div (D Vpy(t, s, x)

t s
+ ky / / h(t —t,s —0)Vpi(t,0,x) drdo) + fi(t, s, x);
0o Jo
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(4.8) ayDs (2, s, x) = div (D2 Vpa(t, s, x)

t N
+ sz / h(it —t,s —0)Vpy(t,0,Xx) drda) + folt, s, x).
o Jo

We now make our second basic assumption: the vectors (a1, Dy, k1) and (o,
D,, ky) are proportional with a proportionality constant A. It is now more
convenient to sum or subtract memberwise equations (4.7) and (4.8) and to study
the evolution of the quantities p; + p, and p; — p>. In the case when p; and p,
denote some densities, the linear combination p; + Ap, has an evident physical

meaning.

Setting

4.9) p(t,s,x):=pi(t,s,x)+ ro2(t, s, x);
(4.10) f@,s,x):= filt,s, x)+ fr(t, s, x).

from (4.7) and (4.8) and our basic assumption on the behaviour of p; and p,,
we deduce

4.11) D;p(t,s,x)+ Dsp(t,s,x) = Dpi(t, s, x) + ADspa(t, 5, X) +
+ Dypi(t, s, x)+ AD;pr(t, s, x) = D;pi(¢t,s,x)+ ADsp(t, s, x).

Consequently, in a first approximation, we can assume that p satisfies the
integrodifferential equation

(412) a1 (D;p(t,s,x)+ Dyp(t,s,x)) =div (D Vp(t,s, x)
t N
+k1/ / h(t—r,s—U)V,o(r,a,x)drda)—|—f(t,s,x).
o Jo

Assuming that our kernels do not depend on the spatial variables, we derive the
equation

4.13) D,p(t,s,x)+ Dsp(t,s,x)=div(DVp(t,s, x))
t s
—|—/ / h(t —t,s —o)div(kVp(r,0,x))dtdo + f(t,s, x),
o Jo
where

(414) D:Dl/()tl, k:kl/()ll.
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Finally, setting

(4.15) Ax)p(t,s, x):=div(DVp(t, s, x));
(4.16) Bx)p(t,s,x):=div(kVp(t, s, x)),

we obtain the equation

“4.17) D;p(t,s,x)+ Dsp(t,s,x)= Alx)p(t,s, x)

—I—/ /sh(t — 1,5 —o)divB(x)p(tr,0,x)dtdo + f(t,s, x).
0o Jo

We conclude by nothing that equation (4.13) can be assumed as a model of
diffusion processes with a memory depending on both usual time ¢ and some
additional physical quantity s.

In this sense equation (4.13) is related to the two well-known papers by Fried-
man [1] and Lions [6] dealing with the differential case with more time variable
(cf. also [2], [3], [5], [8], [9], [10], [13]).

[1]

(2]
(3]

[4]

[5]

[6]

(7]

(8]

(9]
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