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PARTIAL HOLDER CONTINUITY FOR SECOND ORDER
NON LINEAR NON VARIATIONAL PARABOLIC SYSTEMS
WITH CONTROLLED GROWTH

MARIA STELLA FANCIULLO

Letu € L2(—T,0, HX(Q,RV) N H'(~T,0, L*(2, RY)) be a solution
in Q = Q x (—T,0) of the second order non linear non variational system

9
Y b(X.u, Du).

—a(X,u, Du, H(u)) + 5

We prove that if b(X, u, p) has strictly controlled growth and a(X, u, p, &)
satisfies the condition (A), then the vector Du is partial Holder continuous in

0.

1. Introduction.

Let 2 be an open, bounded set of R”, n > 2. We denote a generic point of
Q by x = (x1, X2, ..., X,,), the cylinder Q x (—T,0), with T > 0, by O, and the
point (x, 1) e R? x R, by X.

If u: Q — RN, N aninteger > 1, we set

ou
Diu=— , Du= (D, Du,.., D,u),
Xi

H(u):{D,'Dju}:{Diju}, l,] = 1,2, ey 113
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Du is a vector in R"Y and H () is an element of RN,

We denote a generic vector in R™Y by p = (p1, p2, ...pn), pi € RY, and a
generic element of RN by & = (&}, i, j = 1,2, ..., n, & € RV,

We shall study in Q the second order non linear non variational system

3
(1.1) —a(X. u, Du, H(w)) + a_b; — b(X. u, Du),

where a(x, u, p, £) is a vector in RY, measurable in X, continuous in (u, p, £),
satisfying the conditions:

(1.2) a(X,u, p,0)=0;

(A) there exist three positive constants «, y and 8, with y + § < 1, such that
YueRN,VpeR™ Vr,ne R¥N and for a.e. X € Q, it results

2 2

n
E Tii

i=1

<ylzl*+4

’

n
> i —ala(X,u, p. T +n) —a(X, u, p, )]
i=1

and b(X, u, p) is a vector in R", measurable in X and continuous in (u, p),
satisfying the condition (of strictly controlled growth)

(1.3) 16X, u, pIl < £X) +c(lull? + 1p17)

YueRV,VpeR"™ and forae. X € Q, where f € L*(Q),1 < B < 2 and
1<p <2,

Let H%9(Q2, RY) and Hy 7 (2, RY) be the usual Sobolev spaces, we define
the following functional spaces

Wi(Q, RY) = {u 1 ue LI(-T,0, HQ, RY)), 2—’: e L(0.RM),
Wi(Q, RY) = {u e WI(Q,RY) : ue LY(—T,0, H (2, RY)),
u(x, —T) = 0}.
A function u € W2(Q, R") is a solution of the system (1.1) if u satisfies
the (1.1) fora.e. X € Q.

In this paper we prove the partial Holder continuity of the spatial gradient
of the solutions of system (1.1) with the strictly controlled growth (1.3); that is,
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we prove some results that will be a generalization of the results, obtained by
M. Marino and A. Maugeri in [8] for second order non linear non variational
parabolic systems with linear growth, thatis 8 = 8’ = 1.

S. Campanato obtained similar results for second order non linear but
variational parabolic systems in [3] and [5].

2. Preliminary lemmas.

Let X = (x°, 1) be a pointof R? x R,, 0 > 0, and B(x?,0) = {x e R" :
lx — x| < o).

We denote the cylinder of R?” x R, B(x, o) x (t° — o2, 1), by Q(X°, o).

The following results will be useful later.

