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LOGARITHMICALLY COMPLETELY MONOTONIC
FUNCTIONS INVOLVING THE GENERALIZED
GAMMA FUNCTION

VALMIR KRASNIQI - FATON MEROVCI

By a simple approach, two classes of functions involving generaliza-
tion Euler’s gamma function and originating from certain problems are
proved to be logarithmically completely monotonic and a class of func-
tions involving the psi function is showed to be completely monotonic.

1. Introduction and Preliminaries

Euler’s classical gamma function, defined for positive x by

oo

[(x) = /t"fle*tdt,

0

The logarithmic derivative of the gamma function is called the digamma func-
tion. It is know as the psi function and is denoted by y(x).

y(x) = 4 Inl () =
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The following integral and series representations are valid (see [1]):

Fet—e 1 X
(”Z‘”+!Lﬂzr“=‘y‘x+ZnM+n .

n>1
It’s derivatives are given by

=)
tn —Xxt

W) = (-1 [ @

—e
0

for x > 0 and n € N, where ¥ = 0.57721566490153286... is the Euler-Masche-
roni constant.
Euler, gave another equivalent definition for the I'(x) (see [71,[8],[13]),

p'r* _ P
x(x+1)-(x4+p)  x(1+7)(14+3)

[py(x) = x>0, 3)

where

[(x) = lim T'p(x). 4)

p—roo

The p-analogue of the psi function is defined as the logarithmic derivative of the
I';, function (see [7]), that is

o) = om0 = 2.

The function y, defined in (5) satisfies the following properties (see [7]). It has
the following series representation

&)

LA |
l[/p(x) :lnp—kzom. (6)

It is increasing on (0,0) and it is strictly completely monotonic on (0,c0). It’s
derivatives are given by

p nlny

0= e o

Definition 1.1. A function f is said to be completely monotonic on an interval
[ if f has derivatives of all orders on / and

(—1)"f™(x) >0 (8)

forxelandn > 0.
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Let C denote the set of completely monotonic functions.

Definition 1.2. A positive function f is said to be logarithmicaly completely
monotonic on an interval [ if its logarithm In f satisfies

(—1)"lnf(x)]™ >0 ©)
forxel,andn > 0.

Let L on (0,c0) stand for the set of logarithmically completely monotonic
functions. The notion “logarithmically completely monotonic function” was
posed explicity in [10] and published formally in [9] and a much useful and
meaningful relation L C C between the completely monotonic functions and the
logarithmically completely monotonic functions was proved in [9, 10].

Kershaw (see [5]) prove that for positive x and 0 < s < 1,

exp ((1 —s)l,l/(x—i—s%)) < 11:((2213 <exp ((1 —s)l[/(x—l— I;S)).
2. Main Results

Chen [3] proved that the function

1

X— —————
F+ 1)

is logarithmically completely monotonic in (0,0). The following theorem is a
generalized result of Chen [3].

Theorem 2.1. The function

1
)= ——— (10)
O e

is logarithmically completely monotonic in (0,00).

Proof. Using Leibnitz rule
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we obtain
[In f£(x)]® = kz{) <Z> <%>(k)(—ln1“p(x+ 1))("_k)
- Z ( ) Dy (o 1)
& —#goc)

0= (1) 0oy

(Z) (— Dk (e 4 1)

= (n)(—l)kk'(n )y (e 1)+
k

sy e+ 3 () 0 e

k=0

_Z<> kkyn k)xnk lw(”k 1)(X—|—1)—|—
+xyy (x+ 1) +Z <k+ >(—1)k+1(k+1)1x"—k—‘w§""“”(x+1)

- l;) [(Z> (n—k)— <k+ 1) (k+ 1)] (=1 byl D (e 1)

) (e 1) =2y (e 1)
p+1 n!

=0 L e

If n is odd, then for x > 0,

!

§()> 0= g(x) <g(0) =0 = (Inf(x)" <0 =
= (=1)"(Inf(x)™ >0

If n is even, then for x > 0,

g(x) <0 = gx) <g(0)=0 = (Inf(x)® >0 =
= (=1)"(Inf(x)" >0
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Hence,

(~1)"(In /()" >0

for all real x € (0,0) and all integers n > 1. The proof is completed. O

For the next result we will make use of the following Lemma.

Lemma 2.2. Let f” be completely monotonic on (0,00), then for 0 < s < 1, the
functions

x»—>exp<—f(x+1)—f(x+s)—(1—s)f/(x+ 1-21—s>)

1—
X > exp (f(x+ )= flx+s)— Tsf'(x—k 1) +f’(x+s))
are logarithmically completely monotonic on (0,0).

Proof. See [2]. O

The following Theorems are I', analogues of the results from [2].

Theorem 2.3. For 0 < s < 1, the functions

X Mexp ((1 —s)l//p(x—i— 1+S>)

Cpx+1) ?
and
e (= 7w )+ yle))

are logarithmically completely monotonic.

Proof. Applying Lemma 2.2 to f(x) =logI',(x), and using the fact that /" (x) =
¥, (x) is completely monotonic on (0, ) (see [7]), one obtains the proof.
Ul

Theorem 2.4. For positive x and 0 < s < 1, then

exp (15 (Wt D)+ 1)) < E((il)) <

<exp ((1 —s)l;/p(x—i— : —2i-s>)
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Proof. Let f,(x) = 1EZ ((;Cj:“lv)) exp ((1 —5)Y, (x—i— %)) and

gpx) = Mexp (— ?(l]/p(x—k 1)+ l[/p(x—i-s))).

P S
Since,

lim f,(x) = lim g, (x) =1

X—yo0 X—yo0

and f,(x),g,(x) are decreasing from theorem 2.3 we have

exp (15 (et D+t ) < S <

<exp ((1 —s)l//,,(x—i— I—ZH))

for 0 < s < 1. The proof is completed. ]

Let s and ¢ be two real numbers with s # 7, & = min{s,#} and § > —a, for
x € (—a,a), define

Ly(B+1) Tplets))=r
RrEmRwes 7P

hﬁJ,(x) =
exp[Yp(B+s) —y,(B+1)] x=p

for p > 0.

The following theorem is a generalization of a result of [12].

Theorem 2.5. The function hg ,(x) is logarithmically completely monotonic on
(—ot,40) if s > 1.

Proof. For x # B, taking logarithm of the function g ,(x) we have
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1 T,(B41) . Th(x+s)
Inkg () = | n LBrs) Fp(x—i—t)]

_ InTy(x+s)—Inly(B+s) InLp(x+1)—InT,(B+1)
N x—P x—p

= ﬁ/quu—i-sdu— B/l//pu—i—t

- x_lﬁ _/[‘I’p(”‘f’s)_‘l’p(”"’t)]du
zx_lﬁi/x/sw;(u—i—v)dvdu

B 1
-5 / Oy ()

:/(Ppst B)u+pB)du

and by differentiating Inhg ,(x) with respect to x,

1
g (1% = [ Qi) (v BJu-+ B)du (11
0

If x = B formula (11) is valid.

Since functions l//l/, and ¢, s, are completely monotonic in (0, ) and (—t,0)
respectively, then (—1)/[@, ,(x)]?) > 0 holds for n € (—¢,c0) for any nonnega-
tive integer i.

Thus

1
(=1t ) = [ (=) @8, (-~ B+ B)du > 0
0

in (—t,00) for k € N. The proof is completed. O
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