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OSCILLATORY AND ASYMPTOTIC BEHAVIOUR
OF HIGHER ORDER DIFFERENCE EQUATIONS

BLAZEJ SZMANDA

This paper is concerned with the oscillation and asymptotic behaviour
of nonoscillatory solutions of nonlinear difference equation of the form

A"(up + ppitn—) +8f(n,ug,) =0, m=>1, neN,

where N = {1,2,...},6§ = *1,k € N, A™ is the m-th order forward
difference operator.

1. Introduction.

In the past several years there has been a lot of activity concerning the
oscillatory and asymptotic behaviour of solutions of difference equations. See
for example [1] — [3], [6], [9], [12], [13], [16], and the references cited therein.
In particular, there has been an increasing interest in the study of difference
equations of the form which can be viewed as a discrete analogues of delay and
neutral delay differential equations (see e.g. [5], [8], [10], [11], [14], [15], [17]).

For the general theory of difference equations one can refer to [4] and [7].
In this paper we consider the nonlinear difference equation of the form

(E) A"(up + pptn—i) +8f(n,u;,) =0, m=1,neN,
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where N = {1,2,...},6 = £1, k e N, A is the forward difference operator i.e.
Av, = v, — v, and

Alv, = AATW,), i =1,2,...,m, A%, = v,

(pn) is a sequence of real numbers, (7,) is a sequence of integers with 7, < n
andt, > occasn — 00, f : NX R —- R = (—00,00), uf(n,u) > 0 for
u#0andneN.

By a solution of (E£) we mean a sequence (u,) which is defined for all
n > Iln>i{1{i — k, 7;} and satisfies (E) for all large n. We consider only such

solutions which are nontrivial for all large n. A nontrivial solution (u,,) is said
to be oscillatory if for every ny € N there exists n > nq such that u,u,,; <O0.
Otherwise it is called nonoscillatory.

Our purpose in this paper is to study the oscillatory and asymptotic prop-
erties of the solutions of equation (E£). Recently, the above problem for the
difference equation of the form (FE) in the case of the second order difference
operator have been discussed in [15]. The results obtained here extend some of
those contained in [15].

2. Main results.

We begin with a lemma that will be utilized in the proof of our main
results.
We will need the condition that if (v,) is a real sequence with v, > 0 (< 0) and

liminf|v,| > 0, then
n—oo

(1) Y f(n, v,) = oo(—00).

n=1

Also, we will use the following conditions:

(2) there is a constant P; such that —1 < P; < p, < 0;
(3) thereis a constant P, suchthat0 < p, < P, < 1.

Let (u,,) be a solution of (E). Set z, = u, + poitp_.

Lemma. Suppose that (1) holds and (u,) is an eventually positive (negative)
solution of (E).

(a) If 6§ =1, then
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(i) (A™=1z,) is eventually decreasing (increasing) and A"~ 'z, — L < oo(>
—00) as n — oQ.
(i) If L > —oo(< 00), then liminf|u,| = 0.
n—oo

(iii) Ifz, — 0 as n — oo, then (A'z,) is monotonic and

4 Az, — 0 as n — 00 and A'z,A"™ 'z, <0

fori=0,1,2,....,m—1.

(iv) Let z;, — 0 asn — oo. If m is even, then z, < 0(z, > 0) for
u, > 0(u, <O0). If m is odd, then z, > 0(z, < 0) for u, > 0(u, < 0).

(v) If, in addition, (2) holds, then z, — 0 as n — oo.

(b) If 6 = —1, then

() (A™ 'z,) is eventually increasing (decreasing) and A™ 'z, — L >
—oo(< o0) as n — 0.

(1) If L < oco(> —00), then linn_l>ci>£>1f|u,,| =0.

(iii) Let z;, — 0 as n — oo. If m is even, then z, > 0(z, < 0) for
u, > 0(u, <O0). If mis odd, then z, < 0(z, > 0) for u, > 0(u, < 0).

(iv) If, in addition, (2) holds, then either |u,| — oo as n — 00, or (Az,) is
monotonic and (4) holds.

Proof. Let (u,) be an eventually positive solution of (£). Then there is ng € N
such that u,_; > 0 and u,, > 0 forn > ny.

(a) From (E) we have A"z, = — f(n, u,,) < 0,50 (A"~ 'z,) is decreasing and
converges to L < oo as n — o0. Thus (i) holds.

If L > —oo, then summing (E) from ny to n and then letting n — oo, we
have

o0
> fliug)=A"""2, — L < oc.

i=ng
The last inequality and condition (1) imply that lim infu,, = 0, so (ii) holds.
n—oQ

To prove (iii), suppose z, — 0 as n — oo. Then we see that A'z, — 0
asn — oofori =1,2,....,m — 1. By (i), (A™ 'z,) is decreasing, so
A"z, > 0 for n > ny. Hence, if m > 2, then (A" ?z,) is increasing and so
A"2z, <0 forn > ny. Continuing in this manner we obtain (iii).