Lemma 2.1. If u € W>(Q(X° 0),RN), then u € L*(Q(X°, o), RY) and
Du e L7"(Q(X°, o), R™), with qy = % and q1 = @ Therefore there
exists a constant c, for which the following inequalities hold

@.1) (/ ]| dX)“ <
0(X%0)

du 2
sc/ ||H(u)||2+H— +o Hul?) dX,
Q(XO,G) at
2
q
(2.2) ( / | Du| dX)‘f
0(X%0)
2 du |? 2
<c IH@I?+ |—| + ul?) dX,
Q(XO,O') 8t

the constant c does not depend on o .
Proof. See [7], Lemma 3.3, Chap. II (with!/ =1, g = 2). O

Lemma 2.2. If u € Wi(Q(X°, o), RN), with ¢ > 2 and o € (0, 1), then
Vte(0,1)itresults

(2.3) / (llel|® + | Du||®) dX <
0(X%,10)

ou
<c|l+ IH@I? + | —
Q(XO,(T) 3l

Jol
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(,,_,_2)(1_2)2 2 ou 2
g / IH@IR+ | == ) ax +
Q(XO,U) 8t
2

n—2
+c[1 +/ | Du | dX] r”“/ (lull + | Dul|*)dX,
0(X0,0) 0(X0,0)

where ¢ does not depend on o and t.

Proof. Let Py xo ) be the polynomial vector in x, of degree < 1, such that
/ D“(u — PQ(XO,U)) dX =0 Vo : |0l| < 1(1)
0(X%,0)

From Lemma 2.1 it follows that u and u — Pyx0 ) belong to L9(Q(X", o),
RM), with go = 2222 'and Du and D(u — Py(xo ) belong to L4(Q(X°, o),
RN, with g, = 22

- n

Let us fix 7 € (0, 1), it results

(2.4) / ul®dX <
0(X% 10)

< C/ ”M — PQ(XO’G)HqO dX +C/ ||PQ(X0’U)||C]0 dX.
0(X%0) 0(X%10)

On the other hand, from (2.1) and Lemma 2.1 in [8] it follows

/ lu — Poxoml|*dX <
0(X%,0)

u _
§C|:/ (IIH(M)||2+”E +o 4||M_PQ(X°,U)”2> dX:| <
0(X%,0)
5 du |?
<c |H )|+ | — dx |-
0(X%,0) Jat
9 |12 =
: f ||H<u>||2+“—“ ax|
0(X%,0) Jat

(") If @ = (o1, a2, ..., &) is a multiindex, we set D¥ = DY'Dy*..Dy", D; = %,

a0

2 2

| =1 +an + ... + .
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from which, applying the Holder inequality, one has

(2.5) / lu — Poxo,o|*dX <
0(X0%0)

8

ou ll? 42

ScU <||H(u>||‘I+| - )dX] :
0(X9,0) ot

5 (1-2) e+ 2, [ou|?
o d |H@|” + | — dX.
0(X0,0) ot

Now, let us estimate the last integral in the right hand side of (2.4).
From the definitions of Py xo.4), Ug(x0.0) and (Du)gxo oy (*) and thanks
to the Holder inequality we get

(2.6) / | Poxo.oll™dX <
0(X% 10)

2
< c(ra)"? [0 [(Du) ox0. ) 1% + lugxo 1] <

q0
q
<ct"? (/ ||Du||q1dX)]+ f lul®dX | <
0(X%0) 0(X%0)
2
c<1+/ ||Du||q1dX) r"”f (e + || Dul|®') dX
0(X%0) 0(X%0)

2
Thanks to (2.5) and (2.6), (2.4) gives us the following inequality

q D
Jox]”
2
L ~2\n au
0(X%,0) ot
2

n—2
+e <1 +f | D4 dx) r"”/ (llul|® + | Du||®) dX
0(X%,0) 0(X%0)

2) If E C R is a measurable set with positive measure and f € Ll(E , Rh), we set
p

d
sz/;;fdx:Mix.

meas(E)

2.7 Jul®dX <c [
0(X°,70)

<||H<u)||q + ‘ ou
ot

0(X%0)

It reSultS PQ(XO,U) = Z;l:l (Diu)Q(Xo’U)(xi — xlo) + uQ(XO,U)'
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Similarly, making use of (2.2), one gets

(2.8) / | Dul|" dX <
0(X%10)

