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ASYMPTOTIC AND OSCILLATORY BEHAVIOUR
OF CERTAIN DIFFERENCE EQUATIONS

ALEKSANDRA STERNAL - BLAZEJ] SZMANDA

Asymptotic and oscillatory behaviour of solution of some class nonlin-
ear difference equations is studied.

1. Introduction.

In this paper we consider a nonlinear difference equation
Q8 A FpA Uy + prtty—i)) + qnf(up—) =0, n=20,1,2,...

where A denotes the forward difference operator, i.e. Av, = v,y — v, for
any sequence (v, ) of real numbers, k and / are nonnegative integers, (p,) and
(g.) are sequences of real numbers with g, > 0 eventually, (r,,) is a sequence of
positive numbers and

) Zri:oo.

The function f is a real valued function satisfying u f(u) > 0 for u # 0.
In addition, the following assumptions are made without further mention.

(3)  f(u) is bounded away from zero, if # is bounded away from zero,
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“4) an = oo.

n=0

By a solution of (1) we mean a sequence (u,) which is defined for
n > —max{k, [} and satisfies (1) forn = 0, 1,2, .... We consider only such
solutions which are nontrivial for all large n. A solution (u,) of (1) is said
to be nonoscillatory if the terms u, of the sequence are eventually positive or
eventually negative. Otherwise it is called oscillatory.

Recently, there has been much interest in studying the oscillatory and
asymptotic behaviour of difference equations; see, for example [2-5], [7-16]
and the references cited therein. For the general theory of difference equations
one can refer to [1] and [6].

Our purpose in this paper is to study the asymptotic and oscillatory be-
haviour of solutions of equations (1).

The difference equation (1) in the case g, < 0 eventually with the special
sequence (r,) = (1) has been discussed in [15]. The results obtained here
supplement those contained in [15].

2. Main results.

Here we give some oscillatory and asymptotic properties of the solutions
of (1).
The following lemma describes some asymptotic properties of the sequences
(z,) defined as follows:
Zn = Uy + PplUtp—k,

where (u,) is a nonoscillatory solution of (1).

Lemma. Assume there exists a constant Py < 0 such that P; < p, <0.
a) If (u,) is an eventually positive solution of (1), then the sequences (z,) and
(rnAz,) are eventually monotonic and either

®)) lim z, = lim r,Az, = —00
n—oo n—oo
or
(6) lim z, = lim r,Az, =0, Az, >0 and 2z, <O.
n—oo n—oo

In addition, if Py > —1, then (6) holds and (u,) is bounded.
b) If (u,) is an eventually negative solution of (1), then the sequences (z,) and
(r,Az,) are monotonic and either

@) lim z, = lim r, Az, = o©
n—oo n—oo
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or

) lim z, = lim r,Az, =0, Az, <0 and z, >0.
n—oQ n—oQ

In addition, if Py > —1, then (8) holds and (u,) is bounded.

Proof. Let (u,) be an eventually positive solution of (1). From (1) we have that
there exists a positive integer 7 such that

€) A(rnAzy) = —qn f(up) <0 forn = ny,

that is (r,Az,) is nonincreasing, which implies that (Az,) is eventually of
constant sign and in consequence (z,) is monotonic.

First let there exists n, > n; such that Az, < 0, then since (g,) # (0)
eventually, there exists n3 > n, such that r,Az, < r,,Az,, = ¢ < 0 for
n > nj.

Summing the above inequality, by (2), we have

n—1
1
(10) znfzn3+cz——>—oo as n — oo,
r.

. 1
=n3

hence z, — —o0 as n — 0.
Since (r,Az,) is nonincreasing, so r,Az, — L > —oo. If —o0o < L < 0,
summing (9) we get

Tnp1 AZpyp1 = 1py AZyy — ZCIif(Mi—l)

i=n3

and then let #» — oo to obtain

o
Z%’f(ui—l) =rp,Azy, — L < 00.
i=n3
The last inequality together with (3) and (4) implies lim inf #,, = 0.
n— 00

Since (z,) is eventually negative, hence we can choose n4 > n3 such that
Az, < % for n > n4 and z,, < 0. Summing the above inequality we have

n—1 n—1
L 1 L 1
Zn <:Zn4'+ 5‘ E ;;‘< 5‘ E —, for n > 4.