Part (iv) follows immediately from (iii).

In order to prove (v), first note that from (i) and (ii) we have that (A"~ !z,)

is decreasing, A" 1z, — L > —ooasn — oo and liminfu, = 0if L > —oco.
n—o0

If L = —oo0, then successive summations show that z, — —o0 as n — 00 so
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zn < O0forn > n; > ny. Since p, > —1, wehave u, < —p,u,—x < u,_y. This
implies that (u, ) is bounded contradicting the fact that z, — —o0 as n — o0.
If —oco < L < 0, then by summations as above, we see that z, < L; for some
constant L; < 0 and sufficiently large n. By (2) we have

Pruy_ < patty—i <2, < L1 <0,

which contradicts liminfu, = 0. Hence L > 0. If L > 0, then we have

n—o0
A"z, > L and a summation shows that z, — oo as n — oo. Since u,, > z,
hence u, — oo as n — oo, a contradiction. Thus, we have L = 0, i.e.
A"z, — 0asn — oo. Since (A"~ !z,) is decreasing, hence A"z, > 0,
so (A™2z,) is increasing. Moreover, A" 2z, < 0 since otherwise (A" 2z,)
would be eventually positive and increasing, which in turn implies that (z,,) has
a positive lower bound and contradicts liminfu, = 0. If A" 2z, — L, < 0 as

n—oo
n — oo, then A"2z, < L, and a summation shows that eventually z, < L3
for some negative constant L3. This again contradicts lim infu,, = 0. Therefore,
oo

n—
(A™2z,) is increasing and tends to zero as n — oo, continuing this form of
argument we see that z, — 0 as n — oo.

(b) The proofs of (i) — (iii) are similar to the proofs of the corresponding parts
in (a) and will be omitted.

To prove (iv), let (1, ) be an eventually positive solution of (E£) and let u,,_; > 0
and u,, > 0 for n > ng € N. By parts (i) and (ii) of (b), we have that (A" 1z,)

is increasing, A" 'z, — L < oo asn — oo and liminfu, = 0 if L < oco. If
g n n— o0

L = oo, then z, <u, - ocoasn — oo. If L < 0, then eventually z, < L;
for some L; < 0. Butthen Piu, y < pyun—r < z, < Ly < 0 contradicting
liminfu, = 0. Hence L > 0. If L > 0, then eventually u,, > z, > L, for some

n—oo
constant L, > 0, which again contradicts liminfu,, = 0. Thus, A"z, >0
n—oo

as n — o0o. Moreover, A" !z, < 0 since (A"~ 'z,) is increasing. Therefore,
(A™2z,) is decreasing. Also, A" 2z, > 0 since otherwise (A" 2z,) is
eventually negative and decreasing, which implies (z,) has a negative upper

bound, contradicting liminfu, = 0. Furthermore, if A" %z, — L3 > 0 as
n—oo

n — oo, then eventually z,, > L4 for some L, > 0. But this again contradicts

liminfu, = 0. Therefore, (A™~2z,) is decreasing and tends to zero as n — 0o.
n—oo

Continuing in this manner we see that (4) holds.
The proof when (u,,) is eventually negative is similar and will be omitted.
O

Theorem 1. Suppose that conditions (1) and (2) hold.
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(1) If 6 = 1, then any solution (u,) of (E) is either oscillatory or satisfies
u, —> 0asn — oo.

(i1) If 6 = —1, then either (u,) is oscillatory, u, — 0 asn — oo or |u,| — 00
as n — oo.

Proof. Let (u,) be a nonoscillatory solution of (E) such that u,_;, > 0 and
u; > 0forn >nyeN.

(i) Part (iii) and (v) of Lemma (a) imply that (4) holds. For m even,
condition (2) and Lemma (a) (iv) imply that u, < —Pyu,_; for n > ny. Hence
Unsr < —Piu,, and by induction we have u,;; < (—P;)'u, for each positive
integer i. This implies u, — Oasn — ocosince0 < —P; < 1. If m is
odd, then (2) and parts (iv) and (v) of Lemma (a) imply that 0 < z, < M for
some constant M > 0, from which it follows that 0 < u, < —Piu,_ + M.
If (u,) is unbounded, then there exists an increasing sequence (n;) such that

ny > ng, n; — oo and u,, - ooasi — oo and u,, = max u,. Foreachi
nyp=<n=<n;

we have
Uy, < —Pluni_k +M< _Pluni + M

so (1 + Ppu,, < M which is impossible since (2) holds. Therefore, (u,) is
bounded and there exists @ > 0 such that limsupu,, = a. Thus, there is a

n—oQ

subsequence of (u,), say (us) with s; > ng and u;, — a as i — oo. From
(2) it follows that —Pyug,_; > us, — z5,. Since a > 0, there exists ¢ > 0 such

that (1 — Py)e < (1 4+ Py)a which implies 0 < —Pj(a + €) < a — ¢. Butfor i
sufficiently large, u;,_x < a+¢,so

a—e¢e>—Pug_y >u, —zi.

i

Asi — 00, z;, — 0 so we obtain a contradiction to u;, — a as i — 00.