=< C/ D@ — Pocxo o))" dX + C/ 1D Poxo,0)ll? dX <
0(X0,0) Q(X%,70)

ou | g
SC[/ <||H(u>||q+H—” )dX] -

2)2 du|?
Q(XO,U) 8t

+ cr"+2f | Dul|? dX.
0(X%0)

From (2.7) and (2.8), in virtue of the hypothesis o < 1, the inequality (2.3)
follows. U

Lemma 2.3. If u € W*(Q,RY) is a solution of the system (1.1), if the hy-
potheses (1.2), (1.3) and (A) hold, and if f € LP(Q), p > 2, then there exists

g € (2, pl,p = min {p, %g, %}(3), such thatVq € [2,q)

ue Wi .(0,RY),

and V¥ Q(X°,20) CC Q, with o < 1, it results:

ou || a
(2.9) | H@)||? + m dX| =<
0(X°,0) t
5 Ju 2 2
<c I1H@|"+ | —| )dX| +
Q(XO,ZU) 3t

L
+e [7[ 16(X, u, Du)nqu]q ,
Q(XO,ZJ)

where ¢ does not depend on o .

() Itresults p > 2.
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Proof. Fixed the cylinder Q(X°,20) CcC O, V\;ltg o < 1, the Lemma 2.1

ensures that u € L7 (Q(X°, 20), RN), Du € L2 (Q(X°, 20), R™N); then,
from the hypothesis (1.3) and since f € L?(Q), it follows

I6(X, u, Du)|| € LP(Q(X°, 20))

withﬁ:min{p, % 2(;’—;2)} > 2.

In virtue of Lemma 3.2 in [8], it results

uz
)dX§

5 0
(2.10) f I @ll” + | ==
0(X,0) ?

2(n+2)

M
v n+2
ax| + cf 1617 dx.
Q(X0,25)
where ¢ does not depend on o.

Now the thesis is consequence of (2.10) and of the lemma of Gehring -
Giaquinta - G. Modica (see [8], Lemma 3.3), written setting

. <||H(u)|| + “?TL;“)

n—+4 n+4 _
r=—, § = ——p.
n+42 2(n+2)

ou

2(n+2)
<c 7[' I H (u)|| ™+ ‘
0(X°,20) ot

2(n+2)

G = bl

2(n+2)
n+4
b

3. Partial Holder continuity of vector Du.

Let u € W?(Q, R") be a solution in Q of the second order non linear non
variational system

3
3.1) —a(X. u, Du, H(w)) + a—': — b(X, u, Du),

where a(X, u, p, £) and b(X, u, p) are vectors in R" with the following prop-
erties

(3.2) b(X, u, p)is measurablein X, continuous in (u, p) with strictly controlled
growth

16X, u, p) < FX) +c(ul? + 1p1%)
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Yu RV, Vp e R and for a.e. X in Q, with f € L*(0),1 < B < :l’_i; and

/ n+2 .
l<p <=~

(3.3) a(X, u, p, &) is continuous in (X, u, p), of class C' in &, with derivatives

a
g uniformly continuous and bounded in Q x RN x R™ x R"N satisfying
ij
the conditions
a(X,u, p,0)=0;

(A) there exist three positive constants o, y and 8, with y + § < 1, such that
2
YueRN, VpeR™ Vr,neR"N and fora.e. X in Q

2 2

n
E Tii

i=1

n
Y i —alaX,u, pn+1)—aX,u, p,ml| <yltl*+8

i=1

’

(B) there exists a positive, continuous, bounded, concave function w(t), defined
fort >0, with w(0) = 0, such thatVX,Y € Q,Vu, v eRY, Yp,q eR™N and
V&, T€ R7N

la(X, u, p, &) = a(¥, v, q, Ol < 0@ (X, Y)+ lu—vl*+ Ip —qlI)IEN*)

da(X,u, p,&) daX,u,p,1)
N

Let us prove the following lemma

Lemma 3.1. Let u € W2(Q, RY) be a solution of system (3.1).

