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SOME EXTREMAL PROPERTIES OF
GENERALIZED TCHEBYSHEV POLYNOMIALS

JM. ALMIRA - FE. PEREZ ACOSTA

In this note we prove several extremal properties of the Generalized
Tchebychev Polynomials {7}, x(z)} respect to the minimax serie S Ky =

o
> Eg(f)x,where K C C is compact and Es(f)x = }gml? If — Plloo.k-
s=0 ell,

1. Introduction.

Let K C C be a compact set containing infinitely many points and
suppose that C — K is connected. Then Mergelyan’s theorem implies that
limg_, o, Es(f)x = 0 for all f holomorphic in the interior of K and continuous
in K. We consider the space of functions for which the minimax serie SX(f) =
Z?io E(f)x is finite. We must be careful with interpretations of this serie
as a measure of the kindness of f to be approximated by polynomials. For
example, setting K = [0, 2], we have S!*?l(ax) = |a| and S1*?l(x") > 27!
although it is clear that polynomials are the best functions to be approximated
by polynomials. In this note, we are interested in bounds of SX(P,) for certain
sequences of polynomials { P, = ag, 2" +. . .+ap}. Our bounds will depend on n
and ag, . In particular, the generalized Tchebychev polynomials will be extremal
respect to the minimax serie SX as they are respect to the Tchebychev’s norm

Moo,k -
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o0
The minimax serie S(f) = Y E,(f)[-1.1; appears in the theory of equiv-
n=0
alent norms on the Besov spaces B [—1, 1] for the case p = 00,9 =1 = «

(cf. [3]). It is fairly possible to consider several classes of function spaces de-
fined via variations of minimax series, such as SKq ®, )(f) = {Z b,E,, p(f)q }q

(where E, ,(f)x denotes the error of approximation to f by algebralc polyno-
mials in L, norm). We call all these spaces “Generalized Besov spaces” (see
[1] for a reference).

2. Main results.

The generalized Tchebychev polynomials over K are defined as the monic
polynomials 7, ¢ which satisfx the formula (|7, koo, x = En—1(2")x. We will
Tn,K

T,k |l

Theorem 2.1. /) SK(f,,,K) = nlli,,Klloo,K < SK(I?)for all P monic of degree
n.
2) SX(T,.x)=n > SK(P) forall P €1, such that | P|c.x = 1.

Proof. Lets <n— 1. Then

also use the formula T, ¢ =

ITokllook = Es(Tn.)k = En-1(Ty )k = En1Zk = I Tnk loo.k

so that SX (T,, k)= n||T,, k|l Let P be monlc of degree n.
Then nE, 1(P)x < SX(P). But E, 1(P)x = E,1(z)k = ||TnK||ooK and
the first assertion follows.

K S¥(T.x) . .
On the other hand, S* (T}, x) = —=———— = n and, if P € II, satisty
”Tn,K”oo,K
| Plloo,x = 1, then S¥(P) < nEo(P)kx < n||Pllos,x = n. U

Let G C C be a bounded domain andset K = G. Let w : G — R* be a
weight function and set L2 (G) = {f € H(G) : [ | f(2)[*w(z)dz < co}. We
denote by P,(w) = y,(w)z" + -- - the n-th orthonormal polynomial respect
to w with y,(w) > 0, by P,(w) = oa,(w)z" + ... the n-th orthogonal
polynomial respect to w normalized by || Py(w)|lco.x = 1, ap(w) > 0 and
by uo(w) = f fG w(z)dz the O-moment respect to w. For several choices
of K the Tchebychev polynomials 7, x are orthogonal which respect to some
measure on K or in its boundary 0 K so that in this context the above theorem
can be seen as a result on extremality of Tchebychev polynomials between the
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systems of orthogonal monic polynomials (orthogonal polynomials normalized
by || Pllc.x = 1, respectively). But then it is natural to ask if orthonormal
Tchebychev polynomials are also extremal respect to the minimax serie.

Theorem 2.2. With the notation above introduced, let wy, wy : G — R* be
two weight functions. Then the following bounds holds:

O‘n(wl) —%

1) a0 (wy) < S¥(P,(wy)),
Ya(w1) -1 K5 Ya(wr)
2) n o (W) =S (Pa(wy)) < ot

Proof. Let w, : G — RY be a weight function and denote by EP(w, f) the
best approximation error of f by polynomials of degree at most s in L2 (G) (i.e.

1
E@w, ) = mingen, { [[,; 1£(2) — p@)IPw(z)dz}?). Then
1
EPw, f) < Es(f)k1ud (w)
so that, setting w = w; and f = P,(w;), we have
_1

npty > (W)EY | (w2, Pu(wy)) < nE,_i(Pu(wy)) < S¥(Pa(wy)).

