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ON THE RELAXATION OF SOME CLASSES OF
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Given a Borel function g : R” — [0, +00] having convex effective
domain, but not necessarily bounded or with nonempty interior, locally
bounded in the relative interior of its effective domain and verifying an
upper semicontinuity type assumption in its effective domain, we prove that
for every convex bounded open set Q the relaxed functional in the L'(£2)-
topology of the integral u € W]L ’COO(R") — fQ g(Vu)dx is equal to

dD’%u
[+ [ et

for every u € BV (£2), g** being the convex lower semicontinuous envelope
of g and (g**)*° its recession function.

Introduction.

Some studies in elastic-plastic torsion theory and electrostatics (see [1],
[4], [18], [23], [25], [28], [31] and the book of G. Duvaut and J.L.. Lions [19])
lead to various classes of minimum problems for integral functionals defined on
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spaces of admissible functions subject to pointwise constraints on the gradient
that can be studied in the framework of a general theory on lower semicontinuity
and relaxation for variational functionals of the type

G(Q2,u) = / g(x,u, Vu)dx,
Q

where g is a function taking its values in R U {4-00}.

When g is just real valued relaxation problems for such functionals are
well studied in literature (see for example [5], [14], [20], [27] and the refer-
ences quoted therein) whilst, when g is admitted to take the value +oo and
consequently G may be not finite also on bounded sets of regular functions, i.e.
G is what we call an unbounded integral functional, few relaxation results are
available (see [20], [26]).

In the present paper we intend to start a study of the relaxation of un-
bounded integral functionals starting from the case in which g does not depend
on x and u.

We prove a general integral representation result on BV -spaces for
the relaxed functionals in L'-topologies of the integrals u € W, (R") >
fQ g(Vu)dx (see Theorem 7.2 and Proposition 7.3) from which the following
particular case can be deduced (see Corollary 7.4).

Let g : R* — [0, +o0o[ be continuous, C be a convex subset of R”, I
the indicator function of C defined by I-(z) = 0 if z € C and I-(z) = +o0 if
z€R"\ C, (g + Ic)*™ the bipolar of g + I and ((g + I¢)**)* its recession
function (see (1.3)), then for every convex bounded open set €2

loc

inf{ lin}linf/ g(Vup)dx : {uy} < WL R,
Q
forevery heN Vu,(x)eC forae. x€Q, uy, — u in L'(Q)} =

_/< + Iy (Vu)d +/<< T G
T g T | R D

for every u € BV (2),

)d|D’ul

BV (Q2) being the set of the functions in L!'(£2) having distributional partial
derivatives that are Borel measures with finite total variations on 2, Vu the
density of the absolutely continuous part of the vector measure Du with respect

A the Radon-Nikodym

to Lebesgue measure, D*u its singular part and -
Su

derivative of D°u with respect to the total variation |D°u| of D°u.
Problems of this type are treated in Chapter X of [20] and in [26], where
also some dependences on x and u in the integrand g are allowed, but limitedly
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to the case in which C is a ball of R”. On the contrary we are able to treat also
the case in which C is just a convex set, possibly unbounded and with empty
interior.

The main tools used to obtain our results are a recent integral representation
theorem for unbounded functionals and an extension principle proved in [9] (see
Theorem 1.5 and Proposition 1.6 in the next section) together with an inner
regularity condition that we prove in an abstract setting (see Section 2).

The result of the present paper have been announced in [8].

1. Notations and preliminary results.

For every couple of open sets A and B of R", A CC B means that Alis
compact and A C B.

Definition 1.1. Let & be a set of open subsets of R" and o : & — [0, +00].
We say that « is increasing if (A1) < «o(A;) whenever Ay, Ay € & and
A C A,

If « is increasing, we define the inner regular envelope o_ of o as the
function defined by

a_:Acér>sup{a(B): BeE, B CC A}
and say that « is inner regular if ®(A) = a_(A) for every A€ §.
Remark 1.2. It is clear that if « is increasing then

o_(A) <a(A) forevery A€€.

In the present paper we will consider functionals F' depending on a open
set 2 and a function u such that, for fixed u, F (-, u) is increasing. In this case,
given an open set 2 and a function u, we will set F_(Q2, u) = F(-, u)_(2).

For every open set 2 we denote by BV,.(€2) the set of the functions in
Llloc(Q) that are in BV (A) for every open set A with A CC .

Given an open set 2 and u in B V),.(€2) we set, by Lebesgue decomposition
theorem, Du = D°u + D*u = [ Vudx + D*u, where D“u is the absolutely
continuous part of Du with respect to Lebesgue measure and D*u its singular
part; we also denote by |Du| and |D*u| the total variations of the R"-valued
measures Du and D*u and recall that BV (€2) is a Banach space with norm

lullgvQ) = / lu| dx + |Du|(S2).
Q



224 LUCIANO CARBONE - RICCARDO DE ARCANGELIS

Given a sequence {u,} € BV(RQ) and u € BV(Q2) we say that {u}
converges to u in w*-BV(2), and write u;, — u in w*-BV(Q), if u, — u in
L}OC(Q) and the sequence {|Du,|(2)} is bounded. Moreover, given a functional
F on BV(L2) we say that F' is sequentially w*- BV (£2)-lower semicontinuous if
for every sequence {u,} € BV (R2), u € BV(2) such that u, — u in w*-BV(Q2)
it results F(u) < limhian(uh).

For a deeper study of BV -functions we refer to [21] and [32], here we just
recall that (see for example Chapter 1 of [21]) for every bounded open set with
Lipschitz boundary Q2 the BV (£2)-bounded subsets of BV (2) are relatively
compact in BV (2) endowed with the L!(£2)-topology.

Forevery f : R" —]—o00, +00] we denote by dom f the effective domain
of f,ie. dom f = {z€R" : f(z) < +00}, by co f the convex hull of f,i.e.
the function

cof:zeR"—> sup{¢(z) t ¢ R" -] — 00, +00] convex, ¢ < f onR"}

and by f** the bipolar of f,i.e. the function defined by (see for example [20],
Proposition 4.1, page 18)

[ :zeR" > sup{¢(2) : ¢ : R" — Raffine, ¢ < f onR"}.
Obviously co f turns out to be convex, f** convex, lower semicontinuous and
(1.1 ™) <cof(z) < f(z) forevery zeR",

moreover we also have

(1.2) ™ (z) = sup {¢(z) :¢ : R" =] — 00, +00] convex,
lower semicontinuous ¢ < f on R"} for every z € R".

For every subset C of R" we denote by aff(C) the affine hull of C, i.e. the
intersection of all the affine subsets of R” containing C. If C is also convex we
denote by ri(C) the relative interior of C, i.e. the set of the interior points of
C, in the topology of aff(C), once it is regarded as a subspace of aff(C) and by
rb(C) the relative boundary of C, i.e. the set c \ ri(C). When aff(C) = R" we
write as usual ri(C) = C° and rb(C) = dC.