If hypotheses (3.2) and (3.3) hold and if f € LP(Q), where p > n + 2,
then ¥ Q(X°, 0) CcC Q, with 0 < o < min{2, 2}(®), Yt €(0,1) and

Ve e (O, (n+2) (1 — % — % + %)], it results

<o(IE —71? C).

(3.4) du, X°, 10) <

< AD(u, X°, 0>{’("+2)(1_%)‘6 + oD [w(co ™" D, X°, o)1+

12
+ |:a) <7£ | H (u) — (H(u))Q(XO’U)”de)] }
0(X°,0)

) dX, vy =max flx =yl It = lF | X = @0, ¥ =00,
() 2eOpn) _ [ IULP D G G 1,2, .

SIj

(®) dj is the parabolic distance from X° to the boundary of Q.
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w2
)dx.

) d
+ lwll® + 1 Dul|* + [|H@I" + | —
0(x?.0) ot

where 2 < g <q (') and

2
q)(u, XO, O_) — O_(VH'Z)(I_;) +

Proof. Fixed the cylinder Q(X°,20) CcC Q, with o < min{l, %}, let w be
the solution in Q(X, o) of the Cauchy-Dirichlet problem
w e WF(Q(X°, o), RY)

n

B Z 9a(X°, uy, (Du)y, (H(u))s)
0&;;

Jw
Djjw + 3 = B, + By,
i j=1

where

a~ Xa ) ) 18 hX’ ’ ’t
a(X,u, p,m) _ /wm . k=12 ..N,
dE;j 0 9&;;

Uy = UQX,0)> (Du)y = (DM)Q(XO,G)a (Hu)), = (H(M))Q(XO,U)v
B, =a(X,u, Du, H(u)) — a(XO, Uy, (Du),, H(u)),

5 — Z (8&(X0,ua,(Du)a, Hw) 9a(X° uo, (D), (H W”U))Diju,

& 0&;;

it results in Q(X°, 0), u = w + v, with v e W2(Q(X°, o), R") solution of the
linear system

i j=1

n a~ XO, o D o> H o 3
B a(X’, uy, (Du)y, (H(u)) )DUUJF Y — (X, u. Du).
0&;; o1

ij=1

For v the following inequality holds (see [1])

2
(3.5) / <||H<v>||2+ “a—” ) X <
0(X0 10 ot

a 2
< e f 1H )2 + U—” dX +
0(X%,0) ot

+c/ 16(X, u, Du)||*d X, V1 e(,1).
0(X%0)

(") g is the constant (> 2) that appears in Lemma 2.3.
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On the other hand, from (3.2) it follows

16X, u, D> < (| £ + llull* + | Du) ) <
< {1+ 1f1P + llul|® + | Du )"},

from which and by means of the Holder inequality we get

(3.6) / I6(X, u, Du)|*dX <
0(X%,0)

2
< C{Gn+2+0(n+2)(1_%) <f |f|pdx>p +
0
+/ (Il + 1 Dul®) dx | <
0(X%0)
<c {0("+2)(1_%) +/ (lul® + || Du ") dX} = cFu, X°, o).
0(X%0)

From (3.5) and (3.6) we deduce, taking account that T < 1

v 2
3.7) / ||H(v)||2+“— dX <
0(X0,70) ot
n _2 v |?
< et 21 v)/ ||H(v)||2+“—v dX + cFu, X°, o)
Q(XO,O') at

V1 €(0, 1), where ¢ does not depend on X°, o and .
Lemma 2.3 ensures that

d
ue wi <Q <X0, 70) , RN), Vge(2,9);

then it’s possible to apply Lemma 2.2 that gives us the inequality V1 € (0, 1)

2

n—2
||Du||q1dX] 2 (-3) P, X0, o)+

K

3 2
<||H<u>||2+ Ha—‘: ) dx,

Fu,X% to)<c [1 +f
o

(X%,0)

u
+c|l+ |H@@)|?+ || —
0(X%,5) at

'O_(n+2)(1—§)% /

0(X%0)
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from which, recalling that o < b it follows

