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CAUSAL (ANTICAUSAL) BESSEL DERIVATIVE
AND THE ULTRAHYPERBOLIC BESSEL OPERATOR

MANUEL AGUIRRE TELLEZ - RUBEN ALEJANDRO CERUTTI

Let B and BY be ultrahyperbolic Bessel operator causal (anticausal)
of the order o defined by B¢ f = Go(P +i0,m,n)* f, B f = Go(P —
i0,m,n) * f and let D& and DY be generalized causal (anticausal) Bessel
derivative of order o defined by D¢ f = G_(P —i0,m,n) x f, DY f =
G_q(P 4+ i0,m,n) % f. In this note we give a sense to several relations of
type:

B&(BLf) + BS(BL ),

DE(DY )+ DY(DEF),
o2 =Pl B(BL ) + e 2P BA(BY ),
e3@=Pmi pa(pf fy ye=3@=Pripa(ph r).

I.1. Introduction.

Lett = (t1, 12, .. ., t,) be a point of the n-dimensional Euclidean space R”
and let P = P(t) be a non degenerate quadratic form in n-variables of the form

. _ 42 2 2 2
G1.1) P=P)=1}+.. . +2—12 — - —12 .

where p + g = n.
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Let G,(P £ i0, m, n) be the causal (anticausal) distribution defined by

(;1.2) Guo(P £i0,m,n) = H,(m,n)(P + iO)%(%)K% (\/mZ(P + 10)),

where m is a positive real number, & a complex number, K, designates the
modified Bessel function of third kind

I_,(z) — 1,(2)

T
Kv ) = — N
@) 2 SInTv

; ( )_i (%)v+2m
V= m!'m+v+1)

m=0

and

_atn
1 2

(m2):(59)e5ai

H,(m,n) = N%F(O—‘)
2

’

(P % i0)* is the distribution defined by

(L;1.3) (P +£i0) = lim(P = ielt|*);
£—

where ¢ > 0, [t|> =t} +---+12; € C and P = P(¢) is the quadratic form
defined in (I;1.1) (cf. [7], p. 275).
The following formula is valid (cf. [11], p. 35)

4
120{
n

(1;1.4) FIGo(P £i0, m, n)] = —(m® + Q Fi0)"%,
(2m)?

where (m? + Q % i0)* is the distribution defined by
(I;1.5) (m*> + Q £i0) = 1in%(m2 + 0 tislt|);
e—

m is a positive real number, A € C and ¥ denotes the Fourier transform.
From [3], p. 566, we have,

(1;1.6) (m* + Q £i0)* = (m* + Q) + ™' (m* + Q)"
where

m>+ 0y if m*+0>0
I;1.7 2 A=
1D ™+ 0% {0 if m>+Q <0
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and

0 if m>4+0>0
;1.8 2 r = )
( ) (m”+ Q) {(—mZ—Q))‘ it m+0<0

From (I;1.6) and considering the formula

(I1;1.9) M1 —2) =

sin z7r
we have
(L 1.10) (m*+0)* = T (1 =1)@2ri)” ' [(m* + Q+i0)" —(m* + Q —i0)"]
and
(L;1.11) (m*+ Q); =TI —1Q@ri) ™"

[ m? + Q — i0) — e M (m* + Q +i0)*]

On the other hand, S.E. Trione ([11], p. 23, formula (I,3.6)) proves the
validity of multiplicative product:

(L;1.12) (m?> 4+ Q £i0)* - (m* + Q £i0)* = (m*> + Q +i0)***
for m > 0, where
(I1;1.13) m +Q=m+y+. Y yo — = Vo

and (m? + Q £ i0)” is defined by (I;1.5).
Let B® f be the ultrahyperbolic Bessel operator defined by the formula

(I;1.14) B°f=Guxf, fe€S,

(cf. [10], p. 75).
We consider an auxiliary weight function A,(P % i0, m, n) defined as
follows

1;1.15) Ag(P £i0,m, n) =

ei%qzl—”*T"‘(mZ)%(

r(%5%)

n+2~01 )

(P %i0)3" K use

(\/mZ(P i iO)),
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(cf. [6]), and

2 1 oo aie g _,]_ﬁ
I1;1.16) At m=1) = Y nz ‘e " Hdn,
(=) Jo

Ao(P £ 10, m, n) is the causal (anticausal) analogue of the weight function
introduced by Rubin (cf. [8]).

