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NECESSARY AND SUFFICIENT CONDITIONS
FOR HOLDER CONTINUITY OF SOLUTIONS
OF DEGENERATE SCHRODINGER OPERATORS

CARMELA VITANZA - PIETRO ZAMBONI

In this paper it is studied the Holder-continuity of solutions of a linear
degenerate elliptic equation of the form

n
(*) — Z(Clijux,»)x, + Vu =0.
i,j=1

It is proved that the solutions of (x) are Holder-continuous if the coefficient V
belongs to an appropriate “degenerate” Morrey space. Under some additional
assumptions on the weight giving the degeneracy, the previous condition is
also necessary.

1. Introduction.

In recent years many Authors studied local regularity of solutions of the
linear elliptic equation

n

(1.1) Lu == (ayjuy)y, = —Vu

ij=1

Entrato in Redazione il 9 ottobre 1997.
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assuming on the potential V more general hypotheses than the “classical” L?
ones (see [1], [2], [11], [4] and, in the quasilinear case, [10], [9] and [12]).
All these papers do not deal with degenerate equations. For the degenerate
equations the only result known is given by C. Gutierrez in his paper [8].
There he studies the degenerate elliptic equation (1.1), with the weight w
giving the degeneracy belonging to A,, assuming % belonging to the class
S (see Definition 2.8), that is the natural extension to the degenerate case of
the Stummel-Kato class (see [1], [2] and [11]). In [8] Gutierrez, following
very closely the technique developed in [2], proves a Harnack’s inequality for
the positive solutions of the degenerate equation (1.1). We notice that in [8]
Gutierrez also claims that, under the same assumptions on % the continuity of
the solutions can be obtained. We give a proof of that in Theorem 3.1 of Section
3.

Our purpose in this note is to extend to the degenerate case some of
the results of the papers [4] and [11], where holder continuity of solutions of
(1.1) is proved under the assumption that V belongs to the Morrey space L'*,
A>n-—2.

We consider the equation (1.1) where the coefficients a;;(x) are measurable
functions such that

(1.2) a;j(x) = aji(x), i,j=12,...,n,
and
(1.3) Fv >0 wIEP < Y ay(0EE <

ij=1
< vw®)|£]* a.e.xeR", VEeR",

with the weight w belonging to the A, class.

The first problem one has to face is to understand what a “degenerate”
Morrey space is. We introduce two such notions of degenerate Morrey space,
M, (w) and L'*(w) (see Definition 2.9 and Definition 2.10). Both give back,
in the nondegenerate case, the “classical” Morrey space L'-*; in particular for
e =0 > 0 wehave L"¢(1) = M,(1) = L""2*¢ as we prove in Remark 2.15.

In Theorem 3.2, assuming % € M,(w), we prove holder-continuity of
solutions of the degenerate elliptic equation (1.1), extending the results in [4]
and [11]. The space L'#(w) in turn gives some interesting necessary conditions
for holder-continuity of solutions of (1.1), as we show in Section 4. We know
that in general these two spaces are different even if they are the same in many

non trivial situations (see Proposition 2.13 and Example 2.15).



NECESSARY AND SUFFICIENT CONDITIONS. .. 395

2. Function spaces and preliminary results.

Let p > 1, a function w : R” —]0, 4+o00[, such that w(x) and [w(x)]_ﬁ

belong to L}, .(R"), is said an A, weight if and only if
1 1 o\
(2.1) sup / w(x)dx / [wx)] 77T dx = Cy < +00,
B, \IB:| /B, |B-| Jg,

where B, (') is a ball in R"; Cj is said the A, constant of w.
We now recall some results about A, weights (see [3] and [7] for the
proof).

Lemma 2.1. Let w(x) be an A, weight, p € 11, +o0[, set w(B,) = fBr w(x)dx,
then

a) there exists a constant Cy > 1 such that
w(B(x, 2r)) < Cqw(B(x,r));
b) there exists a positive constant K < 1 such that
w(B(x,r)) < Kw(B(x, 2r));

c) for any bounded subset 2 of R" there exists a positive constant C =
C(w, ) such that

|B,|” < Cw(B,),
for any ball B, contained in 2.

Let Q2 be an open bounded set in R”. Because of the local character of our
results it is sufficient to assume 2 = B(0, R).

Let w(x) be an A, weight. We give the definitions of the spaces L” (€2, w),
H"7(Q, w), HEP(Q, w), Hy"(2, w), H"P(Q, w), p € [1, +oo[ (see also
[5D.