: —r;
I=ny I=ny
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By the assumptions, we obtain

n—1

L 1
Py < pptn—i < zp < > E —, n>ny
ri

i=n4
and

-1

L 1

Mn_k>—E — 00 as n— o0,
2P1 ri

i=n4

which contradicts liminf u,, = 0. Thus lim r,Az, = —o0.

n—oQ n—oQ

Now if Az, > 0 for n > ny, thenr,Az, — Ly > 0asn — o0. As
before, summing (9) from n > n; to m and letting m — oo gives

o0
rnlAzy = L1 + qu'f(ui—z),

i=n

which again implies that lin_l) Ci)gf u, =0.

n
Suppose that L; > 0. Then we have r,Az, > L; > 0 and a summation shows
that z;, — oo as n — oo. Since u, > z, hence u, — ocoasn — o0, a
contradiction. Therefore L; = 0. Furthermore, if there exists n, > n; such that
Zn, > 0, then Az, > O implies that z, > z,, > 0 for all n > n3 and some
n3 > np, which again contradicts hnn_l) Ci)gf u, = 0. Therefore we have z, < O for

n>n;. Thusz, — L, <0.If L, <0, then
Piuyp Sty + pattnk =2, < L <0 for n>n

and

2
Mn—k>_>0a nznla
Py

which contradicts liminf u,, = 0. Therefore L, = 0.
n— 00

Now we assume that P; > —1. Suppose that (6) does not hold. Then (5)
holds, so z, < O for all large n and we have

Up < —Pnlbp—k = _Plun—k = Up—k
for all large n. But the last inequality implies that (u,) is bounded which

contradicts (5). Therefore (6) holds and (u,,) is bounded solution of (1).
The proof of b) is similar to that of a) and hence will be omitted.
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Theorem 1. [f there exists a constant Py such that
(11) -1 <P <p, =<0,

then every nonoscillatory solution (u,) of (1) tends to zero as n — 00.

Proof. 1f (u,) is eventually positive solution of (1), then by part a) of Lemma
we see that (u,,) is bounded solution of (1).
Now suppose that limsup #, = a > 0. Then there exists a subsequence of (u,),

n—oQ

say (u,, ) such that u,, — a as i — oo. Then for all large i we have

Up,
0>z, >up + Piup,_x SO uy_i > B
1

But this implies that lim u,_ = —4 > a, contradicting the choice of a.
11— 00

Therefore u, — 0 as n — oo. The proof when (u,,) is eventually negative is
similar.

Theorem 2. If —1 < p, < 0, then every unbounded solution of (1) is
oscillatory.

Next theorem shows that if (p,) is bounded with upper bound less then
—1, then all bounded nonoscillatory solutions of (1) tend to zero as n — oo.

Theorem 3. If there exist constants Py and P, such that
(12) Pr<p, =P <-1
then every bounded solution (u,) of (1) is either oscillatory or satisfies u,, — 0

asn — 0.

Proof. Assume that (1) has a bounded nonoscillatory solution (u, ) and let (u,,)
be eventually positive. By part a) of Lemma either (5) or (6) holds. Clearly (5)
cannot hold in view of (12) and the fact that (u,,) is bounded. From (6) we have
Zn < 0 and z, — 0 as n — oo. Therefore, for any number ¢ > 0 there exists
n; so that for n > n; we have

—& <Zy <u,+ P2un—k

or
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So

1 1
(13) u, < —FZM,H_]( — Fzé‘
and further

1 1
(14) Uptk < _qun+2k - Fzg'

From (13) and (14) we get

1\? 1\? 1
e e () ()

After m iterations, we obtain

1 m m 1 i
U, < <_F2> Untmk +8i21: <_F2)

Let A =1+ %2 > 0 and u, < M. Now choose m large enough so that

m
(—i) < ﬁ Thus for every & > 0 there exists n, > n; such that for n > n,

P,
we have
1—(=1)"
8+8 1 P, <28
n < = - -
=3 ) y

Thatis u, — 0 as n — oo.
The proof when (u,) is eventually negative is similar.

Theorem 4. If (p,) is eventually nonnegative, then any solution (u,) of (1) is
either oscillatory or satisfies liminf |u,| = 0.
n—oo

Proof. Let (u,) be a nonoscillatory solution of (1) and assume that (u,) is
eventually positive. Then as before (9) implies that (r, Az,) is nonincreasing
and also we have z, > 0 eventually, say for n > n;. It is easy to see that
Az, > 0 for n > n,. Indeed, if there exists n, > n; such that Az,, <0, then
there exists n3 > ny such that r,Az, < r,,Az,, = ¢ < 0 since (r,Az,) is
nonincreasing and g, = 0 eventually. By (2), we get

n—1

1

anzn3+cg — — —00 as n— 00,
r.
i:n3l
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which contradicts that z, > 0 for n > n;.
Therefore r,Az, — L > 0 as n — co. Summing (9) from n to m > n with n
sufficiently large and then letting m — oo we obtain

(15) > dif i) = 1Az, — L < 00

i=n

which, by (3) and (4), implies that lim inf u,, = 0.
n—oo
The proof for (u,) eventually negative is similar.