G8)  Fu, X to) < i) Fu, x°, o) +
+ oo™ (1) o, X0, o),
V1 e (0, 1), where

ci(u) =c l—i—/ |Dul|? dX ,
ol 2)

ou q q(ﬂS*Z)
) =c l—l—/ <||H(u)||q—|— H— ) dX .
o(x0.%2) at

%

From the hypothesis p > n + 2 it follows easily that (n + 2) (1 — %) >
(n+2) (1 — %) %; inequalities (3.7) and (3.8) allow us to apply Lemma 1.1T of
the Chap. I in [2] and then to obtain Vt € (0, 1) and Ve € (0, (n+ 2)(1 — %—
% + %)] the inequality

8 2
(3.9) / IH )] + ”—” dx <
0(X0,70) at
n2)(1-2) —e v ||?
§cr( +2)(1 p) f LH)|? + H_U dx +
0(X0,0) ot

+cdu, X°, o) [r("“)(l—%)—f n G<n+2>(1—§)%] '
For w the following inequality holds

2
(3.10) / <||H<w>||2+ ”a—“’ ) dx <
0(X9.0) at

SC/ ||Bl||2dX+C/ IB2)I> dX.
0(X%,0) 0(X%,0)

Let us estimate the integrals in the right hand side of (3.10). From
hyphoteses (3.3)-(B), with the same technique used in [8], it follows

(3.11) / IBi[*dX <
0(x%,0)
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u 2
sc{/ | Hw)|* + H— dXx +
Q(XO,ZO') 8t
+o2(173) (f ||b||qu)" |
Q(XO,ZU)

1-2
[w(f (o—2+||u—u0||2+||Du—(Du>o||2>dX>] :
0(X%,0)

Now, in virtue of (3.2), one has

(3.12) (/ b1} dX)q < c{ (f 719 dX)q +
0(X9,20) 0(X9,20)
+<f ||u||5QdX)q+<f ||Du||ﬂ’qu)" }
0(X9,20) 0(X9,20)

On the other hand, since 2 < ¢ < min { P, gﬂﬂ % } , it results

(3.13) (/ |f|qu); <
0(X9,20)

2
< o (i75) (f IfI”dX) "< (o)
0(X°,20)

and

2
1_£
(3.14) </ P dx)q <¢ (/ lu) dX)qO o*r+2(i73) <
0(X9,20) 0(X9,20)
2

2 90
< Ca(n+2); (1 +f; ||Lt||q° dX) <
0(X9,20)
2
< CG("J'_Z)? <1 +7£ ||u||q° dX) <
0(X9,20)

2_
< ca("+2)(‘? 1) <0"+2 +/ flae ]| dX) .
0(X%,20)
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Similarly we obtain

2

(3.15) (/ | Du||P dX) ' <
0(X9,20)

2
< o (31) <o—"+2 +/ | Du|| dX) :
0(X9,20)

Thanks to (3.13), (3.14) and (3.15) , from (3.12) it follows

(/ ||b||qu)" <
Q(XO,ZU)

SCa(n+2)(§—1) |:G(n+2)(l—%) +0n+2+/

(lull® + | Du||®) dX]
0(X°,20)

and hence

2

(3.16) 5 2(1-3) </ ||b||qu) ' <
Q(XO,ZU)

<c |:G(n+2)(1—%) _|_/ (”M”tlo + ||DM||ql) dX] ,
0(X9,20)

where ¢ does not depend on X° and o.
Furthermore it results, taking into account (2.6) and (2.7) in [6]

f (0 + llu — us II* + 1| Du — (Du), ||*) dX <
0(X%0)

Z)dx} -

ad
<co"{o"? +/ | Du|*dX +/ I1H w)))* + H—M
0(X%,0) 0(X%,0) ot
2
q1
< co™" 0n+2 +0n+2 <7[ ||Du||q1 dX) +
0(X%,0)
du ||?
+/ <||H(u)||2+ ”— ) dx} <
0(X%,0) ot