LP(R2, w) is the space of measurable u in €2, such that

lullLr@,w = </ Iu(x)l”w(x)dx) " < foo.
Q

(") In this paper we will write B(x, r) to denote the ball centered at x with radius .
Whenever x is not relevant we will write B, .
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Lip (Q) denotes the class of Lipschitz functions in Q. Lip, () denotes
the class of functions ¢ € Lip (€2) with compact support contained in €2. If ¢
belongs to Lip (£2) we can define the norm

n
(2.2) DMk r,w) == I@llLr,w + Z P2 | Lo, w)-

i=1

H'P(Q, w) denotes the closure of Lip () under the norm (2.2). We say
that u € H,""(Q, w) if u € H'“P(Q', w) for every Q' CC Q.

loc

HO1 "P(Q, w) denotes the closure of Lip, (€2) under the norm (2.2).
, 1 1
H~'P(Q, w) is the dual space of HOI”’(Q, w), where — + — = 1.
p p
fi

We have T € H‘l’l’/(Q,w) if3f; : — € L"/(Q,w), i =1,2,...,n, with
w

T = i(ﬁ»,

Let T € H™"2(Q2, w). We say that u € H,*(Q2, w) is a local weak solution
of the equation
Lu=T

if
(2.3) > / aijuy Yy, dx =< T, > Vi € CR(Q).
— Ja
i,j=1
We now recall some results which we will use in the following.

Theorem 2.2 (see [6], Theorem 2.3.12). Let u be a local solution of Lu =0 in
Q. Then u is locally Holder continuous in 2. More precisely, there exist M > 0
and 0 < a < 1, depending only on the A, constant, such that if xy € Q2 and
B(xo,r) CC Q, then

1 2 2 0 o
2.4) sup |u(x) —u(xp)| <M <m B(xmr)u wdx) (7) s

l[x—xo|<p
forp <r.

Theorem 2.3 (see [6], Theorem 2.3.8). Let u be a positive local solution of
Lu =0 in Q. Then there exists a constant M > 1 such that

(2.5) maxu < M minu,
B B

for each ball B = B(x, r) such that B(x, 2r) C Q.



NECESSARY AND SUFFICIENT CONDITIONS. .. 397

We now define a different class of solutions. Let . be a bounded variation
measure in Q. We say that u € L'(Q, w) is a very weak solution vanishing on
2<2 of the equation

(2.6) Lu=pu

if
/M(X)Lllf(X)dX=/ Y(x)dp
Q Q

for every ¥ € Hy*(2, w) N C°(2) such that Ly € CO(Q2). We observe that the
class of test functions is not empty by Theorem 2.3.15 in [6].

Remark 2.4. For any bounded variation measure p in €2, there exists a unique
very weak solution # of Lu = p in Q such that u = 0 on dQ (see [5],
Proposition 2.1). Moreover it is no difficult to show that if u € Hol’z(Q, w)
is a weak solution of the equation Lu = u, i.e.

> /Q aijitg, Yy, dx = fQ Yy(x)dp Vi e C(Q)

ij=1
then u is a very weak solution of the same equation.

Let y € Q2. Denote by gq(x, y) the very weak solution vanishing on 92 of
the equation
Lu =y,

where 6, is the Dirac mass at y. We call it the Green’s function relative to the
operator L in €.
We now recall some results, concerning the Green’s function, proved in

[5].

Theorem 2.5 (see [5], Proposition 2.4). Let B, € Q2 be a ball and gp (x, y) be
the Green’s function of L in B,, then gp.(., y) € H"*(B, \ B(y, €), w) for any
e > 0.

Theorem 2.6 (see [5], Lemma 2.7). Let B, € Q be a ball and gp.(x,y) be the
Green’s function of L in B,, then

u(x) = /B gs.(x, y)du(y)

is the very weak solution vanishing on 0 B, of (2.6) in B,.
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Denoting by gp(0,4r) the Green’s function in B(0, 4R) we have the follow-
ing result

Theorem 2.7. Let x, y € B(xg,r) C Q. Then there exist two positive constants
Cy and C;, independent of x and y, such that

&B(x,4r) (X, Y)

2.7) C < < Cy.

f4r 52 ds

[x—=y| w(B(x,s)) s
Moreover

(2.8) g = 8o = &B(0,4R)

forany Q" C Q' C B(0,4R).