Theorem S. If0 < p, < p, g, > q > 0 and there exists a constant A > 0
such that | f (u)| > Alu| for all u, then all solutions of (1) are oscillatory.

Proof. We observe that assumptions of theorem imply the assumptions of
Theorem 4. Therefore arguing as in the proof of Theorem 4 for an eventually
positive solution (u,) of (1) we get the equality (15).

Further, by assumptions, (15) gives

o
AC]ZW—I <r,Az,— L < o0,

i=n

which implies that u, — 0 as n — oo and so z, — 0 as n — oo. Butitis
impossible, since z, > 0 and Az, > 0 eventually. The proof is complete.

Theorem 6. Let p,, > 0. Then every nonoscillatory solution (u,) of (1) satisfies
the following:
(1) |u,| < bR, for some constant b > 0 and all large n,
R,
Gi) if <—> is bounded, then (u,) is bounded,

n
n—1
.. Ry 1
(i) if — — 0asn — oo, thenu, — 0 as n — 00, where R, = E —.
i
n . 1
i=0

Proof. Let (u,) be an eventually positive solution of (1). As before, from (1)
we have A(r,Az,) <0 for n > n;, so summing twice we get

n—1

ZnSZn1+rn1AZn1 E > n>=np.
Ti

i:n,v

By condition (2), we conclude that there is a constant b > 0 such that z, < bR,,,
n > np > n;. Clearly u, < bR,, so (i) holds. Moreover p,u,_, < bR, for
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n > n,, and hence (ii) and (iii) follow.
The proof when (u,,) is eventually negative is similar.

We conclude with an oscillation theorem for (1) in the case r, = 1 and
pn = p > 0 thatis (1) takes the form

(1" Az(un"|_pun—k)"|_erf(l"n—l):Os n=0,1,2,...

Theorem 7. Suppose that (q,) is k-periodic and f is nondecreasing and
satisfies

fu+v)< fu) +f@w) if u,v>0,
fu+v)> f(u) +f@w) if u,v<0,
flcu) < cf(m) ifc>0 and u>0

flcu) > cf(m) ifc>0 and u <O.
Then every solution of (1') is oscillatory.

Proof. Assume that (1’) has a nonoscillatory solution and let («, ) be eventually
positive. Then z, = u,, + pu,_x > 0 eventually, say for n > n,. From (1") we
have A2z, <0 for n > ny > n;. We claim that Az, > 0 for n > n,. In fact, if
for some n3 > ny An, < 0 then since (g,) # (0) there exists n4 > n3 such that
Az, < Az,, < 0 and by summation we see that z, — —oo as n — oo. This
contradicts the fact that z, > 0 eventually.

Let w, = z, + pZu—. Since from (1') we have A%z, = —q, f(u,—;), 50,
by the assumptions, we get

N*wy + AWy + gn f (W) = =G f Wn—t) = 2PGni f (i) —
P nak f (n-2t—1) + G fln—t + Ptn—i—k + PQttn—i— + Pttn—1—2)]
< —qul fn—t) + 2pf Wnoi—i) + P* f(Un1—2)] +
Gul fn—t) + 2pf Wnei—i) + P* f (p_1—2)] = 0.

That is
(16) Azwn + pAzwn—k + qnf(wn—l) <0,

and observe that w, > 0 and Aw, > 0 for n > ns, for some ns > n,. Therefore
(wy,—;) is increasing for n > n¢ for some ng > ns.
Summing (16) from ng to n — 1 we have

n—1

Aw, — Awy, + pAw,_ — pAw i+ Y qi f(wi_y) < 0.

i=ng
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By the monotonicity of (w,) and f, it follows that

n—1

f(wnf,—l) Z qi =< Awn6 + pAwng,—k ’ for n > Ne.

i=n5
Hence there exists a constant C such that

n—1
Y gi<C forall n = ng,

i=n6

which contradicts (4). A similar argument can be used in the case an eventually
negative solution.
This completes the proof.
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