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ON THE SETS OF BOUNDEDNESS OF SOLUTIONS
TO DEGENERATE FOURTH-ORDER EQUATIONS WITH
STRENGTHENINGLY MONOTONE PRINCIPAL PARTS,

ABSORPTION AND L!-DATA

ALEXANDER A. KOVALEVSKY - FRANCESCO NICOLOSI

We consider the Dirichlet problem for a class of degenerate nonlinear
elliptic fourth-order equations with strengtheningly monotone principal
parts, absorbing lower-order terms and L!-right-hand sides. We establish
existence of solutions of the given problem bounded on the sets where the
behaviour of the data of the problem is regular enough.

1. Introduction

In this article we consider degenerate nonlinear elliptic fourth-order equations
with strengtheningly monotone principal parts, absorbing lower-order terms and
L'-right-hand sides. A representative of such equations is the following one:

Y, D*(uD%)— Y D*(vID%*u|?2D%) + [u|° 'u=f in Q,

lo[=2 o =1

where Q is a bounded open set of R", n > 2,2 <g<n,c > 1, u and v are
positive functions in Q and f € L'(Q).
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These equations belong to a class of degenerate fourth-order equations with
a strengthened ellipticity and L'-data. Existence and properties of solutions of
the Dirichlet problem for equations of this class were studied in [5] and [6].
Using considerations stated in [5] and a modification of the Moser method (see
for instance [9]), in [7] we proved that the given problem has solutions bounded
on the sets where the behavoour of the data of the problem is regular enough.
This fact has been established under the restriction

9<4lg—1)/q, (1.1)

where ¢ is a number connected with the rate of growth of coefficients of the
equations with respect to the first-order derivatives of unknown function, and §
is an exponent characterizing an embedding of functional spaces involved.

The mentioned result of [7] can also be applied for the equations which we
consider in the present work. However, due to the absorbing term |u|°~'u in the
equations and an appropriate condition on its exponent o, really we can avoid
the use of restriction (1.1), keeping at the same time the similar result on the
sets of boundedness of solutions. The proof of the corresponding theorem is the
main goal of the article.

We remark that only to simplify considerations concerning the pointwise
convergence of the derivatives of solutions of some approximating problems,
we restrict ourselves in this work with a particular case of principal parts of
equations studied in [5]-[7]. The general situation can be treated following de-
tailed constructions given in [2] for a class of nondegenerate fourth-order equa-
tions with a strengthened ellipticity and L'-data. In its turn these constructions
develop the approach proposed in [1] for nondegenerate second-order equations
with L!-data.

Finally, we note that the boundedness and Holder continuity of solutions
of nonlinear elliptic high-order equations with a strengthened ellipticity have
already been investigated in [9] (nondegenerate case) and in [8] and [3] (degen-
erate case). However, it has been made for equations with data regular enough
in all their domain of definition.

2. Preliminaries and auxiliary assertions

Let n € N, n > 4, Q be a bounded open set of R” and g € (4,n).
Let v be a positive function on Q such that

1 Ve
veLloc('Q)a <V> EL]OC(Q)'



ON THE SETS OF BOUNDEDNESS OF SOLUTIONS 237

We denote by W!4(v, Q) the set of all functions u € L¢(Q) having for every n-
dimensional multiindex a, |a| = 1, the weak derivative D*u with the property
vi/ap%y € L4(Q). W'4(v,Q) is a Banach space with the norm

1/q
lull1. g = (/Qyu\qu y /QV\D“u]qu> .

=1

The closure of C(Q) in W!4(v,Q) is denoted by W4 (v, Q).
Let u be a positive function on £ such that

1
ue Llloc('Q>a E € Llloc('Q)'

We denote by W217’2q(v, i, Q) the set of all functions u € W4 (v, Q) having for
every n-dimensional multiindex a,|o| = 2, the weak derivative D%u with the
property u'/2D% € L*(Q). W217’2" (v, 1, Q) is a Banach space with the norm

1/2
Jull = |ruul,q7v+< > mD“u\de> .

=2

The closure of C3(Q) in W, § (v, u, Q) is denote by VOV%(V, u,Q).