Let f be a function belong to S, S the Schwartz class of infinitely
differentiable functions on R” decreasing at infinity fasten than |x|~'. The
weighted difference of order £ of a function f at the point x, with interval ¢
and weight A, is defined by

14

1;1.17) (AL )= <£>(_1)kxa(k(1> +i0)) £ (x — kt).
k=0

Let the following causal hypersingular operator on weighted differences
defined by

(1;1.18) Ty Hx) =
4

— / P+ i0)—”*7“{ 3 <£>(—1)"Aa(k(P +i0) f(x — kz)}dz,

k=0

(ctf. [5], p. 72).
The following formula is valid (cf. [5])

(I;1.19) FITE f1E) = dy o(@)(m* + Q — i0): F[£1(8),
where

T3t T9 A (@)
20T (M) (% + 1) sin Z2

_)$rteidai—e g4
(Cemze L ohi@)  fora =24, ...

%+ D& da

fora £2,4,...
(1.20)  dyela) =

here +A,(a) is defined by

4
1;1.21) (o) = Z (i)(—l)"k"‘.
k=0
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For o # 1,3,5, ... we define the generalized causal Bessel derivative as
follows
1
(1;1.22) D¢ f(x) = ——(T f)(x)
‘ dne(@)
(ct. [5]).

Then in virtue of (I;1.11), we have

I1;1.23) FID® f1§) = (m* + Q — i0)2 FLf1(E).

We define (cf. [5]) the ultrahyperbolic causal Bessel operator by the for-
mula

I1;1.24) B f = Go(P +i0,m,n)* f
and the ultrahyperbolic anticausal Bessel operator as
1;1.25) BSf = Go(P —i0,m, n) * f.
The generalized anticausal Bessel operator is the anticausal analogue to

the define in (I;1.14), and in the same way we have the generalized anticausal
Bessel derivative

(1;1.26) DS f = ﬁ(rjf)(x).
We had prove (cf. [5]) that

1;1.27) DEBLf=f

and, analogously

1;1.28) DYBGf = f.

Also we had prove that (cf. [5])

(I;1.29) DEf =G _o(P —i0,m,n)* f.



350 MANUEL AGUIRRE TELLEZ - RUBEN ALEJANDRO CERUTTI

L.2. In this paragraph we will consignate some elementary properties of the
ultrahyperbolic causal Bessel kernel. We begin by observe that the distributional
function G, (P =+ i0, m, n) is the causal (anticausal) analogue of the kernel due
to A. Calderén and Aronszajn-Smith (cf. [4] and [2]) and share many properties
with the Bessel kernel, like the following:

a) for all @, B complex numbers

I;2.1) FlGy * Ggl = FIG,] - FIGg]
and
(1;2.2) Ga * Gﬂ, = Gaﬂg

(cf. [11], p. 37).

b)
1;2.3) G _(P £i0, m, n) = K*(8)
and when k =0
1;2.4) Go(P £i0,m,n) =8,

where K* designate the n-dimensional ultrahyperbolic Klein-Gordon operator
iterated k-times

82 82 82 82
(L;2.5) KF= S+t +m?t
o1 02 312, 012,

where m is a positive real number.

¢) The distributional functions G (P =+ i0, m, n) where n is an integer > 2;
k=1,2,...,are elementary causal (anticausal) solutions of the ultrahyperbolic
Klein-Gordon operator iterated £ times.

(1;2.6) KYGy) = 6.
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I.3. Along this paper we shall need the following Lemmas.