An algebraic manipulation proves that

_ Oln(U)1)
Vu(w2)

ED? (w2, Py(w1)) = au(w)ED (w2, 2")

and the first assertion follows. The same argument proves

Vu(w1)
n
Vn(Ww2)

l/«g%(wz) < SK(P.(w)).

On the other hand, using Theorem 2.1 it is clear that

Va(w1)
Oln(U)]) '

Va(wi)
Oln(wl)

O

SE(Pu(wy)) = SE(Pu(wy)) <n

Corollary 2.3. Set K = [—1, 1] and let w be a weight function on [—1, 1].
Then

_ _1
SEVI(P,(w)) = npy * (w) = O(n).
Furthermore,
[-1,1]7 2
ST, = ;n = 0O(n).
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Proof. Take w; = wy = w in Theorem 2.2. For the second claim it is enough
to observe that 7, = 2T,. O

Corollary 2.4.

a,(wy) -1
Va(w2) Mo (w) < 1.

Proof. By Theorems 2.1, 2.2 it is clear that

?’ZEE;M‘;%(M) < sK(P,w)) <n. O
Corollary 2.5.
P 1
s* (P,,(w)) <n '
min [f |P(2)2w(z)dz

IPllgo, k =1
dP=n

Proof. Orthonormality of {Fn(wl)}?,io implies

2
| = / / |Fn(w1>(z>|2w1<z)dz=[V”(“”)] f f | Pa(w)(@)P w1 (2) dz.
G o, (wy) G

yn(wl) II# ‘(LOOP;K,’:] G < Z

and the proof follows. U

In the case K = [—1, 1], the Christoffel functions

n—1 . 1
i, ) = | 3 [P(w, 1)
k=0
satisfy the formula
2.1 A(w,x) = min P@@)Pw(z)dz.
2.1) (w.x)=, min /[-1,1]' @Pw()dz

We may use this formula to prove the following corollary
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Corollary 2.6. Set K = [—1, 1]. Then
— 1
SERIP,(w)) < nlldpsr (w, X)) &.

Proof. The Christoffel functions satisfy the formula

A(w,x) = min |P(2)*w(z)dz <
P(x)=1,8P=n [_1’1]

<  min f |P(D)*w(z)dz.
HPHoo,[fl,]]:] [_1 1]
dP=n ’

The corollary follows applying the Corollary 2.5. ([

The class of weight functions w(x) for which [, (w, x)]”! = O(1)
uniformly in [—1, 1] is of particular interest in Approximation Theory because
of a theorem of G. Freud which states that for all these weights the Fourier
expansions in orthogonal polynomials converge uniformly in [—1, 1] to all
continuous functions, and it has been studied by many authors (see [8] for a
survey on this and other related subjects). For this class we obtain the following
corollary

Corollary 2.7. Set K = [—1, 1] and suppose that [nkntl(w, O = o)
uniformly in [—1, 1]. Then O(n) < SVU(P,(w)) < O(n?).

Proof. 1t follows from Corollary 2.6. (]

3. Final remarks.

One other possibility to define “generalized Besov spaces” is as follows
(see [7] for a reference). Let (X, || ||) be a Banach space, let {X,}52, be a
sequence of subspaces of X satisfying0 = Xo C X; C ...andlet 8 = {b,}'2,
be a sequence of positive numbers. Let f € X and denote by EX(f) the
best approximation error of f approximating with elements of X,. Then the
corresponding generalized Besov spaces are defined by

Xp={f€X 1 flxr = IHbaEy (Nliollg < 00}, 1 =g < o0.

In what follows we assume that [T C X and X,, = I, for all n. Generalized
Tchebychev polynomials also admits another definition. We say that Tx(z) €
I1, is a generalized Tchebychev polynomial of degree n if 8TX (zr) =n, TX ()
is monic and ||TX @l = EX 1(2"). With all these notations, Theorem 2.1 can
be generalized as follows.
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Theorem 3.1. ,
NX ~
T, (2) = T,) (2).

Proof. Lets <n — 1. Then
ITX@I = EX(TX(2) = EX,(TX(@) = EX ,(2) = ITX @)

Hence ||f,,x(z)|| =EX (fnx(z)) foralls <n —1 and

n—1

1T @l = [sz} 17X @I

s=0

Let P(z) be monic of degree n. Then EX(P(z)) > EX (P(z)) =
EX (z") = ITX ()| foralls <n — 1. Hence

1
q
|

n—1 q n—1
1Py = {szEf(F(z))q] > [sz} LY@ = 1T\ @l
s=0 s=0
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