The following result holds (see for example Theorem 12.2, Corollary 7.4.1,
Theorem 7.4 and Theorem 7.5 in [29]).
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Proposition 1.3. Let f : R" —] — 00, +00] be convex, then ri(dom f**) =
ri(ddom f), rb(dom f**) = rb(dom f) and f**(z) = f(z) for every z €
R" \ rb(dom f).

Moreover for every zy € ri(dom f), z € R" the limit tl_l)rln fz+ 1 —1)z)

exists and f**(z) = lirln fz+ (1 —1)z0).
t—1—

Given f : R" —] — 0o, +00] convex, lower semicontinuous and zy €
dom f we define the recession function f* of f by

1
(1.3) f®:zeR'"— lim - f(z9 +t2);
t—>-4o00 f

it is well known that the definition in (1.3) is independent on the choice of
zo and that f°° is a nonnegative, convex, lower semicontinuous and positively
1-homogeneous function.

Let f : R" — [0, +00] be convex and lower semicontinuous for every
open set 2 let G(£2, -) be the functional defined by

dD%u
d|Dsul

(1.4) G(Q,-):ueBV(Q)H/f(Vu)dx—l—/foo( )d|DSu|
Q Q

(in (1.4) and in the sequel we adopt the usual convention that 0-(+00) = 0), then
the following lower semicontinuity result holds (see for example Corollary 3.4.2
in [5]).

Theorem 1.4. Let f : R" — [0, +00] be convex, lower semicontinuous, 2
be an open set and G(S2, -) be given by (1.4), then G(L2, -) is sequentially w*-
BV (Q2)-lower semicontinuous.

Let Q be an open set. Given a sequence {u;,} € W'®(Q) and u e
W1(Q) we say that {u;,} converges to u in w*-W*(Q), and write u;, — u in
w*-Wh2(Q), if {u;} converges to u weakly* in L>(Q2) and {Vu,} converges
to Vu weakly* in (L>°(R2))". Moreover, given a functional F on W!>®(Q),
we say that F is sequentially w*-W!>°(Q)-lower semicontinuous if for every
sequence {u,} € WH°(Q), u € Wh*(Q) such that u;, — u in w*-WH>*(Q) it
results F(u) < lin}l inf F'(uy).

For every measurable subset £ of R” we denote by |E| the Lebesgue
measure of E and by y . its characteristic function defined by x,(x) = I if
xEEandXE(x):OifxeR"\E.

For every z € R" we denote by u, the function defined by u, : x e R" —
Z-X.
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We say that a function u# on R” is piecewise affine on R” if it is continuous
and if there exist z;,...,z, € R", s1,...,5, € R and m pairwise disjoint

m
polyedra Py, ..., P, having nonempty interiors with |R” \ 'U1 Pj| = 0 such
]:

m

that u(x) = ) (ug(x) + )X p (%) for every x € R”. We denote by PA(R") the
j=1 /
m

set of the piecewise affine functions on R" and, for every u = ) (u,, + s;)x b
j=1 !

m
in PA(R"), set B, = 'Ul(Pj \ Pj").
j=

Given an open set €2, a function u defined on 2, xo € R* and t > 0 we
denote by T[xo]u and O,u the functions defined by T[xplu : x € Q — x¢
u(x +xp)and O;u : x € %Q > %u(tx).

For every r > 0 and xy € R” let Q,(x() be the open cube of R” with faces
parallel to the coordinate planes centred in xy and with sidelength » and set
Qr == Qr (0)

Let a be a mollifier, i.e. a nonnegative function in C5°(Q;) such that
fRn a(y)dy = 1, then, for every u € L}OC(R”) and ¢ > 0, we define the
regularization u, of u as

(1.5) ug:xeR"Hug(x)szn/ oz(xgy)u(y)dy.

Given an open set 2 and xo € 2, we say that (see [11]) €2 is strongly
star shaped with respect to x if it is star shaped with respect to xq and if for
every x € Q the half open line segment joining x to x, and not containing x, is
contained in 2. We say that an open set 2 is strongly star shaped if there exists
Xo € Q2 such that €2 is strongly star shaped with respect to x.

By the above definition it follows that if €2 is a bounded open set strongly
star shaped with respect to xg, then for every ¢ > 0 the open set xo + #(2 — x¢)
is still strongly star shaped with respect to xo and xg + s(2 — xg) CC Q2 CC
Xo + 1(2 — x¢) forevery s, e R with 0 < s < 1 < ¢, moreover it is clear that

(1.6) Q convex = 2 strongly star shaped.
We now recall the following integral representation result (see Theorem 6.2
in [9]).

Theorem 1.5. For every bounded open set 2 let F(S2,-) : Wll,’coo(R") —
[0, +o00] verifying
(1.7) F(Q,u;+c)= F(Q, u;) for every bounded open set 2, z € R", ce R,
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(1.8) F(2 — xg, T[xolu;) = F(R2, u,) for every bounded open set 2, z € R",
xo € R,

(1.9) foreveryue WIL’COO(R”) F (-, u) is increasing,

(1.10) F(21, u)+F(2, u) < F(2, u) whenever 21, Q,, Q are bounded open
sets with Q1 U Qy =, Q1 U Q) CC Q, ue WESR),

(1.11) F(2,u) < F(21, u)+F(S2,, u) whenever 2, 21, 2, are bounded open
sets with Q CC €, U Q,, u € WEhSRM),

loc

1
(1.12) limsup - F(Q,(x0), u) 2 F(Q1(xo), u(x0)+ Vu(xo)- (- —Xo)) for every
r—0+

1,00 .
ue Wy, (R"), xgae. inR",

(1.13) foreveryue WIL’COO(R") F (-, u) is inner regular,

(1.14) for every bounded open set Q F(2,-) is sequentially w*-W">(Q)-
lower semicontinuous,

(1.15) F(R2,u) < F(2\ B,, u) for every bounded open set 2, u € P A(R")

and let fr be defined by fr : z € R" +— F(Q1,u;) € [0, +00], then fr is

convex, lower semicontinuous and

(1.16) F(2, u) :/ fr(Vu)dx for every bounded open set 2, u € Wl’OO(R").
Q

loc

Conversely, given f : R" — [0, +00] convex, lower semicontinuous and
defined, for every bounded open set 2, the functional F(L2, ) by (1.16) with
fr = f, it turns out that conditions (1.7) + (1.15) are verified by F .

Let A be a family of bounded open sets verifying the following property
(1.17) for every Q € Ao and every open set A with A CC € there exists
B e Agsuchthat A CC B CC Q.

Proposition 1.6. Let Ay be a family of bounded open sets verifying (1.17)
and f : R" — [0, +o0] be convex and lower semicontinuous. For every
bounded open set Q let F(R2, -) : BVioc(R") — [0, 400] be such that for every
u € BV, (R") F(-, u) is increasing, for every Q € A o F_(S2, -) is sequentially
w*-BV (Q)-lower semicontinuous and

F_(Q,u) < / f(Vu)dx forevery Q € Ay, uc C(R"),
Q

then

F_(Q u><ff<w>dx+/ fm(dD‘v” )diD*u
[ 1 Q d|D*u|
for every Q € Ay, u € BVj,o(R").
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Proof. Follows by Proposition 3.5 in [9]. ([

In conclusion we prove the following lower semicontinuity result.
For every open set Q2 we denote by £'(2) the weak* topology of the space
of the distributions on €.