(ii) First notice that by Lemma (b) (iv) we have that either u#,, — o0
as n — oo or (4) holds. To complete the proof, we show that if (4) holds,
then u, — 0 as n — oo. When (4) holds and m is odd, part (iii) of Lemma
(b) implies that z, < 0, and hence from (2) we see that u, < —Piu,—;. It
then follows, as before, that u, ;; < (—P;)'u, for each integer i > 1. Since
0 < —P; < 1, we have u, — 0 as n — oo. When (4) holds and m is
even, parts (iii) and (iv) of Lemma (b) imply that z, > 0 and Az, < O.
Therefore, 0 < z, < M for some constant M > 0, and from (2) we have
0 <u, < —Piu,_x + M. The remainder of the proof that #, — 0 asn — oo
is the same as in part (i). U

Theorem 2. Suppose that conditions (1) and (3) hold.
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(1) If 6 = 1 and m is even, then every solution of (E) is oscillatory, while
if m is odd, then any solution (u,) of (E) is either oscillatory or satisfies
u, —> 0asn — oo.

(i) If 6 = —1 and m is even, then either (u,) is oscillatory, |u,| — oo or
u, - 0asn — oo, while if m is odd, then either (u,) is oscillatory or
lu,| - oo as n — oo.

Proof. Assume that (1, ) is an eventually positive solution of (E), say u,_; > 0
and u, > O for n > ny. The proof when (u,) is eventually negative is similar
and will be omitted.

In order to prove (i), observe that by Lemma (a) (i) we have that (A"~ 'z,) is
decreasing and converges to L > —o0 as n — 00. Clearly, if L < 0, then (z,)
is eventually negative which contradicts u, > 0 for n > ny. Hence, L > 0, and

from Lemma (a) (ii), we have liminfu, = 0. It is also clear, since A"z, < 0,
n—oo

that Az, is monotonic fori =0, 1,...,m — 1.
Now (z,) is monotonic, so z, — [ as n — o0o. Observe that / > 0 since [ < 0
implies u,, < 0. First suppose [ > 0. If (z,) is increasing, we have

Zp = Up + Pplip—i < Up + PpZn—k < Uy + Przy,

so z,(1 — P») < u,. Since (3) holds, we have a contradiction to liminfu, = 0.

n—oQ

On the other hand, if (z,) is decreasing, let 1 — P, = & > 0. Then
Zn < Un+Prz,—k,and sincel is finite, z,, /z,—x < u,/l+P,. Since P,+¢/2 < 1,

there exists n; > ng such that z,,/z,—x > P, + ¢/2 for n > ny. Therefore,

u, > L forn > n; which again contradicts liminfu,, = 0. Hence, we have
2
n— o0

Zn — 0 as n — oo and, by Lemma (a) (iii), that (4) holds. In order to complete
the proof, just observe that Lemma (a) (iv) implies that z, < O for m even and
zp > 0 for m odd. But z, < 0 contradicts u,, > 0 and p, > 0, whileif z, > 0,
thenu, <z, > 0asn — oo.

To prove (ii), we first see that (A"~ 'z,) is increasing and A"z, — L >
—o00 as n — 00. Now, if L < 0, then eventually z, < O contradicting u,, > 0.
Thus L > 0. If L = oo, then clearly z, — 0o as n — 00. Moreover, from (3)
we get

(5) Uy = Zy Sun+P2un—k§un+P2Zn—k Sun'i‘PZZn

and therefore, (1 — P»)z, <u, > ocoasn — oo. If 0 < L < o0, then Lemma
(b) (ii) implies that lim infu,, = 0. Again, since (z,,) is monotonic and positive
n—oo

Zn = 1 > 0 as n — oo. Now if (z,) is increasing, then /; > 0 and (5) holds
contradicting liminfu,, = 0. If (z,) is decreasing and /; > 0, then /; is finite,
n—oo
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and we have z,, /7,y — 1l asn — oo. Let ¢ = 1 — P, > 0. Then there exists
ny > ng such that z,, /7,y > 1 — ¢/2 for n > n;. We then have

L <2y Sup+ Pottyg <upy~+ Przyg

PZZn 2PZZn
=u .
<un+1_% "+1—|—P2

It then follows that

2P2 1 — P, 811
-

> —
1+ P, o

1_
”">< 1+ P, 2

contradicting liminfu(n) = 0. Thus, for0 < L <00 z, - 0asn — oo,
n—oo

and hence u, — 0 as n — oo since u, < z,. Therefore, we have that either
u, — oo or u, — 0 for m even or m odd.

To complete the proof, we need only observe that if u,, — 0 as n — oo,
then z, — 0 as n — o0, and for m odd, Lemma (b) (iii) implies that z, < O,
which is impossible in view of (3). U
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