Hypothesis 2.1. There exist real numbers § > g and ¢ > 0 such that for every
uewhi(v, Q),

Further, let 2 € C*(R) be a nondecreasing functuion such that 2 = 0 in
(—0,0] and A = 1in [1,+o0). We set

d=2maxh, " =c +max|h"|.
R R
Now let for every s € N, h; : R — R be the function such that

hs(N) =N+ (s+1—=n)h(n—s)—(s+1+n)h(—n —s), n €R.

We have {h;} C C*(R) and for every s € N the following properties hold:

hg(n)=n if [n[<s, ho(n)=(s+1)signn if [n[>s+1.
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Moreover, for every s € N and 1 € R we have

0<hg(m) <d, [h{(m)<c”.

Lemma 2.2. Let g1 € (¢,G), T>G/(G—q1) and y € L*(Q), y > 0 in Q. Let
Qo be a nonempty open set of R", Qo C Q, and the restriction of the function
va/(ai=4) on Qg belongs to LY (Qq). Let ¢ € C3(Q), 0 < ¢ < 1in Q, meas {¢ =

1} > 0 and supp ¢ C Q. Let my,my,my > 0,q0 € (q1,4),u € WHi(v,Q),
/ |u|?dx < my,
Q

and let for every s € N, r > 0 and t > q the next inequality holds:

/Q{ ) V|Dau|q}[1+hf(u)]rq)tdx

|af=1

<m0 [ (w4l [1+ B e~
Q

Then

vrai max |u| < M,
{o=1}

where M is a positive constant depending only on n, c,c', q, §, q1, qo, T, mg, my,
my, meas Q, max IVol, | WL (q) and the norm of the restriction of the function
v/ @1=49) on Qg in L¥(Q).
This lemma was proved in [7].
We set
py = /@1 y)¥a4),

Lemma 2.3. Let u; € L'(Q), u € Vc{/éjg(v,,u,ﬁ) and ¢ € C5(Q), ¢ > 0in Q.

Letq1 € (¢,4), s €N, r>0andt > 2. Let vo' % € L1/(9-9(Q) and
w=ull + 5 (u)]"¢",

14 R2 ()] 4 2r[1 4 B2 ()] i () () .

<

Thenw € Wé’g(v, W, Q) and the following properties hold:

(i) for every n-dimensional multiindex o, |a| =1,

D%w = z9'D%*u+tu[1+h(u)] @' 'D%@ a.e. in Q;
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(ii) for every n-dimensional multiindex o, || =2,

|D%Ww — 29" D%u| < 20(c")* (¢ +r)*[1 —i—hf(u)]’(p’{ Y \Dﬁulz}
B|=1

+4c'(t+r)2(l+|u|)[1+hf(u)]r{(pt_l|Da(p|+(pt_2 Z |Dﬁ(p|2} a.e. in Q.
IBI=1

This result is a particular case of Lemma 3.4 given in [7].
Along with Lemmas 2.2 and 2.3 in the proof of our main theorem the fol-
lowing result will be used.

Lemma 2.4. Let ) € L1(Q), u € W (v W, Q), and let y € C*(R) be the
function such that x(0) =0 and ¥, X x" are bounded in R. Then y(u) €

Wéjg(v, U, Q) and the next properties hold:

(i) for every n-dimensional multiindex o, |ot| =1,
D%x(u) = x'(u)D*u a.e. in Q;

(ii) for every n-dimensional multiindex o, || =2,

|D* (1) — %' (u)D%u| < {l; \Dﬁu|2} ae. in Q.
1

Like the previous lemma this result is established with the use of smooth

o
approximations of functions in W4 4(v, i, Q).

3. Statement of the problem and some results on its solvability

We will use the following notation: A is the set of all n-dimensional multiindices
« such that || = 1 or |&| = 2; R™? is the space of all sets & = {&y : o € A}
of real numbers; if a function u € L}, .(Q) has the weak derivatives D%u, a € A,
then Vou = {D%u: o0 € A}.