Proof. For (2.7) see Theorem 3.3 in [5]. (2.8) follows by maximum principle.
O

Remark 2.8. There is C; > 0, independent from x, p; and p,, with0 < p; <
02, such that

(2.9) /de—s zclp—lz.
o W(B(x,s)) s w(B(x, p1))

1
Moreover if K < 7 where K is the constant in Lemma 2.1b, there is

C; > 0, independent from x, p; and p,, such that

2 2 2
(2.10) /,, _ S b,
o W(B(x,s)) s w(B(x, p1))

Indeed if N be a positive nonnegative integer number such that

2Yp1 < pp <2V py,

/02 s2 d_s </2p1 s2 d_s
o WBH,s) s —J, wBx,s)) s

N+1

N /zk”l 52 ds /"’2 52 ds /zk"" 52 ds
e e e M
= Jaip, w(B(x,s)) s o W(B(x,s)) s = Jop, w(B(x,s)) s

then we have

if N =0, and

if N > 1.
By a) and b) of Lemma 2.1 we have the conclusion.
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We now define some function spaces.
Definition 2.9 (see [8]). Let n(r) be a nondecreasing function defined in
10, 4+o0[ such that 1ir1(1) n(r) = 0. We set

S(Q,w)={Vel(Q w):
4R 2

s ds
Vv _ d .
)chg —/{yeQ:x—y<r} | (y)l [x—y]| 'LU(B(X, S)) N w(y) Y = n(r)}

Definition 2.10 (see [11]). Leto >0, C >0and0 <r < 2R. We set
M,(Q, w) ={VeL(Q,w):
4R 52 ds

SUP/ [V(yl —_——
xeQ J{yeQ: |x—y|<r} [x—y]| 'LU(B()C, S)) N

Definition 2.11. Let ¢ € R. We set

w(y)dy < Cr°}.

L"(Q,w)={VelL\(Q,w):

r2—¢
Vilie = sup ———=
’ XEQR w(B(x,r)) {yeQ:|x—y|<r}

O0<r<2

[V)lw(y)dy < +o0}.

Remark 2.12. We note that in the nondegenerate case, i.e. w = 1, S(Q2, w) is
the Kato-Stummel class (see [1] and [2]), M, (2, w) and L'4(Q2, w) coincide
with the classical Morrey space L'* for some opportune A (see [4] and [12]);
in particular for 0 = ¢ > 0 we obtain L'* with A = n — 2 + & (see Remark
2.15).
Remark 2.13. If 2 < ¢ then L"4(Q, w) = {0}, indeed
1
— IV)lw)dy < [IVI|er".
w(B(x,r)) {yeQ:|x—y|<r} ‘

If ¢ <2 —2nthen L'¥(Q, w) = LY(Q, w), indeed by Lemma 2.1c

r2—s

- v 4
w(B(x, 1)) {yeQ:\x—y\<r}| Mlwy)dy =

<Cr¥e / [V)lw(y)dy.
{yeQ:|x—y|<r}
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We wish now to compare the spaces introduced above.

Proposition 2.14. We have

i) My(2, wW)CSS(2, w);
ii) My(Q2, w)TL"(Q, w), o >0;

1
iii) L"(Q, W) CM(Q,w), ¢ >0, if K < 7 where K is the constant in
Lemma 2.1b.

Proof. 1) is trivial; we prove ii) and iii). Let Ve M,(Q2,w),0 < r < 2R
using (2.9), we have

/ [V)lw(y)dy=<
{yeQ: lx—yl<r}

4R 52 ds\ ! 4R §2 ds
= 5 4 — dy <
B («fr 'LU(B()C, S)) s ) /{yeQ: \x—y\<r}| (y)l lx—y| 'LU(B(.X', s)) Ky U)(y) Y=

4R 52 ds\ "'
<C </ ——) r° <Cw(B(x, r)r’ 2,
r o w(B(x,s)) s

and that proves ii).
Let Ve LM4(Q, w), 0 < r < 2R, we have

/ vor [ — %
- _
{yeQ:|x—y|<r} Y =y w(B(x,s)) s y)ay
+00 iR s2 ds
k=0 7 €@ g shyi<op) w—y W(B(x,5)) s
+o00 4R 5
S ds/
: w(B(x,s)) s [VW)lw(y)dy <
kg(;/# w(B(x,5)) s {yeQ:lx—yl<x} g ey
+oo 4R 5
S ds ror
< - B , — 2 o\e2 1% ..
— g/;k’T u)(B(x’s)) s w( (x 21())(2]() || ||l,

By (2.10) we have

o per 52 ds r T oen .
/r MTII)(B(X’?"))(Z_") <Cr°®,

pEa)

k=0

and the conclusion is obtained. O
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Remark 2.15. It is trivial that, if n > 2, Mu(Q,1) = L'$(Q,1) =
L''"=2+¢(Q), showing that both M,(2, w) and L'¢(2, w) are generalizations
of Ll’n_2+€(Q),

The following example shows that for some weight w € A, there exists
e > 0 such that M,(Q, w) ¢ L'5(Q, w).

