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AMBIVALENT GROUPS HAVING A FAITHFUL
MONOMIAL IRREDUCIBLE CHARACTER

ION ARMEANU

In this note we shall study the structure of the finite groups having a
nonlinear faithful monomial irreducible character of minimal degree.

The notation and terminology are standard (see for example [2] and [3]).
All groups will be finite.

Definition. i) A rational group is a group all whose irreducible characters are
rational valued.

ii) An ambivalent group is a group all whose irreducible characters are
real valued.

Theorem 1. Let G be an ambivalent group having a nonlinear faithful mono-
mial irreducible character of minimal degree. Then:

i) G = G'E,, with G’ abelian and E, an elementary abelian 2-group.
ii) G’ = O(G)P, where O(G) is the maximal normal odd order subgroup of
G and P € SylL,(G).
iii) E, inverts all elements of G'.
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Proof. We shall prove first that G’ is abelian. Suppose the contrary, thus
G” # 1. For an ambivalent group G/G’ is an elementary abelian 2-group
(see [1]). Let x a faithful monomial nonlinear irreducible character of minimal
degree. Let H < G and u € Irr(H) a linear character such that u¢ = . Let
X be any irreducible constituent of (15)¢. It is clear that

x(D=wpl1) =Ar)°A) > A1),

hence A(1) < x(1) and A must be linear by the minimality of the degree of y.
Then ker(A) > G’ (see [2], p. 25). Thus

G’ < Nker(h) = ker(1x)® = Ngegg 'Hg < H.

Since G/G’ is an elementary abelian 2-group and G’ is characteristic in G, it
follows that H is normal in G and the inertia group I/;(A) = H. By Clifford’s
theorem (see [2]) xyg = Zle w;, where u; € Irr(H) are the distinct conjugates
of uw in G. Since u; are linear we have ker(u;) > H' > G” and hence
kerx > ker xy = Njker(u;) > G” # 1 which contradicts the faithfulness
of x.

Let now O(G) be the maximal odd order normal subgroup of G. Since
G is ambivalent, O(G) < G’ (see [1]) and hence O(G) is abelian and
G' = 0O(G) x P with P € Syl,(G'). Let S € Sylr,(G) such that P < §.
Then S >~ G/O(G) so that G is 2-nilpotent. Since G is ambivalent and G’ is
abelian, it follows that G/G’ >~ E, where FE; is an elementary abelian 2-group
which inverts all elements of G'.

Corollary 2. Let G be a rational group having a nonlinear faithful monomial
irreducible character of minimal degree. Then G ~ (E3 x P)E, where E3 is
an elementary abelian 3-group, P € Syl,(G') has exp(P) < 4 and E, inverts
all elements of E3 x P.

Proof. Since G is a rational group, it is easy to see that
Ng(< x >)/Co(x) =~ Aut(< x >)

for every x € G. By the form of Aut(< x >) (see [3]) the statement follows.
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