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We consider the following problem:

A2u+ @ Au = b[(u T 1)t — 1] in Q.
(P)
Au=0, u=0 on 0€2,

where 2 is a smooth open bounded set in RN, AZ is the biharmonic operator,
ut = max{u, 0}, and a, b are constants. In this paper we study the problem
(P) when a® > j and @ is close to Aj (here (Ax);>] is the sequence of
the eigenvalues of —A in H(%(Q)). Moreover we replace the nonlinearity
(u + 1) — 1 by a more general function g, by using a variational approach.
Here we prove the existence of a nontrivial solution if either b > Ap(X, — a?)
or b < Aj(A] — a?) and the existence of two nontrivial solutions when
b > a( —a?) and b is close to A (A — a?), for any Ay > Ap. Finally
we show that if @2 = A; and b < O the problem (P) has only the trivial
solution.
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Introduction.

Let © be a smooth open bounded set in RY. Let us consider the problem
of the existence of nontrivial solutions of the following nonlinear equation:

P) {A2u+a2Au:b[(u+l)+—l] in Q,

Au=0, u=0 on 0%,

where A? is the biharmonic operator, u* = max{u, 0} and a, b are constants.

This fourth order semilinear elliptic problem has been pointed out by Lazer
and McKenna in [4] as a possible model to study traveling waves in suspension
bridges and in [5] they proved the existence of 2k — 1 solutions when 2 C R
is an interval, a> < A; and b > Ay(Ax — a?), by the global bifurcation method.
(Here (Ax)r>1 is the sequence of the eigenvalues of —A in Hol). Tarantello in
[14] found a negative solution of (P) when a®> < A, and b > A;(A; — a?), by a
degree argument.

It is clear that the number of solutions of (P) depends on the position of a*
and b with respect to A; and Ay(A; — a?), respectively. We study the problem
(P), when the nonlinearity (u + 1)* — 1 is replaced by a more general function
g (see (1.1)), as it has been suggested in [4] and [9]. It is our purpose to use a
variational viewpoint.

In [10] by studying the geometry of the functional in the case a* < A; we
have the existence of two solutions if b > A;(A; — a?) by a variation of linking
theorem and the existence of three solutions if b is suitable close to A;(A; — a?)
by a theorem of existence of three critical values. In [11] we study (P) when a?
goes beyond A; and we prove the existence of two solutions for b in a suitable
position with respect to Ax(Ax — a?), by a different suitable use of a variation
of linking theorem. Moreover in the case g(s) = (s + 1)™ — 1 we obtain some
uniqueness result.

In this paper we study the case a®> > A; and a? close to A;. This is
the “richest” case: problem (P) has a greater number of solutions than in
the previous situation. The existence of a nontrivial solutions is proved when
b > A(hy — a?) (see Theorem 2.12) and also when b < A;(A; — a?) (see
Theorem 4.7). Moreover the existence of two nontrivial solutions is proved
when b > A(Ay — a?) and b is close to Ay (A — a?), for any A; > A, (see
Theorem 3.5).
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1. The problem.

We consider the problem of the existence of solutions of the more general
equation:
(L.1) {A2u+cAu=bg(x,u) in Q,

' Au=0, u=0 on 92,

where Q is a smooth open bounded set in RV, g : @ x R—R is a
Caratheodory’s function and b, c € R. We study (1.1) by using a variational
approach.

Definition 1.2. Let f,. : H—>R be defined by:

Foel) = %(/(Au)z—cfwmz) —bfG(x,w,

where G(x, s) = fos g(x,0)do. Let H = H*(Q)N HOI(Q) be the Hilbert space
equipped with the inner product

(u,v)H:/AuAv—l—fVqu.

Remark 1.3. It is well known that if, for example, we assume:
() lglx,s)| <aplx)+ bols|, Vs e Rand a.e. in €2,
where ag € LZ(Q) and by € R.
fe isa C! functional and its critical points are weak solutions of problem (1.1).

To use a variational approach it is necessary to study the Palais-Smale
condition.

Definition 1.4. We say that f,. satisfies the Palais-Smale condition if for every
sequence (U)nen in H with fy.(u,) bounded and limV f,.(u,) = 0, there

exists a convergent subsequence.
Now we give a sufficient condition to obtain the Palais-Smale condition.