Proposition 1.7. Let f : R" — [0, +00] be convex and lower semicontinuous,
then for every open set Q2 the functional

S

ueBVloc(Q)H/f(Vu)dx+ff dlDSul)d|Dsu|

is sequentially D' (2)-lower semicontinuous.

Proof. Let us preliminarily recall that if for every w € BV|,(R"), ¢ > 0 w, is
the regularization of w given by (1.5), then by Lemma 3.3 in [9] we obtain that

. 18)/f(ng)dx</f(Vw)dx—|—/f dlewl)dlD“w| for every

bounded open set B, every open set A with A CC B, w € BVo(R"),
e €10, dist(A, dB)[.

Let ©Q be a bounded open set, u € BVj,(2), {up} S BVi(2) with
u, — u in O'(L), A be an open set with A CC Q, ¢ € ]0, dist(A4, IQ)[
and B be an open set with Lipschitz boundary such that A CC B CC Q
and dist(A, 0B) > ¢. For every h € N let v and v;, be the zero extensions of
u and uy out of B, then (see for example Chapter 1 of [21]) v, v, € BV(R"),
moreover, if v, and v, . are the regularizations of v and v;, given by (1.5), by
(1.18) we get

D?vy,
dlDS i

(1. 19>ff<Vvh ) dx </f<Vvh>dx+/ s )diD™u, <

dD
E/f(Vuh)dx—l—ffoo Y”” )dlDSuhl for every h € N.
Q Q d| DS uy|

Let us observe now that v, . — v, in w*-BV (A) as h diverges, hence by
Theorem 1.4 and (1.19) we deduce that

(1.20) / f(Vu)dx < liminf/ f(Vu, )dx <

<11m1nf /f(Vuh)dx-i-/f d|DVZh|)d|Dsuh|}
h

for every ¢ € 10, dist(A, 0<2)[.
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Finally again by Theorem 1.4 and by (1.20) we conclude that

wof AD’u s
/Af(Vu)dx—l—/Af <d|DsM|)d|D ul—/Af(Vv)dx—l—

dD?
_|_/ foo< v )d|1)sv| < liminff f(Vu)dx <
s e=>0+ J4

d|D*v
stMh
<timint { [ f(Vu)d ~( )diDul}.
< lim in /Qf( up) x—i—/ﬁf dD0y] | D uy|
from which the thesis follows letting A increase to 2. (I

2. An abstract inner regularity result for increasing set functionals.

In the present section we prove a sufficient condition, that can be stated in
an abstract setting, in order to deduce identity between a functional and its inner
regular envelope.

Let U be a set of functions on R” such that

2.1 uelU, xoeR", t€]0,1[= T[xlueU, Ouel,

and let, for every bounded open set 2 of R*, F(2,:) : U — [0, 4o00] be a
functional satisfying
(2.2) forevery u € UF (-, u) is increasing,
(2.3) limlinf F(Q, T[—x0]O;T[xplu) > F(R2, u) for every bounded open set
t—>1—
Q2 strongly star shaped with respect to xg, u € U
and

(2.4) limsup F_(xo + t(2 — xo), T[—x0]101,; T[xolu) < F_(£2, u) for every
t—1+4+
bounded open set 2 strongly star shaped with respect ro xg, u € U.

Proposition 2.1. Let U be a set of functions on R" verifying (2.1) and let, for
every bounded open set Q, F(2,-) : U — [0, +00] verifying (2.2) + (2.4),
then

(2.5) F(R,u) = F_(2, u) for every strongly star shaped bounded open set
Quel.
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Proof. Let Q, u be as in (2.5), xo € Q2 be such that 2 is strongly star shaped
with respect to xg and ¢ € |1, +o0[, then, since obviously 2 CC xo+#(2—xp),
by (2.2) we have

(2.6) F(2, T[—x0]O01/:Txolu) < F_(xo + t(£2 — x0), T[—x0]01,, T [xo]u),

hence as ¢ decreases to 1, by (2.6), (2.3), (2.4) and Remark 1.2 we deduce (2.5).
O

3. Statement of the relaxation problem and elementary results.

Let g be a Borel function with
(3.1 g:z2eR" > g(2) €[0, +oo].

In the present section we start the study, for every bounded open set €2,
of the relaxed functional in the L'(Q)-topology of integral G(R,-) : u €

WIL’C“’(R”) — / g(Vu) dx defined by
Q

(B2 GQ,):uell(Q) inf{lin}linf/ g(Vuy)dx :
Q
{up} € WO®RY), uy, — uin L'(Q)).

Obviously

(3.3) for every bounded open set €2, G(S, -) is L'(2)-lower semicontinuous
and (as usual here and in the sequel we assume that inf(J = +00)

(34) G(Q,u)= min{lin}linf/Q gVup)dx : {uy} € WILEOO(R"),
for every h € N Vu,(x)cdomg forae. x €Q, u, — u in LI(Q)}

for every bounded open set 2, u € L'(Q).

It is easy to see that G verifies the following properties:
(3.3) G(Q,u+c) = G, u) for every bounded open set Q, u € L'(Q),
celR,

(3.6) G(Q — xo, T[xolu) = G(, u) for every bounded open set 2, u €
LY(), xo e R",
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— 1 —

3.7 G, Om) = t—nG(tQ, u) for every bounded open set 2, t € R,
ueL(Q)

and

(3.8) G(Q0,u) < G(1,u) whenever Q;, Q, are bounded open sets with
QI CQ, 20\ Q| =0,ueL(Q).

Moreover we also have that

3.9 E(Ql, u) < 5(522, u) whenever Q, Q, are bounded open sets with
QCQ,uel(),

(3.10) G(Q1, u) + G(20, u) < G(2 U Q,, u) whenever 2, Q, are disjoint
bounded open sets, u € L'(Q2; U Q,).

In order to prove additional measure theoretic properties of G we need to
assume further conditions on g, more precisely that

(3.11) dom g is convex,

(3.12) g is locally bounded on ri(dom g), i.e. for every compact subset K of
ri(dom g) there exists Mg > 0 such that g(z) < Mk forevery z € K

and that

(3.13) for every bounded subset L of dom g there exists z; € ri(dom g) such
that the function r € [0, 1] — g((1 —t)z, +12) is upper semicontinuous
at ¢t = 1 uniformly as z varies in L, i.e. for every ¢ > 0 there exists
te < 1 such that g((1 — 1)zp +t2) < g(2) + ¢ for every t € Jt,, 1] and
z€e L.

Remark 3.1. Assumption (3.13) looks like a sort of uniform radial upper
semicontinuity on bounded subsets of dom g, nevertheless it does not imply
in general (3.12) (think for example to the case in which n = 2, g(z1, 22) =
|221/Iz1 1 if |21 1> 4+ |221* < 1 and 2120 # 0, (21, 22) = 0 if |21 ]* + |22 |* < 1 and
7120 = 0, g(z1,22) = +oo otherwise in R? and z; = (0, 0) independently
on L). It is fulfilled if g is finite and continuous in R” or if there exists
7o € ri(dom g) such that the function 7 € [0, 1] — g((1 —t)zo +tz) is increasing
for every z indomg.