Let ¢1,c0,c3 >0, g € L1(Q), g > 0 in Q, and let for every a € A, Aq :
Q x R™? — R be a Carathéodory function. We will suppose that for almost
every x € Q and every & € R™?,

Y @I A, )+ Y )] Aa( 6P

|af=1 =2

<a{ T vl ¥ u(x)léa!2}+g(X)- G

o =1 =2
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Moreover, we will assume that for almost every x € Q and every &, &’ € R"? the
next inequalities hold:

Z [Ag(x, &) —Aa(x,?;’)] (8o — ‘S(Ix)

aceA

202{ Y vx)l&a—&al'+ ) u(x)éa—&i&\z}, 3.2)

|o|=1 |o|=2

Y Aa(x,8) —Aq(x,&")]

=2

<C3{ Y v+ Y u<x>|§a—§a|}. (3.3)

o =1 =2

We note that by virtue of (3.1) and (3.2) for almost every x € Q and every
é c Rn,Z’

L Ael£)de
>C;{ Y vl ) u(x)léalz} (iﬂ) g(x). (34

|af=1 |o[=2

Besides, from (3.2) it follows that for almost every x € Q and every &,&’ €
Rnl’g ?é g/,
Y [Aa(8) —Aa(r, &) (G~ &) > 0. (35
acA
Leta> 0,0 > 1and f € L'(Q). We consider the following Dirichlet prob-
lem:

Y (—1)*DYq(x, Vou) +alul°'u=f in Q, (3.6)
aeA

D*u=0, |a|=0,1, on Q. (3.7)

Definition 3.1. A W-solution of problem (3.6), (3.7) is a function u € Vci)/z"l Q)N
L°(Q) such that:

(i) for every @ € A, Ag(x,Vou) € L'(Q);

(ii) for every ¢ € Cy°(Q),

/{Z Aa(x,Vzu)D“(p}dx—i—a/ \u!“ilu(pdx:/f(pdx.
Q Q Q

aceA
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Theorem 3.2. Suppose that y, € L' (Q) and the following conditions are satis-
fied:

(i) there exists a real number r1 > G/(§— q) such that v € L' (Q);

(i) there exists a real number ry > G(q—1)/[G(q—1) —q] such that 1/ €
L2 (Q).
Then there exists a W -solution of problem (3.6), (3.7).

We obtain this result taking into account inequalities (3.1), (3.4), (3.5) and
applying Theorem 3.1 of [5].

The next result is a consequence of Theorem 5.1 of [7].

Theorem 3.3. Suppose that all conditions of Theorem 3.2 are satisfied and q <
G(q—1)/q. Let 1 € (¢,G4(q—1)/q), T > 4/(§— q1) and let Qy be a nonempty
open set of R" such that Q C Q. Let for every nonempty closed set G of R" such
that G C Q the restrictions of the functions v'/\91=9 u, ¢ and |f|7/(@—1)
on G belong to L*(G). Then there exists a W-solution u of problem (3.6),
(3.7) such that for every closed set G of R" with the properties G C Q1 and
meas G > 0 we have vrairnélx |u| < oo

As we shall see in the next section the restricted requirement ¢ < G(¢—1)/q
in the given theorem can be omitted thanks to an appropriate condition on G©.
Naturally, it will imply a change of the inclusion for ¢;.

4. Main result

Theorem 4.1. Suppose that all conditions of Theorem 3.2 are satisfied and
0 >q. Let g < g1 <min(0,G), T> G/(§—q1) and let Q| be a nonempty open
set of R" such that Q1 C Q. Let for every nonempty closed set G of R" such that
G C Qi the restrictions of the functions v/ =9 uy, ¢ and |f|7/0~1) on G
belong to L*(G). Then there exists a W-solution u of problem (3.6), (3.7) such
that for every closed set G of R" with the properties G C Q) and meas G > 0 we
have Vraimce;lx\u] < oo,

Proof. We make the proof in some steps.

Step 1. Let us show that for every function y € L*(Q) there exists a function
Ve Wé‘g(v, 1, Q) NL°(Q) such that for every ¢ € Wé‘g(v, 1, Q)NL*(Q),

/Q{ Y Aa(x,Vzv‘f)Do‘fp}dHa/Q!v'f\"1tiftpdx=/gw<pd» (4.1)

acA
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Let {x} C C*(R) be a sequence of functions such that for every k € N,

xie(s) =s if |s| <k, 4.2)
x| <3k in R, 4.3)
0<y <1 in R, (4.4)
X< Hin R (4.5)

As far as the construction of such a sequence of functions is concerned see [2].
Let y € L*(Q2). From the proof of Theorem 3.4 of [6] it follows that there

exists a function ¥ € ‘,‘{/2,1 (Q)NL°(Q) such that the following properties hold:
(x1) forevery a € A, Aq(x,Vo2) € LY(Q);
(x2) for every ¢ € C5 (L),

/{Z Aa(xvvzt/‘/)D“sv}dera/ !v?\“”v‘npdx:/ vdx;
Q Q Q

aeA

(x3) forevery k € N, yx () € V?/ézg(v,u,ﬁ) and

L{ T vt ¥ apenf pav<es [ vaiacses,

|laf=1 |lo[=2

where ¢4 and cs5 are positive constants depending only on n,q,c1,c; and the
norms in L! () of the functions g and ;.