Proposition 1.5. Assume (g) (see Remark 1.3) and:

(gs0) lim S5

s— 400
(G*)  2G(x,s)—gx,s)s > ap(x)s™ —a;(x) Vs eR, a.e.in Q
where o € L®(Q), ap(x) > 0a.e. in Q and a; € LY(Q).

Then for any c e R, b # Ai(c) and b # O the functional fp. satisfies the
Palais-Smale condition.

= 1 uniformly with respect to x;
(1.6)
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Proof. We give the proof (see [11]) for sake of completeness. First of all we
observe that:

(1.7) V foe(w) = u + i*((1 + 0)Au — bg(x, u)),
where i* : L?>(Q) —> H is a compact operator.

(i* is the adjoint of the immersion i : H <> L*(RQ)).
Now let (u,,),en be a Palais-Smale sequence (see (1.4)). In particular:

(1.8) limV fp.(u,) = lim (u,, + i*((l +c)Au, — bg(x, un))) =0
n n
strongly in H.

It is enough to prove that (||u, || g)sen is bounded, because of (1.7) and (g). By
contradiction we suppose that lim ||, ||y = 4+00. Up to a subsequence we can
n

assume that lim = u weakly in H, strongly in L?(R) and pointwise in

n ||l g
Q. By (1.8) we deduce:

u 1
Vcna—n - AnZ_fan_
(V foclttn). gD ||un||H(/' ual* =c [ 1Vul’)
/g(x Uy,) tn _Zﬁ”(u") +bf<2G(x,un)—g(x,un)un);;
letn || 1

lnll el 1

then passing to the limit, since b # 0O:

hm/ 2G(x, u,) — g(x, uyuy, ) ! =0

llnll

Moreover by (G*) of (1.6) we get:

/ (ZG()C, u,) — gx, un)un) ! > / (un)~ / op(x)
||un||H |Mn||H ”Mn”H

and so passing to the limit:

0> /(xou—, which implies u > 0 a.e. in 2.

Then by (g1.0) of (1.6) and (g), using the Lebesgue’s Theorem, we get:

g(x, uy)

nNunlla

(1.9) =u strongly in L*(Q).
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On the other hand by (1.8) we get:

\Y
(1.10) 0 = lim Seeltn) _
nNuglla
A b .
lim{ —|—i*[(1+c) L _bg(x u,,)]} strongly in H.
n Ulupll o st |l 1 st |l 1

Finally by (1.7), (1.9) and (1.10) we obtain:

= u strongly in H and
n gl a

u > 0 is a non trivial solution of A%u + cAu = bu.

Au,

lunll 1

(We recall that the sequence ( is bounded in L?(), so it converges

)neN

. 2 ok Aun . . .

weakly in L*() and (i N ) converges strongly in H). A contradiction
UnllH

arises, because b # A(c). !

We will use the following assumptions to build the geometric structures of
the functional, which allow us to apply the variational principles of Section 4:

(G) 0 <2G(x,s)<s’ae. inQand Vs eR;

2G(x, . .
(G_») lim 26, 5) = 0 uniformly with respect to x;
(1.11) so>—00  §2
2G(x, . .
(Gy) lin(l) ¥ = 1 uniformly with respect to x.
s—> N

We note that if (G) and (Gg) hold then g(-,0) = 0 and (1.1) has the trivial
solution.

Remark 1.12. We denote by A, the eigenvalues of —A in HOl(Q) and by e,
the eigenfunction corresponding to A; normalized in L?(2); we can choose
e; > 0in Q. Let Ay(c) = (Xt — ¢). Set H, = span(eq,...,e;) and
Hf={weH | (w,v)y =0Vve H}. We put Hy = 0.

In the following we consider the case A1 < ¢ < A,.
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2. A non trivial solution when c is close to A; and b > A(¢).

We succeed to build a linking for the functional f,. using a suitable vector.
Hence we have a non trivial solution by the “variation of linking” Theorem 5.2.
We start with a technical lemma.