Lemma 3.2. Let g be a Borel function as in (3.1) verifying (3.11) and G be
given by (3.2). Let A be a bounded open set and u € WH1(A) be such that
G(A, u) < +o0, then

3.14) Vu(x)edomg fora.e. x€A.
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Proof. Since G(A,u) < +oo, by (3.4) there exists a sequence {u,} C
WIL’COO(R”) such that u;, — u in L'(A) and

(3.15) for every h e NVu,(x)edomg forae. xeA.

We now observe that, being by (3.11) dom g closed and convex there exist
two families {ap}oer € R” and {by}ger € R such that z € dom g if and only if
ag - 7 + by > 0 for every 6 € T, therefore by (3.15) we obtain that

1
(3.16) agm/ oVu,dx +by >0 forevery heN, 6T,
B

every ball B € A and every ¢ € C&(B) with ¢ > 0, f pdx =1.
B

By (3.16), taking the limit as /& diverges, we deduce that

1 -
ﬁ / ¢oVudx edomg foreveryball B C A
B

and every (pEC&(B) with ¢ > 0, f(pdx =1,
B

from which (3.14) follows. O

4. The case of bounded effective domain with nonempty interior.

Let g be a Borel function as in (3.1) and G be given by (3.2).
The integral representation result for G will be proved in some steps, in
the first one, that is treated in the present section, we assume that

(4.1) domg is bounded,
(4.2) (domg)° # @A.
It is clear that, by (4.1) it results

loc

4.3) G(Q,u) = inf {lin}linf/ gVup)dx : {u,} < WL®R), for every
Q

h €N Vu,(x) € domg for ae. x € Q, u;, — u in w*-Wh>(Q)} for
every bounded open set 2, u € L'(Q).

Lemma 4.1. Let g be a Borel function as in (3.1) verifying (3.11) + (3.13),
(4.1), (4.2) and let G be given by (3.2), then

(4.4) G_(QUQ,u) < G_(21,u) + G_(,u)
whenever 1, Q, are bounded open sets, u € L'(Q1, UQ»).
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Proof. Let us preliminarily observe that, by (4.1), we can take L = dom g in
(3.13) and that it is not restrictive to assume that z4om ¢ = 0, otherwise we just
have to consider the function g’ = g(Zdom ¢ + ). In particular this, together with
(4.2), yields that

(4.5) Oe(domg)°.

Let now 21, 5, u be as in (4.4), fix an open set A with A CC 2 and
observe that there exist A} CC @, Ay CC €2, suchthat A CC A; U A,. By
virtue of this, in order to prove (4.4), it suffices to show that

(4.6) G(A,u) < G(A;, u)+G(As, u) whenever A, A;, A, are bounded open
sets with A; CC @y, A, CC 2 and A CC A U A;.

To do this we can obviously assume that the right-hand side of (4.6) is finite
so that by (4.1) and (4.3) for i = 1, 2 there exists a sequence {u;} C WIL’COO(R")
such that uj, — u in w*-Wh®(4A;), for every h ¢ N Vuﬁl(x) € domg for a.e.

x € A; and
4.7) G(A;, u) = lim f g(Vul)dx .
A;

Let By be an open set with B; CC A; such that A CC B; U Aj, let
@ € CJ(A)) verifying

48) 0<¢p<1inR', ¢o=1in By, Vol . b <——o
48) 0<g=< ¢ 1V = S A

and set, for every h € N, w, = gu) + (1 — @)uz, then wy, — u in w*-W1h>(A)
and by (4.8) we have

(4.9) G(A, tu) < liminf/ g(tVwy)dx < limsup/ g(tVu,)dx +
h A h ANB,

+lim sup/ g(tVu%)dx +lim sup/ g(tVwy)dx foreverytel0, 1.
h As h AN(A\B1)

Let us fix now ¢ € [0, 1[, then, since for every h e N Vw,, = (qu}, + (11—
©)Vui + (u; — u;)Ve and Vu! (x) edomg fori = 1,2 and a.e. x € A;, by
(3.11) it results that for every h € N t(p(x)Vu}l(x)—l-t(l —(p(x))Vuﬁ(x) € tdomg
for a.e. x € A. By virtue of this, once recalled that by (4.5) and (3.11)
tdomg C (dom g)° and that “Z — u in L*°(A) fori = 1, 2, we obtain that there
exist a compact subset K, of (dom g)° (depending only on ¢) and A, 4, g, € N
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(depending on ¢, A; and B)) such that for every h > h; 4, p, tVw,(x) € K, for
a.e. x € A from which, together with (3.12), we conclude that

(4.10) there exist M, > O and h, 4, p, € N such that for every i > h; 4, p,
g(tVwy(x)) < M, fora.e. x € A.

We now fix ¢ > 0, then by (3.13) we obtain the existence of 7. € [0, 1|
such that

4.11) / g(tw},)dng g(Vu,)dx + el A,
A] A]

/ g(tw%l)dng g(Vuj)dx + | Ay
Ay

Ay
foreveryr € Jt., 1[,h € N,

hence by (4.9) — (4.11) and (4.7) we deduce that

(4.12) G(A,tu) < limsup/ g(Vu}l)dx + lim supf g(Vu,zl)dx +
h A] h AZ

+ (| Ar] + [A2]) + M JAN (A \ B)| < G(A, u) + G(A, u) +
+e(JA |+ |A2)+ M, ]AN (A, \ By)| foreverytel]t, 1[.
As Bj increases to A; and then ¢ tends to 1~ we deduce by (4.12) and (3.3)

that
G(A,u) < G(A1,u)+ G(Ay, u) + e(|Ar| + |Az])

from which inequality (4.6) follows as ¢ tends to zero ]

Lemma 4.2. Let g be a Borel function as in (3.1) verifying (3.11) <+ (3.13),
(4.1), (4.2) and let G be given by (3.2), then

(4.13) G_(Q,u)=G(Q,u) forevery bounded
open set 2, u € W]L’COO(R").
Proof. Let Q, u be as in (4.13) then, since G(-, u) is increasing on 2, by
Remark 1.2 we soon have that
(4.14) G_(Q,u) <G(Q,u).

In order to prove the reverse inequality in (4.14) we can obviously assume
that G_(2,u) < +oo so that G(A,u) < —oo for every open set A with
A CC Q and, by Lemma 3.2, that

(4.15) Vu(x) edomg forae. x € Q2.
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Let now A, B be open sets with A CC B CC €2, then by (4.1) and
(4.3) there exists {u,} < WIL’COO(R”) such that u;, — u in w*-WH*(B) and
G(B,u) = 1i}{n [ 8(Vup)dx.

Let ¢ € C}(B) be such that

. " .
4.16) 0<¢p=<1inR", ¢@=1in A, ||V(p||LDO(R") < dstA. 3B)
and define, for every h € N, w, = o¢u, + (1 — ¢)u; then obviously wy €
WIL’COO(R") for every h e Nand w;, — u in w*-WH®(Q).