Example 2.16. Let @ = B(0,1),0 < 0 < ¢ < 2, w(y) = |y|°™" and
V(y) = xa(y), where xq(y) is the characteristic function of Q. We claim
that V(y) ¢ M.(2, w) while V(y) € L"¥(Q, w).

We have

r_S/ V(y) 4Ld—sw( )dy =
lyl<r g iyl w(B(,5)) s yer=

o
=T [ ey =
(2 - 0—)a)n lyl<r

o e 42—oyp0 r?
= r—° - —.
2—o0 o 2

Since the last term is unbounded in ]0, 1[, we conclude that V (y) ¢ M.(2, w).
Consider the function

2—¢

r
Y(r, x) = m ol [Vi)lw(y)dy =

Jxoyier X2OIYI7 " dy
Jxoyier V17 dy

— r2—s

with x € Q and r € ]0,2[. It is trivial that there exists M > 0 such that
Y (r, x) < M for every (x,r) € 2x]0, 2[, thatis V(y) € L'¥(Q, w).

3. Continuity and Holder-continuity of local solutions.

We begin this section proving the continuity of solutions of the elliptic
equation

3.1 Lu+Vu=0

such that (1.2) and (1.3) hold and % € S(2, w).
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We will say that u € H,>*(Q2, w) is a local weak solution of the equation
(3.1)if

(3.2) Z/Qaijux,«/ij dx+/9vbu//dx=0 Vi € C(Q).

i,j=1

(3.2) is meaningful by Lemma 3.3 in [8].

The continuity result is only stated in [8]. We give a proof much in the line
of the analogous theorem in [2], because a slight modification of the proof will
give our main result: Theorem 3.2.

Theorem 3.1. Let u be a local weak solution of (3.1) in Q. If % € S(2, w),
then there exist positive numbers «, ro and C, independent of u, such that for
any ball B(xg, r), with B(xg, 16r) C 2,0 <r < %0 and any x € B(xg, r) we

have

(3.3) IMM—M%N§C<prO@x—mﬁF%Qﬂ+

B(xy,4r)

+ = xol "+ = ol + = xoD) .

Proof. Let u be a local weak solution of (3.1), i.e. u € H,L’CZ(Q, w) such that
(3.2) holds.
From Theorem 3.8 in [8] u is locally bounded in Q2. More precisely there

. .. . . T
exist two positive constant g and C, independent of u such that if r < go then

sup |u| <C <; Iu(x)lzw(x)dx)i .

B(x0,4r) w(B(xo, 8r)) B(xo,8r)

Let ¢ € C;°(2) be suchthat 0 < ¢ < 11in 2, ¢ = 1 in B(xo, %r), $»=0
outside B(xo, 2r), |[V@| < ¢, where 0 < r < %0,

By (3.2) we have

n

> / aij(ue)y, ¥y, dx = —/ Vuy¢dx +
B(xo,2r)

ij=1 B(xo,2r)
n n
+ E / a;jugy, lﬁxj dx — E / aijux,,d)xjwdx,
l,j:l B(x,2r) l,]:l B(xo,2r)
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i.e. u¢ is a weak solution (hence a very weak solution) of

n n
Lv=—Vup — Y aju,dy — Y (@ijudy,)s,
ij=1 ij=1
in B(xq, 2r).
Hence by Theorem 2.5 we have

u(x)p(x) = —/ go(x, IV u(y)p(y)dy —

B(xp,2r)

- /B 20(x, Y)ai(¥)ity, (¥)y, (y) dy —

i,j=1 (x0,2r)

n

-3 / go(x, Ylaii(u)gy,(M]y, dy,
B(xp,2r)

ij=1

where go(x, y) is the Green’s function of L in B(xg, 2r).
Then for every x € B(xg, r) we have

u(x) — u(xo) = —/ V(»u(y)e(y)lgolx, y) — golxo, y)1dy —

B(xo,2r)

n

=30 [ a0 = oo a0, ()6, ) dy +
i, j=1 B(xp,2r)