Lemma 2.1. Assume (G) and (G_,) (see (1.11)). Let b > 0. Then for any
& > 0 there exists h > 0 such that:

Soe(u) > %(/ |AM|2 —C/ |Vu|2) — g/(u+)2 _gfuz —h

Proof. By definition of f,., and by (G) we get:

inty = 5( [ 18uP = [19ur) =5 [ Ge. =
=%(/\Am2—c/vaﬂ——§fuﬁf+

b

b
+3 / (uz—ZG(x,u))—E 2G(x, u) >
{xeQ:u(x)>0} {xeQ:u(x)<0}
1 b
> 5(/ |Au? —c/ |Vu|2) _ Ef(u+)2 —b / G(x. u).
{xeQ:u(x)<0}

By (G_) and (G) we get that for any ¢ > 0 there exists 2 > 0 such that:

G(x,u)gs/u2+h.

{xeQ:u(x)<0} Q

The claim follows. O

Lemma 2.2. Assume (G) (see (1.11)). If 0 < b < A;11(c) fori > 1, then:

inf fo(w) = 0.

weH,;
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Proof. If b > 0 by (G) we obtain for any w € H*:

ftw) = 5([180P ¢ [ 19up) =5 [ G w2
%(/IAwIz—c/IVwIZ) —gfwz >
= %(1 - Aj(@)(/ |Awf® _Cf 'V“"z) 0.

since b < A;y1(c). O

>

Lemma 2.3. Assume (Gy) (see (1.11)). If Aij(c) < b for i > 1, then there
exists p > 0 such that:

sup  fpe(v) <O0.
veH;
Ivll, 2=p

Proof. By (Gg) we get for any ¢ > 0O there exists p > 0 such that if |s| < p
then 2G(x, s) > (1 — ¢)s? a.e. in Q. Thus if v € H; with ||v]z~ < p we have:

Q4 falr)= %(fmwz—cfwz) —bfG(x,wf
= 3([rave—c [1vop) - Za-e [v=
< 5 (A0 —ba —s))/vz,

and so our claim follows (|| - |2 and || - ||L~ are equivalent, since dim H; <
+00). U

Lemma 2.5. Let h > 1. Set:

2.6) ﬁhH(c):max{f(zﬂZueHa /|Az|2—c/|w|2 _ 1}.

Then:

Bry1(c) < @)
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Proof. It is easy to see that B4 i(c) < m If Buypi(c) = (C) then
there exists a sequence (Zu)nen in H;- such that [|Az,)? — ¢ f |Vz,,|2 =1

and 11mf(z+)2 = AH](C) We point out that ||z||3, and [ |Az|* — ¢ [ |Vz|* are
equivalent norms in H;-, since ¢ < kh+1 So, up to a subsequence, we have
limz, = z in L*(R), so that f (zH)? = Ah NG and then z # 0. Moreover, since
n
z€ Hi- \ {0} and [|Az]> —c [|Vz]* < 1, wehave 0 < [(z")* + [(z7)* <
L_- 50 z7 = 0. On the other hand we have f ze; = 0, which implies

Apy1(c)’
z~ # 0. Then a contradiction arises. ([l

Lemma 2.7. Set

2.8) ¥ = sup {A > A, | et € Hy \ {0} 5.2 ¢*(x) <0
in Qand/ |Ae*? —AfIVe*IZ - 0}.
Then:
)\.1 < )\.* < )\.2.

Proof. 1t is easy to see that A* < X,. To get that A* > A, it is enough to prove
that:

35 >0st.Vee]r, A +8[TFe* e Hye® <0in 2 s.t.

/lAe*|2 /IVeI > 0.

We choose e*(x) = sep(x) — e1(x) with s € R and we take s so small that e* is
negative in €2 and ¢ so close to A that:

/IAe*IZ—c/IVe*IzzszAz(c)—Al(c)>0.

That proves our statement. (]

Lemma 2.9. Assume (G) and (G_x) (see (1.11)). Let Ay < ¢ < A* (see (2.8))
and0 < b < (see (2.6)) for some h > 2. Then there exist e* € Hj, \ {0}
and Ry > 0 suc}lh+;ha)t forany R > Ry :

inf{fhc(z)|z=w+oe*, weHhL, o >0,

/|Az|2—c/|w|2 =



ABOUT THE MULTIPLICITY OF SOLUTIONS. .. 261

Proof. Since ¢ < A* by Lemma 2.7 there exists e* € Hy C Hj, e* < 0in Q
such that:

(2.10) /|Ae*|2 —c/ |Ve*|? > 0.