By (4.1), assuming as in Lemma 4.1 that zgom, in (3.13) relatively to
L = dom g is equal to O (and thus getting (4.5)), and by using (3.11) = (3.13),
(4.5), (4.15), (4.16) and an argument similar to the one employed to get (4.10)
we obtain that

(4.17) forevery t € [0, 1] there exist M, > O and h, g 4 € N such that for every
h>h;pagtVwy(x))+ gtVu(x)) < M, fora.e. x € €,

and that for fixed ¢ > O there exists 7, € ]0, 1[ such that
(4.18) / g(tVuy)dx < / g(Vup)dx +¢|B|, foreverytelt, 1[,heN.
B B
By (4.16) — (4.18) we conclude that

(4.19) E(Q,tu)flin}linf/ g(tVwy) dx §lin}linf/ g(tVuy)dx +
Q B

+limsup/ g(tVwy)dx —I—/ g(tVu)dx <
h B\A Q\B

< limsup/ gVuy)dx +¢|B|+ M,|Q\ Al <
h B
<G_(Q,u)+¢|Q +M|Q\ Al foreverytel[0,1].

As A increases to 2 and then ¢ tends to 1~ we deduce by (4.19) and (3.3)
that
(4.20) G(Q,u) < G_(Q,u) +|Q,
hence as ¢ tends to zero by (4.20) and (3.15) equality (4.13) follows. Il
Lemma 4.3. Let g be a Borel function as in (3.1) and let G be given by (3.2),
then

) 1 — _

(4.21) lim sup r—nG(Qr(xO), u) = G(Q1, Vu(xo) - (+))

r—0+

foreveryu e Wll)’cl(R"), Xo a.e. in R".
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Proof. Letu e Wll)’cl (R™), then, see for example Theorem 3.4.2 in [32], we have

r—0+

4.22) lim / |O, Txpl(u — u(xp))(x) — Vu(xg) - x|dx =0
fora.e. xg e R",

and, by Lebesgue Differentiation Theorem,
(4.23) li%l IV(O, T[x0](u — u(xp))) — Vu(xg)|dx =0
=0+ Jo,

for a.e. xo e R",

therefore by (4.22) and (4.23) we get

(4.24) O, T [xol(u — u(xp)) — Vu(xo) - (-) in W"'(Qy)

asr — 07 fora.e. xo e R".
By (4.24), (3.3), (3.7) and (3.5) we obtain

G(Q1, Vu(xo) - ()) = liminfG(Q1, O, Tlxol(u — u(x0))) =

1 —
= limsup —G(Q,(xo), u),
r—0+ rt

that is condition (4.21). O

We are now in a position to prove a first integral representation result for

G.

Theorem 4.4. Let g_be a Borel function as in (3.1) verifying (3.11) = (3.13),
(4.1), (4.2) and let G be given by (3.2), then there exists f : R* — [0, 400]
convex and lower semicontinuous such that

4.25) G(Q,u)= f f(Vu)dx for every bounded
Q

open set 2, u € W]L’COO(R").

Proof. By (3.5), (3.6), (3.9), (3.10), Lemma 4.1, (3.7), Lemma 4.3, (3.3), (3.8)
and Lemma 4.2 we get that the assumptions of Theorem 1.5 are fulfilled by the
restrictions to Wll)’coo(R") of the functionals G(2, -), 2 bounded open set, thus
the thesis follows by Theorem 1.5. ]

In the following result we specify the function f in (4.25).
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Proposition 4.5. Let g be a Borel function as in (3.1) verifying (3.11) +~(3.13),
(4.1), (4.2) and f the one appearing in (4.25) of Theorem 4.4, then f = g**.
Proof. Since g > g™ we soon deduce by Theorem 4.4, by the convexity and
the lower semicontinuity of g** and by Theorem 1.4 that f > g**; on the other
side it is clear that f < g, therefore by using the properties of f and (1.2) we
obtain that f < g** and the thesis. ([

5. The case of bounded effective domain with empty interior.

We now want to consider the case in which assumption (4.2) is dropped.

For every k € {1, ..., n} we denote by 0, the origin of R¥, moreover we
denote by | - | the k-dimensional Lebesgue measure on R¥ and, for every
open set A of R* and u in L'(A), by @ the function on A x R"* defined
byi:x=(0xp....,x) €A X R > u(xy, ..., xp).

Lemma 5.1._Let g be a Borel function as in (3.1) verifying (3.11) = (3.13),
(4.1) and let G be given by (3.2). Assume that

(5.1 aff(dom g) = R* x {0,_} forsomeke(l,...,n—1)},

then there exists f, : R¥ — [0, +00] convex and lower semicontinuous such
that

(52) G(AxI 0= |I|,,_kf fp(Vu)dy whenever Ais a bounded
A

open set of R¥, I is a connected bounded open set of R" %, u € WIL’COO(R").

Proof. Let us denote by g, the function defined by g, : (z1, ..., %) € R
gz, -+, 2k, 0y—p) € [0, +00], define for every bounded open set A of R¥ the
functionals

Gp(A, )i ueWhSRh /Ag,,(Vu)dy,
EP(A, Y:ueLl'(A)— inf{ lin}linf/A gpy(Vuy)dy :
{p} € WO @RS, uy — u in L'(A))
and observe that obviously
(53) G (A, u) :min{lin}linf/Agp(Vuh)dy Hupy C WEE(RD,

for every h € N Vuu(y) edomg, forae. ye A, uy, — u in L'(A)}
for every bounded open set A of R¥, u € L'(A).
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The function g, satisfies all the assumptions of Theorem 4.4 with n = k
and so by Theorem 4.4 we deduce the existence of f,, : R¥ — [0, +00] convex
and lower semicontinuous such that

(5.4) G,(A,u) = / fp(Vu)dy for every bounded open
A

set A of R¥, u € WLS(RH).

loc

Letnow A, I, u be as in (5.2) and let us prove that

(5.5) G(A x 1i1) < |1, f f(Vuydy.
A

To do this we can assume that the right-hand side of (5.5) is finite so that
by (5.3) and (5.4) there exists {u,} < WL (RF) such that for every h € N

loc

Vu,(y) €domg, forae. y € A, u, — uin L'(A) and

(5.6) / fr(Vu)dy = lin}linf/ sy, ..., Viuy, 0,1) dy,
A A

then obviously i, — i in L'(A x I), for every h € N Vii,(x) € dom g for a.e.
x € A x I and, by (5.6),

G(Ax1,0) < liminff g(Viiy)dx =
h AxI

= lin}linfllln—k / gNViup, ..., Viup, 0,)dy = |I|n—k/ fr(Vu)dy,
A A

that is (5.5).