+ Z / {[go(x, M)y, — [8o(x0, Y)]y, }ai;(Mu(y)dy,(y)dy =
B(x,2r)

ij=1
=—-1—-1I+1II

We begin by estimating /7. From (2.4), (2.5), (2.7) and (2.8) we have that
if y € B(xo. 2r)\B(xo. 3r)

| ( ) ( )l < Cl |(x —a /4r s2 ds
8o(X, y) — 8olXxo, y)| = C|x — Xo|"F - - @

%0 =yl w(B(xg, s)) s
and then by Lemma 3.2 in [8] and our Lemma 2.1 - a) we obtain

4r 2
d
(3.4) |11|scrl|x—xo|“r—“/ — —s/ \Vulw(y)dy <
r w(B(xg,s)) s B(x,2r)
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1

1 5 2
[Vul"w(y)dy | <

< Clx _xololr—OH-l <—
w(B(x0,7)) JBx,.2r)

< Clx —xo|*r™% sup |ul.
B(xg,4r)

We now estimate ///. From the Caccioppoli inequality we have
1

c ) :
< & f uPwiydy) -
r B(x0,2r)

: ( f > llgotx, )]y, — [go(xo, y)]yi|2w(y>dy) <
B

(x0,2)\B(x0,31) i

1
C 2
5—2<f |u|2w<y>dy) -
r B(x0,2r)

. (/ [[go(x, ¥)] — [go(xo, y)]lzw(y)dy)
B(xo,3r)\B(xq,37)

Proceeding as before we have

C _ o 4r 2 d
(3.5) 11 < STl f > @
rz  re . w(B(xg,s)) s
(/ |u|2w<y)dy) wHBGo. ) < 220 G
B(x0,2r) r B(xo,4r)

Finally to bound / we note that
I < / V)l u)IoDIIgo(x, ¥) — golxo, W) dy+
{yeB(x0,2r) : [xo—y|>Nlx—xo}

+ / [V Hu)d()IIgo(x, ¥) — golxo, )| dy
{y€B(x0,2r): [xo—y|<N|x—xo [}

where N > 1 will be determined later.
By (2.4), (2.5), (2.7) and (2.8) we have

1| <CN™* V) uIoM)I -

{yeB(xp,2r) : |xo—y|>N|x—xo|}
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4r 2
S ds
A

‘)C()—y‘ w(B(xo’ s)) N

4r SZ dS
+C IV(y)IIu(y)Ild)(y)I( ——— +

(yEB(x0,20): ¥~y <N|x—xo |} w—y) W(B(x,8)) s

4r SZ ds
.
o—y| W(B(x0,58)) s ) Y

4R 2
— s ds
<CN™™ sup |u [V(y)l —————dy+
B(xy,2r) B(xo,2r) o—y| W(B(X0,5)) s
4R 2
Ry ds
+C sup |u|(/ vol [ ———Zay+
B(xp,2r) {yeB(x0,2r) : [x—y| <(N+D)lx—xo ) w—y) W(B(x,8)) s
4R 52 ds
+f Vol [ ==y
{yEB(x0,20): ¥~y <Nlx—x0 |} vo—y| W(B (X0, 5)) s
, 3
Choosing N = < ) we obtain
|x — xol
X — X %
(3.6) 1] <C sup |u|[<' 0') n2r)+
B(xo,2r) r

1 1 1 i
1 (r¥1x = xol® + v = xol) + (¥l = xol?) |.
(3.4), (3.5) and (3.6) give the desired conclusion. U

By the inclusion M, (€2, w) € S(2, w) and Theorem 3.1 we obtain the
following Holder-continuity result for the local solutions of Lu + Vu = 0 that
extends to the degenerate case the analogous result contained in [4] and [11].

Theorem 3.2. In the same hypotheses of Theorem 3.1, assuming % eM, (22, w),
u is locally Holder-continuous in 2.