Now by Lemma 2.1, we get for any w € H;- and o > 0, because of the
negativity of e*:

Jre(w +0e®) > %(/ |Aw|? —c/ IVwIZ) +
+ %02</|Ae*|2—c/ |Ve*|2) -
_g/((w—l-ae*)J“)z—efwz—eaz—h >
1 2 2
> 5</|Aw| —chle )+
+ %02</|Ae*|2—c/ |Ve*|2) -
—g/(uf“)z—efwz—eaz—hz
> 1 <1 — bBnt1(c) — 2 ) (f |Aw|? —c/ |Vw|2) +
S 2 Apt1(c)
+ %Uz</|Ae*|2—cf |Ve*|2—28) —h.

Thus the claim follows, since in virtue of (2.10) ||w + oe* II%, and

/IAwIZ—c/|Vw|2+02</|Ae*|2—c/|Ve*|2)
0

are equivalent norms in the space span (e*) & H, hL

The following remark will be useful in the proof of Theorem 3.5.

Remark 2.11. Assume (G) and (G_,) (see (1.11)). Let Ay < ¢ < A* (see
2.8))and 0 < b < ﬂ; (see (2.6)) for some 4 > 2. Then there exists Ry > 0

h+1(C)

such that for any R > Ry:

inf{fhc(z) lz=w+oep1, weH Ly, 0 >0,

/IAz|2 —c/ |Vz|? = RZ} > 0.
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Theorem 2.12. Assume (g) (see (1.3)), (1.11) and (1.6). If A1 < ¢ < A* (see
(2.8)) and b > A;(c), then the functional fp. has at least two different critical
values.

Proof. By Lemmas 2.9, 2.2 and 2.3 it follows that, if A;(c) <b < A;41(c) <

m (see (2.6)) for i > 2, there exist e* € H, \ {0} and R > p > 0 such that:

inf  fpe(2) > sup fp(v),
ZEER(E*,H[,L) veH;
vl 2 =p

where Zg(e*, H) is the boundary of the set {z = w + oe* |w € H*, o >
0, [|1Az> —c [|Vz* < R?} in span(e*) @ H7. The claim follows by the
variational statement 5.2. ([l

3. Two non trivial solutions when c is close to A; and b > A(¢).

Now we build another linking for the functional f; . in such a way as to
use the “linking scale” Theorem 5.3.

Lemma 3.1. Let k > 1. Set:

Ik(b, c) = infL Jpe(w).

wer

Assume (G) and (G_) (see (1.11)). Then:

(i) 0 <b < m = (b, c) > —0o0, where:
1
Bik+1(c) = max {/(w+)2 | we H, /IAwI2 —c/ Vw|* = 1} <
Ajy1(0)
(see (2.6));

(i)) 0 <b < Appi(c) = L, c)=0;
(iii) bliminf Iy (b, c) > 0.

= Ngt1(c)

Proof. First of all we denote by ||w|.> = [|Aw|>—c[|Vw|®. Since
¢ < Mg+1, |l - |, and || - || g are norms equivalent in the space HkL.

(i) fwe HkL, by (2.1) we get:
(3.2) foe(w) > %nwnf - g / (wh)? —

€
Agy1(c)

1
—e/wz = S0 = b(o) - w2 = h.
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Then it follows the existence of a minimum point of f,. on H", because of the
lower semicontinuity of f}..

(ii) If 0 < b < Aj41(c) and w € H, by (G) we get:

Joe(w) = —IIwII /G(x, w) =

1 b, 1 b )
> Slwll,” =5 [ w = 50— NMwll.” =
202 2 Agt1(0) ‘

(iii) If limb, = Ay1(c), we show that liminfl,(b,, c) > 0. In (i) we have
n n

shown the existence of w, € H kL such that:
1 2
(3.3) Ellwnllc — by | G(x,w,) =l(by, ) <
l 2 1
= 2||w||r —b, | G(x,w), YweH.