0
<co™" 0"+2+/ | Dul|” dX+/ I H @)l + H_u
0(X%,0) 0(X9,0) ot

) dx} -



210 MARIA STELLA FANCIULLO

<co"®u, X°, 0),

from which, recalling that w is not decreasing, it follows

1-2
(3.17) [w(f (0—2+||u—uo||2+||Du—(Du>o||2)dX>] <
0(X%0)

< [w(co™"D(u, x°, 0))]1_3 )
Then (3.11), (3.16) and (3.17) ensure that

_2
(3.18) / 1By dX < c®(u, X°, 20) [ (co ™" D(u, X°,20))] 7.
0(X%,0)
Similarly we obtain

(3.19) / Byl dX <
0(X°.0)

1=2
ch)(u,XO,ZG)[w(]L ||H(u>—(H(u)>20||2dX)] :
Q(X°,2cr)

From (3.10), (3.18) and (3.19) it follows
2
) dX <

5 w
(3.20) / | Hw)|I” + a7
0(X,0) ?

< cd(u, X°, 20){ [a) (CO’_nCD(M, x°, 20))]1_§ +

-2
+ [a) <7L IIH(M)—(H(M))zallde)] }
0(X9,20)

Hence, for v we have inequality (3.9) and for w (3.20); since u = v + w
we obtain Vt € (0, 1) and Ve € (0, (n+2) (1 — % — % + %)]

5 au
CENI| 1H@WI+ | 5
Q(XO,‘L'(T) t

'{r("ﬂ)(l_%)_e + 0@(1_5) + [a) (co_"CID(u, x°, 20))]1_§ +

1=-2
+ [w <7L IIH(M)—(H(M))zaIIZdX)] }
0(X9,20)

2
) dX < c®(u, X°, 20)-
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From inequalities (3.21) and (3.8), it deduces Vt € (0, 1) and Ve €
2 2 4
(0. 2)(1-2-2+2)]

2(n+2) (1 _2

D, X°, 10) < cdu, X°, 20—){r(”+2)(1‘%)‘e +o 52 0-0) 4

2

+ [ (co "D, X°, 20))] 77 +

1-2
+[w<f ||H(M)—(H(M))2a||2dx>] }
Q(XO,ZU)

This last inequality is trivially true for t € [1, 2) too.

Then the lemma is proved. ([
Set
0= {X € Q:lim” IH (1) — (H@W))gx.o) > dY > 0}
o—0 0(X,0)
and
0, = {X eQ: lim(’)a_"¢(u, X,0)> 0} ,
it results
meas Q; =0

and

H(Q2) =0,

where #, is the n-dimensional Hausdorff measure with respect to the parabolic
metric d(X, Y).
Then
meas(Q; U Q,) =0.

Reasoning exactly as in Theorem 5.1 of [4] (see Lemma 4.2 in [8] too),

one has that, fixed € € (0,1 — 2£2), it is possible to associate to ever
» p y

X%e 0\ (Q U Q) acylinder Q(X°, Ryo) CC Q\ O, and a positive number
o, such that

d(u, Y, t0,) < cr("+2)(1_%)_2€d>(u, Y, 00),
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Yz e(0,1)and VY € Q(X°, Ryo), and then

Hw e L2 2(73) 240 (x0, Ryo), R7Y),

d _2)_
a_bttELz’("”)(l 2)2(0(X0, Ryo), RY),

Du e L2322 0 (x0, Ry), R™),

The partial Holder continuity of the vector Du is proved.

Theorem 3.1. If u € W2(Q, R") is a solution of system (3.1), if the hypotheses
(3.2) and (3.3) hold and if f € LP(Q), p > n + 2, then there exists a set Qy,
closed in Q, with

0,C Qo CO1UQs

such that
2
Duec®™(0\ 00, R™), Vo <1-17%
p
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