Since y € L*(Q), ¥ € L°(Q) and ¢ > g, from property (+3) we deduce that
the sequence {xx(¥)} is bounded in W217’2q(v, u, Q). Hence taking into account

that x; () — ¥ strongly in L7(Q), we obtain ¥ € ﬁ/é’g(\/, w,Q).

Letg e V?/ég(v, U1, Q)NL*(Q). We take a sequence {@;} C Ci’ (L) bounded
in L(Q) and such that ||@; — @|| — 0 and ¢; — ¢ a.e. in Q. Then by property
() for every j € N we have

/{ Z Aa(x,Vzl/_/)Do‘(pj}dx—l—a/ |l/7|6_11/7(pjdx:/ Yo;dx.
Q aEA Q Q

Hence passing to the limit as j — oo, we get (4.1). This completes the first step.
Step 2. For every [ € N we define the function f; : Q — R by

_ [ ) it <,
fl(x)_{o it | f(x)] > 1.
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By the assertion established at the first step we have: if [ € N, there exists

a function u; € W;:g(v,u,Q) NL°(Q) such that for every ¢ € W;zg(v,u,Q) N
L*(Q), '

/{Z Aa(x,Vzul)Da(p}dx+a/ |ul|6_1ul(pdx:/f1(pdx. (4.6)
Q Q Q

oEA

We fix k,/ € N. Due to (4.2)—(4.5) and Lemma 2.4 x;(u;) € V%’ég(v, w, )N
L*(Q). Then by (4.6)

S { & Aatvamntetu bava [ e tugtde= [ g
Q L ach Q Q
Hence taking into account property (i) of Lemma 2.4, we get

/Q{ Z Aa(x,Vzul)D“ul}x,i(u;)dx—i—a/g|u1]0_1u1xk(u1)dx

acA

< / fix(w)dx -+, (4.7)
JQ

where

]1 = /Q { Z |Aa(x, Vzul)‘ |Daxk(ul) — )(,’((ul)Daul]}dx.
|a|=2
Using (3.4) and (4.4), we obtain the inequality

@ { Z v|D%uy|? + Z ,u|D°‘u1|2})(,'€(u1)dx

2 Ja Lk a2

2
S /g{ )} A“(X7V2“1>D“ul}%£(uz)dx4r <Q+1> /dix, 4.8)

acA

and using property (ii) of Lemma 2.4, (3.1), (4.4) and (4.5), we establish that

B<Z [ Y VD w4+ Y ulD%wl b x(ur) dx
4 Jo laf=1 laf=2

—|—%/dix+8n2 [32nq(cl+1)/C2](q+4)/(q_4)/Q,uldx. (4.9)

We note that the latter estimate is derived in the same way as an analogous
estimate in the proof of Theorem 3.4 of [6].
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Setting
ce = cz/ggd)H— 8n% [32n%(c1 4 1) /cy) )/ (a=4) /Qul dx,

from (4.7)-(4.9) we deduce that
C _
LY vt Y plp%ul? x,g(u,)dx+a/ g g () dx
4 Ja laf=1 la=2 Q

< [ el dx+co.

Hence taking into account (4.2)—(4.4) and the definition of the function f;, we
get

a/g\u1]°|)(k(u1)|dx<3k/g]f\dx+c6, (4.10)

2Ly vpeui+ Y ulp%ul? x,g(u,)dxgsk/ f|dx+ce. (4.11)
4 Ja laf=1 la=2 Q

Since by (4.2) and (4.4) for every s € R, |s| > k, the inequality |xx(s)| > & holds,
from (4.10) we obtain

a/ |ul\<’dx<3/ |f] dx +c. (4.12)
(>4} o

This completes the second step.