Arguing by contradiction, we suppose lim ||w, ||, = +o0o. Up a subsequence,
n

= w weakly in H, strongly in L*(Q2) and a.e. in Q, with

we have hm
Hw H

lw]. < 1. Now we observe that by (2.1) we get:

li(by, ©) = _”wn” f( Y- f G(x, wy).

{xeQ:w, (x)<0}

As aresult by this fact and by (3.3) it follows:

n» l bna
0 > lim sup at CZ) > f i( c2)
o w2 T g,
1 + . G(x7 w}’l)
> 5 (1= M@ [ @) =A@ limsup SR

{xeQ:w,(x)<0}

Moreover, by (G) and (G _), using Fatou’s lemma, we get:

G n
lim sup Glx. wn) <

n ” wn
{xeQ:w,(x)<0}

then 1 — Agq1(c) [(wT)? <0.
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By (2.5) a contradiction arises, since f(w*)2 < ,8k+1(0)||w||c2 < Br+1(c)
and Bryi(c) < m Finally, since (w,),en is bounded in H, up to a

subsequence, we can suppose lim w,, = wy weakly in H and strongly in L?(2).
n
By (3.3) we deduce:

1
Soll.? = A ©) / Gx. wo) < liminfly(by. ) <
n
1 2 n
< 5||w||c — Aggi(o) | Gx,w), YweH,
then by (i7):
. 1
hn}llnflk(bn, ¢) = k(Agg1(c), ©) = 5||wo||c2 — Ak+1(0)f G(x, wp) > 0.

Lemma 3.4. Let k > 1. Set:

mi(b,c; p) = sup fpc(v).

veH

Il 2=p

Assume (Gy) (see (1.11)). Then:
. mi(b, c; p) 1
1 —— < —(A —b).
Tt T e T 3 (M@ =)

Proof. By (2.4) it follows that for any ¢ > 0 and for p small enough:

my(b, c; p) -

1
. E(Ak(c) — b +¢b).

Then the claim follows. O

Theorem 3.5. Assume (g) (see (1.3)), (1.11) and (1.6). Let A < ¢ < \*
(see (2.8)). For any A; > A, there exists ¢ > 0 such that for any b €
]Ai(c), A;(c) + 8[ the functional f,. has at least three different critical values.

Proof. Leth <c <A <A < <At <XMg1="---=2A; < Xjyq. Firstof
all since ¢ < A; < Ajg and Agq(c) = Ai(c) < b < ﬁ by Lemmas 2.2, 2.3
and Remark 2.11 (where index & + 1 is replaced by i) it follows that there exist
R; > p; > 0 such that:

(36) inf fhc(z) > sup th(v)v
ZEXR, (equ,-L) veH;
HUHL2=/7,'
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where: g (e, HY) = {w e HY | [|Aw]? —c[|Vw]* < R}} U {z =
w+oe |weH" o>0, [|Az]> —c [|Vz]* = R}}.

Secondly by Lemmas 3.1 and 3.4 it follows that there exists & > 0 such that for
any b € [Arr1(c), Aggi(c) + € there exists p; > 0 such that:

3.7) inf foew) = L(b, ) > my(b, c; pi) = SUP fye(v).
Wer; veH;
Ioll, 2=pi

Flnally sincec < c*and 0 < b < m by Lemma 2.9 it follows that there
exist e* € Hy \ {0} and R, > max{R;, px} such that:

(3.8) inf fbc(Z) > sup fie(v).
ZGERk(e H H ‘I‘IEZHI'
v L :/]l

where: g (e*, HY) = {we HE | [|Aw —c [|Vw]* < R} U {z =
w+oe* | weH o >0, [|AzP —c[|Vz? = R}. By (3.6), 3.7)
and (3.8) using Theorem 5.3, we get the claim. ([

4. A non trivial solution when ¢ > A; and b < A{(¢).

By the Mountain Pass Theorem we are able to prove that in this case the
functional f}, . has a strictly positive critical value. We start with some technical
lemmas.