Lemma 1. Let A and 1 be complex numbers such that A, u and . + u # —k,
k=1,2,...; thenthe following formulae are valid

(L3.1) AT (M2 Q0 —i0) - (m* + Q +i0)Y* +
+ e T m? + 0 4 i0) - (m + Q — i0)* =
=[1—=Ck, WM™ m? + Q + i0)*+ +
+ [+ COL e 0™ (m? 4+ Q — 0y
and
(L;3.2) (m? 4+ Q +i0)* - (m* + Q — i0)* + (m* + Q — i0)*-
S(m* 4+ Q +i0) = [1+ Ch, wlm® + Q — 0y +
+[1 = Cn, w))(m? + Q + i0)Y T+,
where
1;3.3) C(A, n) =2isinAm - sin umwcsc(A + w)w =
_ 27T+ w1 — A — )
rora —Mre)rd — w)
and (m* + Q % i0)* is defined by (1;1.5).

Proof. Tt results from (I;1.10), (I;1.11) and considering the multiplicative
product (I;1.12) (see [11], p. 39).

In the next we will write

1;3.4) G¢ = Go(P +i0,m, n)
and
1;3.5) G% = Go(P —i0,m, n),

where G,(P £ i0, m, n) is defined by (I;1.2).
On the other hand, from [11], p. 37, we have

1;3.6) G_u(Pxi0,m,n)e O/C
and
1;3.7) Gyu(P£i0,m,n)eS forallaeC,

where O designates the space of rapidly decreasing distribution ([9], p. 244)
and S’ designates the dual of § and § is the Schwartz set of functions ([9],
p. 268).



352 MANUEL AGUIRRE TELLEZ - RUBEN ALEJANDRO CERUTTI

Lemma 2. Let o and B be complex numbers, then the following formula is
valid

(1,38) 617(“_’3)”i(G°/§ " Gg) + e—%(a—ﬂ)niG(é " Gi) _
a p _1 ot
i -

AN | o+
+[1+c( - > —5)]e2(“+5)”’G‘é

and

(1;3.9) G+ Gh+ G4+ Gy =
_ o BN\ ets [ P _ﬁ)] atp
_[1+C< 2’ 2)}GC +]1 C( 27 2 Ga

Proof. From (I;2.14) we conclude, by appealing to the theorem of Schwartz
(cf. [9], p. 268), that the following formula is valid

13.10)  FleX@PT(GY % GL) + e T PTG Gh)) =
= X PTIF(GY} - FIGL) + e 1P F(GEY - FGh)
and
@:3.11)  F(G% Gl + G% « G} = F{G%} - FIGLY + F{GL} - FIG").
Substituting (I;1.4) into (I;3.10) and (I;3.11) we have
(1;3.12) Fle?@ PTG« G + e 1 PTHGL x GF)) =
= 3@ P @DF L (02 1 Q 4i0) F(m? + Q — i0) F12m) " +
+ e BTt BF (12 L 0 —i0)75 . (m? + Q +i0) 7 ](27) "
and
(I;3.13) FIGS +GL+ GLxGh) =
= O [(m® + Q +i0)% - (m® + Q — i0)"T]Q2m) " +
+e“DE(m? 4+ Q —i0) F - (m® + 0 +i0) F12n) "
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Putting A = —% and u = —% in (I;3.1) and (I;3.2) and substituting in the right
hand member of (I;3.12) and (I;3.13) we have

13.14)  Flei@ PTG x Gh) + e 1@ PTG 5 Gh)) =

_ (2n)—,1e(a+ﬁ)”7i{<1 — C( — %, _g))e—%mw)m(mz L o4i0)y

+ (1 + C( - %, _é))e%(ol-i-ﬁ)ﬂi(mZ t0- iO)_#}

and ?
(1;3.15) FIGS + Gh+ G4+ Gh) =
= e 2 (14 o( =% -E))or + o -0 +
+(1-c(-3 —g))(m2 +0+i0) .