4. Necessary condition for holder-continuity of solutions.

Let Ve L'(R), V < 0, we wish to point out that, in order that positive
local weak solutions of the equation

“4.1) Lu+Vu=0

be Holder-continuous, it is necessary that % e L14(Q, w) with e > 0.
We begin to prove the following lemma
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Lemma 4.1. Let V € LY(Q) and let u € C**(Q), a € 10, 1[, be a local weak
solution of equation (4.1). Then, for any ball B(xy, r) such that B(xy, 2r) CC
Q, we have

/ [Vul>wdx < C <r°‘/ |V |u| dx + w(B(xo, r))rZ“—z) )
B(xg,r) B(xp,2r)

Proof. Let n(x) € C§°(B(xo, 2r)) be such that n(x) = 1 in B(xo,7), 0 <

2
n(x) <1, |Vn| < —. Considering the test function
r

P(x) = n*(0)[u(x) — ua 1,
1

where u;, = ——— u dx, we have
| B(xo, 2r)| B(x0,2r)

n
> f gt (201 (u —u2,) +0uy, ] dx + f Vun*(u—uz)dx = 0.
i, j=1 B(xp,2r) B(xp,2r)

Using the ellipticity hypothesis we obtain

v_lf |Vu|2772wdx <
B(xp,2r)

n

522/ |al~juxinnx,[u—u2r]|dx+f |Vun®[u — us ]| dx
B(x,2r)

B(xp,2r)

IA

ij=1

§ZV/ |VM||V77|77|M_M2r|de+/ |V |ul n*lu — up | dx <
B(x,2r) B(xp,2r)
2.2 1 2 2
<ev |Vul"n“wdx + —v IVn|“|lu — uy |“w dx +
B(x0,2r) € JB(x.,2r)

+f |V ul n*|lu — u | dx,
B(xp,2r)

for any ¢ > 0.

Fixing ¢ = — we have
4v

f IVul*>n*wdx <
B(xo,2r)

SC{/ IVnIZIu—uzrlzwder/ IVIIuInZIu—uerdX}
B(xp,2r) B(xp,2r)

and the thesis follows because u was assumed to be in C%%(Q). U

We prove now the desired result



NECESSARY AND SUFFICIENT CONDITIONS. .. 407

Theorem 4.2. Let V < 0, V € L'(Q) and let u € C®%(Q) be, with « €10, 1],
a local weak solution of equation (4.1), such that | < u, where | is a positive
constant. Then % e L'(Q, w).

Proof. Let B(xq, r) be such that B(xp, 4r) CC 2 and n(x) € C§°(2) be such

2
that n(x) = 1in B(xp,7),0 < n(x) = 1, [Vp| < -.
r
We have, using the inequality

0 <2ab <er ®a®>+ ¢ 'r%?, Ve>0,

n

/ [Viudx < Z/ iUy My, dx <
B(xop,r) i, j=1 B(xp,2r)

<C(,n) {er_“/ |Vul*w dx —I—e_lr“f |Vn|2wdx}.
B(xp,2r) B(xp,2r)

By Lemma 4.1 and Lemma 2.1 - a) we obtain

/ |V|udx§C(v,n,Cd){8/ |V0udx +
B(xy,r) B(xy,4r)
1
+ (s + —)ro‘_zw(B(xo, r))}.
g

Putting

C*(v,n,C
a)(r):/ |Viudx, c =eC(v,n,Cy) and H(o) =0 + M
B(xo,r)

we have
“4.2) o(r) <ow(@dr)+ H(o)r“_zw(B(xO, r)),
. R
forevery o > 0 and r € ]0, p[, with p = 1T
Letr e [% p[be and
(r)

M= o B )
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then
4.3) o(r) < Mre2w(B(xg, 1)).

p P

Ifre [4—2 1 [, by (4.2) and (4.3) and Lemma 2.1 - a) we have

w(r) < ow(dr) + H(o)r* *w(B(xg, r)) <
< o MAr)*2w(B(xg, 4r)) + H(o)r* >w(B(xo, 1)) <

< Mo [2“_2Cd]2 r* 2w(B(xq, 1)) + H(o)r* >w(B(xy, r)).

1
Fixing 0 = —  , we obtain

2[2¢2¢, "

44 o@) < %r“‘2w(3(xo, )+ H ( 2) r*"2w(B(xg, 1)).

2[2972¢,]
Iterating this procedure, if r € [L ﬁ}, we have
41+1 4
M 1 1
o)<\ =+H|——— — 1t r*2w(B(xo, 1)),
{ 2 (2 [2“-2@]2) § 2"]
that is
o(r) < Cv, n, &, Ca)r* > w(B(xo, 1))

and, being 0 < [ < u, the conclusion is obtained. ([
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