Lemma 4.1. Assume (G) and (Gy) (see (1.11)). Let b < 0. Then for any ¢ > 0
there exists a function 6 : H—>R such that:

Jo,c(u) > %(/ |Aul? —c/ |vu|2) _

b
— 5(1 —s)fuz — |l gu?0 ) with lin%G(u)zo

Proof. First of all, (Gg) implies that for any ¢ > 0 there exists p > 0 s.t. if
|s| < p then 2G(x, s) > (1 — &)s? a.e. in Q. Then we can compute:

|
42)  fyolu) = 5(/|Au|2—c/|w|2) —b / Gx,u)—

{xeQ:fu(x)|=<p}

—b / G(x, u)>— /lAul —c/qul

{xeQ:|u(x)|=p}
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—g(l—s)/uz—i—g / (—2G@x, w)+ 1 —eu?) =

{xeQ:u(x)|>p}

> %(/muﬁ—c/qu) —g(l —e)/u2+§ f 2,

{xeQ:|u(x)|>p}
because of (G). On the other hand using Holder inequality we get:

(43) [ = St (meastx e 2 e = )
{xeQ:u(x)|>p}
for some positive constants S and p. By (4.2) and (4.3) the claim follows. (I

Lemma 4.4. Assume (G) and (Gy) (see (1.11)). If oy < ¢ < Mgy fork > 1
and b < A(c) then there exists p > 0 such that:

inf u) >0,
(H)fb,c( )

Uy,

where:
@5 yH)={u=v+weH ®H'|

[o+([raw —c [ 1vur) =52}

is homeomorphic to a sphere.

Proof. Letu = v + w with v € Hy and w € H*. By Lemma 4.1, since b < 0,
we get:

foov + w) > %(/lAvlz—chvlz)—l— %(/IAwIZ —c/ |Vw|2) _
- gu —s)/v2 — ga —s)/w2 — (vl + lwlo + w) >

>

N =

2

-(/|Aw|2—c/|Vw|2),

where a is a positive constant. Now we point out that if ||[v + w||ﬁ and

(Ai(e) — b(1 —8)—a0(v+w))/v2+l(l —ab(v +w))-

fvz + (f |[Aw|? — cf |Vw|2) are equivalent norms on the space H. Thus
the claim follows, if p > 0 is small enough. U

Lemma 4.6. Assume (G) and (G_o) (see (1.11)). If Ay < c and b < O then:

lim fp (—se;) = —o0.
s——+00
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Proof. We have:

foe(=ser) =s* (Al(c) = b/ w> ;

moreover by (G) and (G _,) we easily get:

G(x. —
lim /—(x Zsel) —0
§—> 400 K

and so the claim follows. O

Theorem 4.7. Assume (g) (see (1.3)), (1.11) and (1.6). Let Ay < ¢ and
b < A(c).
Then the functional f, . has at least two different critical values.

Proof. Let Ay < -+ < A < ¢ < M4 for some 1 < k. Firstly, since
b < Ai(c), by Lemma 4.4 there exists a set:

rp(H):{v+wereaH,}|fv2+(/|Aw|2—cf|Vw|2)gp},

homeomorphic to a ball in H, whose boundary is the set y,(H) (see (4.5)), such
that:

(4.8) inf  fie) > 0.

uey,

Moreover (G) implies f;, .(0) = 0, with 0 € ' ,(H ). Finally Lemma 4.6 ensures
the existence of s* > 0 such that —s*e; ¢ I',(H) and f; .(—s*e;) < 0. Thus
the classical mountain pass theorem (see [3]) claims the existence of a critical
value c; of f; . such that:

c; > inf u) > 0.
vz dnf )

It is evident that the trivial solution is the minimum of the functional f, . on the
set I',(H).
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5. Variational setting.

In this section we recall two theorems (see [6], [7], [11] and [12]) of
existence of critical points for a functional, which have been used in the previous
sections.

Definition 5.1. Let X be an Hilbert space, Y C X, p > 0andec X\Y, e #0.

Set:
B,(Y) = {xeY [ lxlx < p},
So(¥) = {xeY | Ixlx = p},
Aye,Y)={oe+v]0o >0, veY, |oe+ulx < p},
S, Y)={oe+v]o =0, veY, Joe+v]x =pjU

Ulvlve?, Ivlx < p}.