Step 3. From (4.12) we obtain that there exists ¢; > 0 such that for every
leN,

/Qluzl"dx<C7. (4.13)

Now we fix an arbitrary multiindex o, |o(| =1,and ] € N. Letk € N, k; € N
and
K9/ (+0) < o < k9/0+0) 41, (4.14)

We have
meas {v'/9|D%;| > k} < meas {|u;] >k} + meas G, (4.15)
where G = {|u;| < ki, v/4D%u| > k}. By (4.13)

meas {|u;| > ki } < c7k; °, (4.16)
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and using (4.11), (4.2) and (4.4), for the measure of the set G we obtain the
following estimate:

4
meas G < {3/ |f\dx+c6}k1k_q. (4.17)
€2 Q

From (4.14)—(4.17) we get that for every multiindex o, || = 1, and k,/ € N,
meas {v!/9|D%y;| > k} < cgk=9°/(1+9), (4.18)
where cg is a positive constant depending only on ¢;,cg,c7 and the norm of the
function f in L'(Q).
Due to (4.18) and Lemma 2.6 of [2] we have

if o is a multiindex and |¢t| = 1,for every A € (0,q0/(1+0))
the sequence{v'/%D%;} is bounded in L* (). (4.19)

Next, it is clear that there exists a number #; > 1 such that

< < — = —. 4.20
2 q 44(¢-1) n q og (4:20)
Define
t qt
49— (q—4)n
From (4.20) it follows that
4lg—1) g q0
h< ———7—, —_— <. 4.21
2 Gglg—1)—gq Hnh—1 o+1 ( )
The first of this inequalities and condition (ii) of Theorem 3.2 imply that
1
— e L”(Q). (4.22)

U

Using the definition of the function y; and Young’s inequality, we obtain

1\" /e (q—4)t1/4q 1" 4 1"
- — N - < i
<V> Hi <u> “r+(u>

Hence, taking into account the inclusion y; € L' (Q) and (4.22), we deduce that

%eﬂ”@) (4.23)
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This with (4.19) and the second inequality in (4.21) implies that for every mul-
tiindex o, |a| = 1, the sequence {D%u;} is bounded in L' (Q). In its turn, the
latter fact and (4.13) allow us to conclude that the sequence {u; } is bounded in

W 1(Q). Therefore, there exist an increasing sequence {/;} C N and a functuion
u € L'(Q) such that

[lut; = ull1(@) — 0, (4.24)

u, —u ae.in Q. (4.25)

Step 4. Let I,m € N. By Lemma 2.4 we have y; (u; — uy,) € Wé:g(v,u,ﬂ)
and the following properties hold:

(xa) if |ot| = 1, D%x1(u; — um) = X1 (g — ) D* (u; — u,) ace. in Q;
(xs) if |ot| =2, [D*x1 (g — ) — X1 (g — ) D* (t7 — ) |

< [t (ug — u) | Z IDﬁ(u[—um)\2 a.e.in Q.
|Bl=1

From (4.6) it follows that

/Q{ Y [Aa(x, Vauy) — Ag(x, Voum) | D* 11 (Mz—um)}dx

acA

</Qm—fm||x1<ul—um>|dx.

Hence, using inequalities (3.2), (3.3), properties (4.2)—(4.5), (*4), (*5) and mak-
ing considerations analogous to those given in [4], we get

/ { Z V|Da”l_Daum|q+ Z u|Da”l_Da”m‘2}dx
{lur—um| <1}

lal=1 |a|=2

6
< f/ Ifz—fmldx+c9/ (Vv+u)dx, (4.26)
2 JQ {lug—um|>1}

where ¢y is a positive constant depending only on n, g, ¢» and c3.

From (4.25), (4.26) and the strong convergence of {f;} to f in L!(Q) we
derive that: if |a| = 1, there exists a measurable function vy : Q — R such
that v!/4D® u;, — vo in measure; if |or| = 2, there exists a measurable function
we : Q — R such that u'/2D%u;, — wq, in measure.
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Clearly, without loss of generality we may assume that

if |a|=1, v/9D%y — vy ae.in Q, 4.27)
if |a|=2, u'’D%y, — wy ae.in Q. (4.28)

Step 5. We set 01 = G(q — 1) /q and fix k, € N. Since (i) € WH9(v,Q),
by virtue of Hypothesis 2.1, assertion (i) of Lemma 2.4, (4.4) and (4.11) we
have