In order to prove the opposite inequality to (5.5) we assume that G(A x
I, 1) < 400 so that there exists {v,} C ng’coo(R") such that for every h € N
Vuu(x) edomg forae. xe A x I, v, — it in L'(A x I) and

(5.7) 400 > G(A x 1,ii) = lim g(Vuy)dx,
AxI

then by (5.7) and (5.1) we have that forevery he N Vv, = ... = Vv, =0
a.e. in Ax [ from which, by taking into account the connectedness of 7, we infer
that v, depends effectively only on its first £ variables in A x I for every h € N.
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By virtue of this we can assume that for every h € N there exists wy, € W]L’COO(R")
such that v, = wy,, then w;, — u in L'(A) and by (5.7), (5.4) we have

(5.8) G(Ax1,ii)= lim g(Viwy, ..., Viwy, 0,_p) dx =
AxI

= n—x li}{n/ gr(Vwi)dy = 11,1 G (A, u) = ||, f fo(Vuydy.
A A

By (5.5) and (5.8) equality (5.2) follows. U

In order to extend (5.2) to a wider class of open sets we need to prove the
following subadditivity result.

Lemma 5.2. Let g_be a Borel function as in (3.1) verifying (3.11) = (3.13),
(4.1), (5.1) and let G be given by (3.2), then

m
(5.9) 5('61(& x 1), i) <Y _G(A; x I, ii) whenever Ay, ..., A,
= i=1
are pairwise disjoint bounded open sets of R* I, ..., I, are connected
bounded open sets of R"*, u e W,E(RH).

loc

Proof. Let Ay, ..., An, I, ..., I,,ubeasin (5.9), obviously we can assume
the right hand side of (5.9) to be finite so that by Lemma 3.2 we get

(5.10) Vi(x)edomg forae. x € 'Q(Ai x 1),

moreover, by (4.1), it is not restrictive to assume that the point zqom  in (3.13)
is equal to the origin of R", thus getting

(5.11) 0, €ri(domg).

By the finiteness of ZE(Ai x I;, i), (4.1) and (4.3) for every i €
i=1

{1,...,m} we deduce the existence of a sequence {u,} < Wli,’coo(R") such

that for every h € N Vuﬁl(x) € domg forae. x € A; x [, “2 — u in w*-

WI2(A; x I;) as h diverges and

(5.12)  G(A; x Ii,ﬁ):li;?l g(Vul)dx forevery iefl,...,m}.
A,‘XI,'
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For every i € {1, ..., m}, by (5.1) and the connectedness of /;, we obtain
that for every A € N the functions uﬁl depend effectively only on their first &
Varlables in A; x I;, because of this from now onwards we will think them as
W, (R¥) functions.

For every i € {1,...,m} let B; be an open set with B; CC A; and let
@i € Cy(A;) verifying

(5.13) 0<¢; <1 in RK, pi=11in B;, ||V§0i||LOO(Rk) =< m
19 1

m . m
Forevery h e Nwe set w, = Y g;uj, +(1 =) ¢;)u, then obviously w, — u in
i=1 l—l

Wl °°(U A;) and W, — @ in w*-Wh °°(U(A x 1;)). Let us now observe

that, belng the sets Ap, ..., A, pairwise dlSjOll’lt it turns out that the values
&1(y), ..., dnu(y) are all equal to zero except at most for one as y varies in

m
U A;, hence we have that

i=1
Vw, = Z(plv + (1 - Z%)VU + Z(Mh - M)Vfﬂz s

moreover, once recalled that uﬁl — u in L*®(spt(¢;)) for every i € {1, ..., m},
by arguing as in the proof of Lemma 4.1, we get by (3.11), (5.11), (5.10) and
(5.13) that

(5.14) for every t € [0, 1] there exist a compact subset K; of ri(dom g) and
h, € N such that forevery h > h, tVw,(x) € K, fora.e. x € 'L_Jl(Ai x I;).

By (5.14), being the sets Ay, ..., A, pairwise disjoint, we have
(5.15) G( U (A x 1), tu) < 11m1nf/ g(tVwy,)dx <
h U (4; xI))

i=1

< limsup/

g(tViny) dx < Zlimsup/ g(tViil) dx +
i=1

A,'XI,'

+ Zlimhsup/ g(tViy)dx .
i=1

(Ai\B;i)x1;

i X1
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Let us now fix ¢ > 0, then by (3.13) we obtain ¢, € ]0, 1] such that

(5.16) / gtVit})dx < / (Vi) dx + e| A ki |
A,’X[,'

A,’X[,'
foreveryie{l,...,m},heN
and by (5.14) and (3.12) that

(5.17) for every t € ]0, 1[ there exists M, > O such that for every h > h,
m
g(tVw,(x)) < M, forae. x € 'Ul(Ai x I;).
=

By (5.15) = (5.17) and (5.12) we conclude,

(5.18) 5(,@1(& x 1), 1i) < 3 G(A; x L, i)+

i=1

m m
e Y A il + MY 1A Bilel il -
i=1 i=1

Letting first B; increase to A; for every i € {1, ..., m}, then ¢ tend to 1~
and finally ¢ go to 0, we get inequality (5.9) by (5.18) and (3.3). U

We can now prove the representation result for G under assumption (4.1).

Theorem 5.3._Let g be a Borel function as in (3.1) verifying (3.11) = (3.13),
(4.1) and let G be given by (3.2), then there exists f : R" — [0, oo] convex
and lower semicontinuous such that

(5.19) G(Q,u) = / f(Vu)dx for every convex bounded
Q

open set Q, u € W]L’COO(R").
Proof. Let us assume for a moment that (5.1) holds.

Let €, u be as in (5.19) and assume that G(Q,u) < +oo, then by
Lemma 3.2 we get that Vu(x) € dom g for a.e. x € Q and therefore, by taking
into account (5.1) and the convexity of €2, that u depends only on its first k
variables in 2. Let v € ngcoo(Rk) be such that u = v in €2, then it is clear that

(5.20) G(Q,u)=G(,7).

For every v € N, let R, be a partition of R", up to a set of zero measure,
made up by open cubes with faces parallel to the coordinate planes A; x I;
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(i, j € N), where for every i, j € N A;, is an open cube of R¥, I; is an open
cube of R"* and let S” = {(i, )) e Nx N: A; x I; CC QJ.

Let us fix v € N. By (5.20), (3.9), (3.10) and Lemma 5.1 we deduce the
existence of f), : R¥ — [0, +00] convex and lower semicontinuous such that

(5.21) G(Q,u)>G( U A xI;,0)>
(@, j)esy
> Y GAix D)= Y |I,~|n_kf fr(Vv)dy.
i, j)es i, j)es A

At this point if we define the function f by

i, ooz if g =...=2,=0

5.22 (21,002 ER”"’{
( ) [ n) 400 otherwise,

f turns out to be convex and lower semicontinuous, moreover by (5.21) we
obtain

523  G@Quw= Y F(Vuydx = f F(Vuyds.
(i, jes» Al LU

As v diverges we deduce by (5.23) that
(5.24) G(Q,u) > / f(Vu)dx for every convex bounded
Q

open set 2, u € W (R").

In order to prove the reverse inequality in (5.24) again when (5.1) holds let
Q, u be as in (5.19), obviously we can suppose that fQ f(Vu)dx < +4o00. By
virtue of this and by the convexity of Q2 we get that u depends effectively only
on its first k variables in €2 and, as before, let v € Wli)’coo(Rk) be such that u = v
in 2, moreover for every v e N let R,, SV be as above.