By substituting (I;1.4) in (I;3.14), (I;3.15) and taking into account the
uniqueness theorem of the Fourier transform, we conclude

3.16) &2 “PTGY % GY) + e PTG« G =

_ (1 _ C( _ ¢ _E))e—%(aw)mGTﬂ +

2" 2
& BN\ Laspymi patB
+(1+0(= 5. -5))et e
and
(1;3.17) G+ GL + Gex Gf =

- (s~ ) 1-c(-§ )i

which is the thesis of Lemma 2.

I1.1.

Theorem 1. Let «, B be complex numbers and let Bé (resp. B%) be the

ultrahyperbolic causal (anticausal) Bessel operator of order A of a function
f belong to S. Then

(II;1.1) B&(B: f)+ BY(BL ) =
_ o Blpap o Bipats
= [1+C(—5. =B f 4+ 11 = C=5. =B 1.
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Proof. It results from the definitions (I;1.16), (I;1.17) and from (I;3.9).

Theorem 2. Let o, B be complex numbers and let D;. (resp. D’;) be the
generalized causal (anticausal) Bessel derivative of order A of a function f
belong to S. Then

(I1;1.2) DE(DY f) + DY(DLf) =
. _g _é a+p _ _g _é a+p
=[14+C( 5 2)]Dc f+11—C( X 2)]DA f.

Proof. Tt results from (I;1.14), (I;1.16) and (1;3.9).

Theorem 3. Let o, B be complex numbers and let B} (resp B ) be the ultrahy-
perbolic causal (anticausal) Bessel operator of order A of a function [ belong
to S. Then the following formula is valid

(I1;1.3) 3@ P g (B f) 4 e~ 3@ Pmiga (Bl f) =
a .
— [1 _ C(_Ea _g)]e_%(c{—’_ﬂ)ﬂlBi-’_ﬂf +

o .
+[1+C(=7, —§>]e‘f<“+ﬂ>“83+ﬂ f.

Proof. (1I;1.3) it results from (I;1.16), (I;1.17) and (I;3.8).

Theorem 4. Let o, B be complex numbers and let D;. (resp. D’;) be the
generalized causal (anticausal) Bessel derivative of order A of a function f
belong to S. Then is valid

(I1;1.4) e%(“_ﬂ)”iDj(Dg f) + e—%(a—ﬂ)ng(Dﬁf) _
—1 - - B tespmipeet gy
2 2
i
2
Proof. (II;1.4) it results from (I;1.14), (I;1.18) and (I;3.8).

Otherwise we can observe that the following formulae are valid for o and
B complex numbers

(o4 i 1O
11+ Cm, —)le el .

(I1;1.5) DEBSf =D
(11;1.6) D! B%f=D"F.
(I;1.7) BLDf =BLCf.

(I1;1.8) B,D%f=B"Ff
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Theorem 5. Let o, B be complex numbers and let B(B%) be the ultrahyper-
bolic causal (anticausal) Bessel operator and let Dg(DZ) be the generalized
causal (anticausal) Bessel derivative of order | of a function f belong to S.
Then the following formula is valid

(I1;1.9) BA(D f) + BAUDL f) =
_ @ B pes @ B pap
=14+ C( 2,2))BC + (1 —C( 2,2))BA )

Proof. (11;1.9) results from (I;1.16), (I;1.17) and (I;2.8).

Theorem 6. Let ., B be complex numbers and let BE(BY) be the ultrahyper-
bolic causal (anticausal) Bessel operator of order ) and let Dg (resp DZ ) be
the generalized causal (anticausal) Bessel derivative of order u of a function f
belong to S. Then is valid

(I1;1.10) DE(BE f)+ DY(BL f) =
_ @ By pett _ . By pere
=1+ C5. =D f+ (= C5. =N f.

Proof. From (I;1.14), (I;1.15) and (I;2.13) it results (II;1.10).
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