/ |2 ()| 9dx < c10k?/9,
Q

where c)g is a positive constant depending only on ¢, 4, ¢, ¢3, ¢ and the norm
of the function f in L' (Q). Then taking into account that |y (s)| > k if |s| > k,
we obtain

meas {|u| >k} < ok .
Using this estimate, (4.11) and Lemma 2.6 of [2], by analogy with (4.19) we get

if o is a multiindex and |¢t| = 1,for every A € (0,0, /(1 +01))
the sequence {v'/7D%y} is bounded in L* (Q); (4.29)

if ¢ is a multiindex and |o¢| = 2, for every A € (0,20, /(1 +01))
the sequence {pt'/>2D%u;} is bounded in L* (Q). (4.30)

Owing to (4.19), the second inequality in (4.21), (4.23), (4.24), (4.27), con-
dition (ii) of Theorem 3.2, (4.28) and (4.30) for every a € A there exists the
weak derivative D%u, D% € L'(Q) and

D%u;, — D% ae.in Q, (4.31)

D%u;;, — D% strongly in LY(Q). (4.32)
From (4.24) and (4.32) it follows that u;, — u strongly in W' (Q) and therefore,
uecwr(Q).

Thus, taking into account (4.13) and (4.25), we have

ue W (Q)NL°(Q). (4.33)

Moreover, using (3.1), (4.29)—(4.31) and condition (i) of Theorem 3.2, we es-
tablish that for every o € A,

Aq(x,Vou) € LY(Q), (4.34)

Aq(x,Vaouy) — Ag(x,Vou) strongly in L'(Q). (4.35)
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Step 6. Let ¢ € C5(Q). By virtue of (4.6) for every i € N we have

/{ZAa(x,Vzuli)Da(p}dx+a/ |u1[|°_1uli(pdx:/fli(pdx. (4.36)
Q Q Q

acA
Due to (4.35)
/ { Y Aalx, Vzuli)Da¢}dx—>/ { Y Aalx, Vzu)Da(p}dx, (4.37)
Q \gen Q L gen
and owing to the strong convergence of {f;} to f in L!(Q) we get
/ fiodx — / fodx. (4.38)
Q Q
Let us show that
/ ]uli\"*luli(pdxﬁ/ u|® ' uedx. (4.39)
Q Q

First of all, by analogy with Lemma 7.3 of [2] we establish that there exists
s positive constant ¢ such that for every k, [ € N,

a/ lu|Cdx < 2/ |fldx+cik L. (4.40)
{lu| =2k} {loag| >k}

Now let us fix an arbitrary € > 0. Clearly, there exists £ > 0 such that for
every measurable set G with meas G < € we have

/ \fldx < €a/2. (4.41)
G

We fix k € N such that k > max {(c7/€1)"/°, c¢11/€a}. Then using (4.13), (4.40)
and (4,41), we obtain that for every [ € N,

/ ug|®dx < 2e. (4.42)
{[w| =2k}

Owing to (4.25) and D. Egorov’s theorem there exists a measurable set Q' C Q
such that

/ lu|®dx < g, (4.43)
o\

meas (Q\ Q') < &/(2k)°, (4.44)
|uag, |y, — |u|® " u uniformly in €. (4.45)
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From (4.45) it follows that there exists ip € N such that for every i € N, i > iy,
/Q/Huli|671u1i—]u|671u‘dx<8. (4.46)
Leti € N, i > iyg. By (4.43) and (4.46)
/Q | oag, 1 g, — | M u|dx < /Q\Q/ |ug,|°dx+ 2¢,

and using (4.42) and (4.44) we get

/ \uli|6dx:/ g | dx + | dx
Q\QY (Q\Q’)ﬁﬂu,i |<2k} (Q\Q’)ﬂ{\uli [>2k}

< (2k)%meas (Q\ Q') + / | dx < 3e.
{524
Therefore,
/ | oag, 1 g, — | u|dx < Se.
Q

This allows us to conclude that assertion (4.39) holds.
Now from (4.36)—(4.39) we get

/{Z Aa(x,Vzu)Da(p}dx+a/ |u|°_1u(pdx:/f(pdx.
Q Q Q

oEA

This with (4.33) and (4.34) implies that the function u is a W-solution of
problem (3.6), (3.7).