First of all we recall a theorem of existence of two critical levels for a
functional which is a variation of linking theorem (see Theorem 3.4 of [6] and

[12]).

Theorem 5.2 (“a variation of linking”). Let X be an Hilbert space, which is
topological direct sum of the subspaces X, and X,. Let F € C'(X,R).
Moreover assume:

(a) dim X| < 400;
(b) there exist p > 0, R > 0 and e € X{, e # 0 such that p < R and

sup F < inf F;
S,(X1) Yr(e,X7)

(c) —oco<a= inf F;
Ar(e,X2)

(d) (P.S.). holds for any c € |a, b], where b = sup F.

B,(X1)
Then there exist at least two critical levels c; and c; for the functional F such
that:

inf F<c <sup F< inf F<c,< sup F.
Ar(e,X2) S,(X1) Xr(e, X2) B,(X))

Finally we recall a theorem of existence of three critical levels for a
functional (see Theorem 8.4 of [7]).

Theorem 5.3 (“linking scale”). Let X be an Hilbert space, which is topological
direct sum of the four subspaces Xy, X1, X, and X3. Let F € C'(X,R).
Moreover assume:
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(a) dimX; < 400 fori =0,1,2;
(b) there exist p > 0, R > 0 and e € X», e # 0 such that:

p <R and sup F < inf F;
S,(Xo®X,®X2) Zr(e,X3)

(c) there exist p’ >0, R' > 0and e € Xy, ¢ # 0 such that:

o' <R and sup F < inf  F;
SH(Xo®X 1) TR X29X3)

(d) R<R (= Agle, X3) C T(e, X2 ® X3));
(e) —o0 < a = infar (e x,0x5 F

(f) (P.S.). holds for any c € [a, b], where b = sup F.
B,(Xo®X ®X>)

Then there exist three critical levels ¢y, c, and c3 for the functional F such that:

a<c< sup F< inf F <
S, (Xo®X1) ZR(€, Xo0X5)
< inf F<c¢< sup F< inf F<c¢ <b.
Ag(e,X3) S,(Xo®X, BX) Xr(e,X3)

6. An uniqueness result when ¢ = A; and b < 0.
We will prove the following uniqueness result.

Proposition 6.1. Let g : R—> R be such that:

(i) g is Lipschitz, is C' except at a point so with g(so) # 0
(6.2) and g(0) = 0;
({i) g'(s)=0VseR\ {so} and g'(0) £ 0.

Moreover assume:

@{ii) |g(s)| < ag+byls|,VseR, withay, by eR,;

(iv) lim @ =
(63) s—>+00 §

V)  2G(s)— g(s)s > aps™ —ay Vs €R, withay, a; € RT;

(wi) G(s)>0VseR.
If c = Ay and b < 0, then the functional f},;, has an unique trivial critical
point, which is a local minimum point, so the problem (1.1) has only the trivial
solution.

1;



270 ANNA MARIA MICHELETTI - ANGELA PISTOIA

Proof. First of all by (vi) of (6.3) we have f;,,,(0) = 0 and f,, () > 0
Yue H.

Secondly we remark that critical points of f;, ;, (u) are isolated. In fact if
ug is a critical point of f; », by (iii) of (6.3) using standard regularity results we
have that uy € Cy(2). Thus by (6.2)

6.4) fy, (uo)(v)* = /(Av)2 — M / |Vol* — bfg’(uo)v2 >0 VveH.

If £}, (19)(v)*> = 0 then by (6.4) and (ii) of (6.2) we get f(AU)Z—)\.l f [Vu|> =
0, which implies v = oe; for 0 € R and fg’(uo)el2 = 0, which implies
g'(up) = 0 in Q. A contradiction arises since ug(x) = 0 on 9Q2 and (6.2)
holds. Then we have f;’; (up)(v)> > 0 Vv e H)\ {0}. Therefore critical points
of f,,, are isolated, since any critical point of f; ;, is a strict local minimum
point.

Finally if the functional f;, ;, has two different critical points, they are two
local minima points. So by (i) of (6.2) and (6.3) using Theorem 6.5.3, page 354,
of [2] we state the existence of a third critical point which is not a minimum
point and a contradiction arises. U
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