Let us fixv € N. For every i € N let us define S = {j e N : (i, j) € §”}
and assume, for sake of simplicity, that S} # @ if and only if i € {1, ..., m,}.

Foreveryie{l,...,m,}setC; = ('ELév Tj)c’, then, by using the convexity

JE&5;

of €2, it turns out that C; is connected and ,Uv'(Ai x C;) CC 2; moreover by
=J
(5.22), Lemma 5.1 and Lemma 5.2 we have

(5.25) / f(Vu)dx =f fr(Vv)dx > ﬁ fr(Vv)dx =
2 Q vgl(AiXCi)

i

=> |cl~|,,_kf fr(Vo)dy =Y G(A; x Ci, D) = 5(,'"L_J“1<Ai x C), D).
i=1 Ai i=1 =
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Let us now set 2, = ( TJUI(Ai X Ci))o, then by (5.25) and (3.8) we deduce
that -

(5.26) / fF(Vu)dx = G(Q,,7) = G(2,, u),
Q
therefore as v diverges we obtain by (5.26) that

(5.27) / f(Vu)dx > G_(Q,u) for every convex bounded
Q

open set Q, u € W,>°(R™).
Finally by (3.9)_, (3.3), (3.6), (3.7), Proposition 2.1 applied with U =
Wl’oo(R") and F = G, (1.6), (5.27) we infer that

loc

(5.28) / f(Vu)dx > G(Q,u) for every convex bounded
Q

open set 2, u € W (R").

By (5.28) and (5.24) we get (5.19) under assumption (5.1).

We now consider the general case, when (5.1) is not assumed.

If aff(domg) = R” the thesis follows by Theorem 4.4, hence we can
assume that the dimension & of aff(dom g) is strictly smaller than 7.

If Kk = 0 dom g consists of a single point and (5.19) follows trivially, hence
we can assume that k e {1, ..., n — 1}.

Let A : R* — R” be an affine transformation such that, denoting by M4
the matrix associated to the linear part of A, det M4, = 1, A(aff(domg)) =
RF x {0,_«} and set g4 : (z1,...,2,) €ER" > g(A™'(z1,...,2,)), then g4
verifies assumptions (3.11) = (3.13) and aff(dom g4) = R¥ x {0,_}.

Let G 4 be the functional defined by (3.2) with g = g4 and let us observe
that for every convex bounded open set 2 the set A(€2) is again convex bounded
and open.

By the particular case considered above we get the existence of f4 : R" —
[0, 4+00] convex and lower semicontinuous such that

(5.29) GA(A7N(Q), u?) = / fa(Vu*ydy for every
A~H(Q)

convex bounded open set 2, u € Wll,’coo(R"),

u”? being defined by u? : (y1, ..., ) €R" > u(A(yi, ..., y»)).
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Let us observe now that

(5.30) GA(AH(Q), u =G(Q,u) for every bounded open
set Q, u € Wh®(R")

loc

and define the function f by f : z € R" +— f4(A(z)), then obviously
fa(2) = f(A™!(z)) for every z € R" and by (5.30) and (5.29) we get

G(Q,u) = GA(AH(Q), u?) = / fa(Vyut ) dy =
ATH(Q)

= /A](Q) FAT Vut () dy =f F(Vou)AG)) dy =

ATH(Q)

loc

= / f(Viu)dx for every bounded open set 2, u € WI’OO(R"),
Q

that is the thesis. (]
In the following result we specify the function f in (5.19).

Proposition 5.4. Let g be a Borel function as in (3.1) verifying (3.11) = (3.13),
(4.1) and f the one appearing in (5.19) of Theorem 5.3, then f = g**.

Proof. Similar to the one of Proposition 4.5 but by using Theorem 5.3 in place
of Theorem 4.4. U

6. A result on Lipschitz functions without boundedness assumptions of the
effective domain.

Let g be a Borel function as in (3.1) and G be defined in (3.2).

The present section yields some preliminaries to the integral representation
result for G when assumption (4.1) is dropped.

For every bounded open set € let us introduce the functional G*(, -) as

6.1) GONRQ, ) ue WhR(Q) > inf{ lin}linf/ g(Vuy)dx :
Q

{up} € WEE®RY, uy — u in w*-Whe(Q)}

and prove an integral representation result for G,

We observe explicitly that in general, for a given bounded open set €2,
G)(Q, ) needs not to be sequentially w*-W !:°°(Q2)-lower semicontinuous and
that

(6.2) G(Q2, u) < G(Q,u) whenever  is a bounded
open set, u € WH®(Q).
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Theorem 6.1. Let g be a Borel function as in (3.1) verifying (3.11) = (3.13)

and let G be given by (6.1), then there exists ¢ : R" — [0, +00] convex and
Borel such that

(6.3) G(Q, u) > / ¢(Vu)dx for every convex bounded
Q

open set Q, u € WH*(Q),

(6.4) G(Q,u) = / ¢(Vu)dx for every convex bounded
Q

open set Q, u € WhH*(Q) such that G*(Q, u) < +oo.

If in addition (dom g)° £ @, then

(6.5) G(Q, u) > / ¢(Vu)dx for every bounded
Q

open set Q, u € W]L’COO(R"),

(6.6) G(Q,u) = f ¢(Vu)dx for every bounded
Q

open set Q, u € WIL’COO(R") such that G(Q, u) < +o0.

Proof. Let us prove (6.3). For every m € N let I, be the indicator function of
O, set g = g + 1, and define, for every bounded open set €2, the functional
Gn(S2, ) by

Gu(,):ueL'(Q) — inf{ lin}linf/ gm(Vuy)dx -
Q
{up) € WLP(RY), uy, — u in LI(Q)},

It is clear that the sequence {g,} is decreasing, hence for every bounded
open set  and u in L'() so is also {G,,(R2, u)}, moreover we also have that

6.7) G™(Q,u) = inf G(Q2,u) forevery
me

bounded open set , u € WH(Q).
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For fixed m e N g, verifies the assumptions of Theorem 5.3, therefore by
this result we infer the existence of f,, : R” — [0, 400] convex and lower
semicontinuous such that

(6.8) Gn(2,u) = / fu(Vu)dx for every convex bounded
Q
open set Q, u € WIL’COO(R”), meN.

Since for every bounded open set Q and u in L'(Q) (G (2, w)} is
decreasing, for every z € R” the sequence { f,,(z)} too verifies the same property,
therefore if we define ¢ by

(6.9) ¢:7eR" > inII; fn(2) €10, +o0],
me
we get that ¢ is convex and Borel and, by (6.7) and (6.8), that

(6.10) GN(Q, u) = inf G,,(Q, u) = inf f fun(Vu)dx >
meN meN Jo
> / ¢(Vu)dx for every convex bounded open set 2, u € WIL’COO(R"),
Q

that is (6.3) once recalled that, being © convex, every element of W!>(Q) can
be extended to an element of WIL’COO(R").