Step 7. It remains to show that for every closed set G of R” with the proper-
ties G C Q; and measG > 0 we have vrai max u| < oo

Let G be a closed set of R, G C Q; and measG > 0. We set p =
dist(G,dQ) and Qy = {x € R" : d(x,G) < p/2}. Evidently, Qy C Q. Let
x :  — R be the characteristic function of the set 2y. We define

V= (vql/(qn—q) + g+ |f’q1/(qn—1))x.

By conditions of the theorem we have y € L¥(Q) and the restriction of the
function v7'/(@149) on Q) belongs to L¥(Qy).

We fix a function ¢ € C5(Q) suchthat 0 < ¢ < 1inQ, ¢ =1in G, supp ¢ C
Qg and set

m = 1 +max DPol? + DP }
(p) = 1+ms {;;‘ o+ T b
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We also fix [ € N and set

P, = Z V’Dau[’q—l- Z ‘U,’Daullz.
|a|=1 |or|=2
Let se N, r > 0and ¢ > g. Define
wi = w[1 41 (u;)]" @',
2= [+ 12 (ug)]" + 2r[1 + B2 ()] B (g YW, (g )y

By virtue of Lemma 2.3 w; € Wig(v, U, Q) and the following properties hold:

(*¢) for every n-dimensional multiindex a, |a| = 1,
D%w; = 710" D%uy +tuy[1 + 12 (w)) @' " 'D% ace. in Q;

(7) for every n-dimensional multiindex «, |a| = 2,

[D%w; — 219" D%uy| < 20(0")2(f+r)2[1+hf(u1)]r¢t{ ) \Dﬁuz|2}
IB=1
+4m(@) (t4 1) (1 + )1+ ()] 9% ae. in Q.

Besides, due to Lemma 2.4 and (4.3) {xx(w;)} C Vol/ég(v, 1, Q)NL=(Q). Then
by (4.6) for every k € N we have

/Q{OgAAa(X,Vzul)Dalk(Wl)}dx+a/g|ul\0lulxk(wl)dx:/gﬁxk(wl)dx.

From this, taking into account (4.2), (4.4) and the definition of the function wy,
we infer that for every k € N,

/Q{OEAA“(X’Vzul)Dan(WZ)}dx</Qlek(Wl)dx-

Hence, taking into consideration Lemma 2.4 and properties of the functions )y,
k € N, and passing to the limit as k — oo, we get

/Q{O;AA(X(X,VZW)D‘ZWI}dxg/Qf,w[dx. (4.47)

We set

Il = _/Q{ Z Aa(x, Vzul)[DO‘wl —zl(ptDaul]}dx.

aeA
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From (3.4) and (4.47) it follows that

9/CIDI[IJrhf(ul)]r(ptdxg/flwldxfll
2 Jo Q

+<2—1—1)(1—i—4c’r)/g[l—i—hf(u[)]’(p’dx. (4.48)
Q

2

Due to the definitions of the functions f;,w; and v we have

[ o < [yt L)1+ B gl (4.49)
Q Q

[eli+mwredx< [ wii+rRwlgdr (450
Q Q

In order to estimate the integral I; we use (3.1) and properties (x¢) and (x7) and
argue as in analogous situation in the proof of Theorem 5.1 of [7]. Then we
obtain

1< G [ @+ i) e'ds

+en(rn)T/ey / [+ 1+ [y [ 1] [T+ 12 ()] @' 9dlx,
Q

where ¢y, is a positive constant depending only on n, g, G, ¢”, ¢1, ¢z and m(@).
The latter estimate and (4.48)—(4.50) imply that

/Q{ Y v]DaMZW}[IJrhf(ul)]r(p,dx

o =1

< 013(r+t)"2/<"_4)/ [W+ 1+ [y [+ 72 ()] @' dx,
Q

where c)3 is a positive constant depending only on the same parameters as the
constant cy3.

Hence, taking into account (4.13) and applying Lemma 2.2, we deduce that
there exists a positive constant M > 0 such that for every [/ € N, vrai max luy| <

M. This and (4.25) imply that vrai max lul| < M.

The theorem is proved.
From Theorem 4.1 we obtain the following consequence.

Corollary 4.2. Suppose that all conditions of Theorem 3.2 are satisfied and
O > q. Let the functions v, Uy, g and f belong to L7 .(Q). Then there exists a

loc

W-solution u of problem (3.6), (3.7) such that u € L7? .(Q).

loc
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