In order to prove (6.4) let us observe that ¢(z) = lim f,,(z) for every

z € R" and that, if © is a convex bounded open set, u € WIL’COO(R") and
G(Q, u) < 400, then (6.10) yields [, fu,(Vu)dx < +oc for some mg € N,
so that, by (6.10) and Lebesgue Dominated Convergence Theorem, we conclude
that

6.11)  G(Q, u) = lim f fu(Vu)dx = / ¢(Vu)dx for every
m-JQ Q

convex bounded open set Q, u € W, °(R") such that G(Q, u) < +oo.

loc

By (6.11) equality (6.4) follows once recalled that, being 2 convex, every
element of W1*°(Q) can be extended to an element of WIL’COO(R").

The proofs of (6.5) and (6.6) follow exactly as above but by using Theo-
rem 4.4 in place of Theorem 5.3 ([

Theorem 6.1 suggests to introduce, for every g : R" — [0, 4+o00], the
function g> by

(6.12) g zeR" > inf (g + 1p,)"(2).
me

In the following result we describe the function ¢ in Theorem 6.1.
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Proposition 6.2. Let g be a Borel function as in (3.1) verifying (3.11) = (3.13),
g™ be given by (6.12) and ¢ be the one appearing in Theorem 6.1, then

¢ =g
Proof. Follows by (6.8), Proposition 5.4 and (6.9). Ul

The following result yields some properties of the function in (6.12).
Proposition 6.3. Let g be as in (3.1) and g be given by (6.12), then g is
convex, Borel and

(6.13) §(2) < g2) <cog(z) foreveryzeR",

moreover
ri(dom g**) = ri(dom g®) = ri(dom(co g)),
rb(dom g**) = rb(dom g®) = rb(dom(co g))
and
g% = g ((2) = cog(z) forevery zeR"\ rb(dom f).

Proof. ltis clear that g is convex and Borel.
Since obviously g(® < ing (g + Ip,) = g and g is convex we soon
me

obtain that
(6.14) g(z) <cog(z) forevery zeR".

On the other side, being for every m e N ¢ < g + Ip,, we have that

(6.15) g%(2) < g™ (z) forevery z e R™.
By (6.14) and (6.15) inequalities in (6.13) follow.
Finally the last parts of the thesis follow by (6.13) and Proposition 1.3

applied to co g, once observed that (1.1) yields
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7. A result on BV -functions.

Let g be a Borel function as in (3.1) and G be defined in (3.2). In the
present section we prove the representation result for G.

Lemma 7.1. Let g be a Borel function as in (3.1) verifying (3.11) +(3.13) and
let G be given by (3.2), then there exists f : R" — [0, 400] convex and lower
semicontinuous such that

DSu

(71.1) G_(Q, u)_/f(Vu)dx—l-/foo VI

convex bounded open set 2, u € BV (Q2).

) d|D*u| for every

If in addition (dom g)° £ @, then

(12) G_(, u)—/f(Vu)dx—l-/f )dl ‘u|  for every

d IDS |
bounded open set 2, u € BV (Q2).

Proof. Let us prove (7.1). Let G be the functional defined in (6.1), ¢ be
the convex Borel function given by Theorem 6.1 and set f = (¢ + laom )™,
then it is clear that f is convex, lower semicontinuous and that, being obviously
¢§g’f§¢+1domg =8

By virtue of this and of Proposition 1.7 we soon get

Dfu

d|DSu|
bounded open set 2, u € BV (£2).

(13) G_(Q, u)>/f(Vu)dx—|—ff )dleul for every

In order to prove the reverse inequality in (7.3) let us first observe that
liomg < @ + ljom ¢ < g from which we conclude that dom(¢ + Igom ¢) = dom g
and, together with (3.11) and Proposition 1.3, that it results

(7.4) ri(dom f) = ri(dom(¢) + Igomg)) = ri(domg),
(7.5) f (@) = ¢(2) + laom(2) = ¢(z) forevery z eri(dom f).

Let Q2 be as in (7.1), u € C*°(R"), z; €ri(dom f), ¢t € [0, 1[ and observe
that we can assume fQ f(Vu)dx < +oo sothat Vu(x) € dom f forevery x € Q
and there exists a compact subset K, of ri(dom f) such that t Vu(x)+(1—1)z; €
K, for every x € Q. By (7.4) it follows that K, C ri(dom g) and hence, by using
also (3.12), that

G, tu+ (1 —tu,) < / g(tVu + (1 — t)z;)dx < +00.
Q
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This, together with (3.9), (6.2), Theorem 6.1, (7.5) and the convexity of f
implies that

(7.6) G _(Qtu+(1—tu.)<GQ, tu+ (1 —1tu.,) =
= / ¢(tVu+ (1 —t)z1)dx :/ f@Vu+ (A —1t)z1)dx <
Q Q
< / SVuydx + (1 —1) f(z1)]€2],
Q
hence, as ¢ increases to 1, we obtain by (7.6) and (3.3) that
(1.7) G_(Q,u) < / f(Vu)dx for every convex
Q
bounded open set 2, u € C*°(R").
By (3.9), (3.3) and (7.7) the assumptions of Proposition 1.6 with Ay equal

to the family of the convex bounded open sets, and, for every bounded open set
Q, F(2, ) = G(L2, -) are fulfilled, hence by Proposition 1.6 we obtain

(7.8) 6_(Q,u)</f(w)dx+/f°°( dDu
~Ja Q d|DSu)|

convex bounded open set 2, u € BV (£2).

) d|D’u| forevery

By (7.8) and (7.3) equality (7.1) follows.

The proof of (7.2) follows exactly as above with the only difference that in
this case (7.7) holds for every bounded open set and by taking 4, equal to the
family of the bounded open sets in the application of Proposition 1.6. U

Theorem 7.2. Let g be a Borel function as in (3.1) verifying (3.11) <+ (3.13)
and let G be given by (3.2), then there exists f : R" — [0, +00] convex and
lower semicontinuous such that

= dD*u
79 G(R2,u) = Vu)d o0
(7.9) (82, u) /g;f( u) x+/ﬂf <d|DSM|

convex bounded open set Q, u € BV ().

)d |D¥u| for every

Proof. Let f be given by Lemma 7.1, then by (3.9), (3.3), (3.6) and (3.7)

Proposition 2.1 applies with U = BV (R"), F = G and by (1.6) and
Lemma 7.1 we conclude that (7.9) holds. [l

In the following proposition we identify the function f in Theorem 7.2.
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Proposition 7.3. Let g be a Borel functions as in (3.1) verifying (3.11)+(3.13)
and f the one appearing in Theorem 7.2, then f = g**.

Proof. By Proposition 6.3 we have

(7.10) 87 = ()" = (8" + Liom o)™ = (8 + laomg)™ = 8™,
therefore by the definition of f in Lemma 7.1, Proposition 6.2 and (7.10) the
thesis follows. ]

By the above result we deduce the following corollary.

Corollary 74. Let g : R" — [0, +o00[ be continuous and C be a convex subset
of R", then

inf{ lin}linf/Q g(Vup)dx : {up} C WlL’COO(R"),

forevery he NVu,(x)eC forae x€Q, u, —> u in Ll(Q)} =

= Qg c Q g+ 1Ic a0

convex bounded open set 2, u € BV (Q2).

) d|D’u| for every

Proof. Follows by Theorem 7.2 and Proposition 7.3. ]
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