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STRONGLY MONOGENIC A-RIGID NEARRINGS
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To the memory of Umberto Gasapina

1. Introduction.

The study of the automorphism group of a nearring allows to derive
properties of nearrings, but, above all, that often provides a link between
nearrings and combinatorial structures.

For instance, the planar nearrings define in a natural way some interesting
geometries and their automorphism group has remarkable influences on these
geometries ([1], [4]).

In this paper the A-rigid nearrings - that is those which have no autormor-
phism except the identity - are studied.

Rigidity in other algebraic structures has also been the object of previous
research ([9], [2]). C.J. Maxson, in [5] and [6], first introduced and investigated
the class of rigid rings in which, namely, the only ring endomorphisms are the
trivial ones. Moreover, there, he gave a complete characterization of rigid left
artinian rings (also see [7]).

In the present paper the automorphisms of a strongly monogenic finite
nearring N with Aut(N™) abelian are characterized through the behaviour of
their left identities. Consequently we prove that a finite planar nearring N with
Aut(NT) abelian is A-rigid if, and only if, every non identical automorphism
of N™ maps a left identity to an element of N which is not a left identity.
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Moreover, we obtain some specific properties about an A-rigid nearring whose
additive group is cyclic of prime order.

2. Preliminaries.

For the notations and the basic results, we refer to [8] without any explicit
recall. Precisely for a (left) nearring N, let N* denote its additive group
and Aut(N*) denote the automorphism group of N*. For a € N, define
Ya: N — N by y,(x) = ax.

Definition 1. A nearring N is A-rigid if the unique nearring automorphism
o« : N — N is the identity map.

If N is a trivial (') A-rigid nearring, we obtain an analogous result as
described in ring theory ([6], [7]).

Proposition 1. A trivial nearring is A-rigid if, and only if, it only contains two
elements.

Proof. Let N be a A-rigid constant nearring. Then every automorphism of N+
is a nearring automorphism. In particular for a € N ¢, definedby x — a+x —a
is an automorphism of N and hence, by the assumption, the map «, must be the
identity map of N. It follows N* is abelian. Therefore, similarly, 8 : N — N
such that B(x) = —x is an automorphism of N and the condition 8 = idy
implies N7 is an elementary abelian 2-group. Moreover, N7 is finite, because
if it was infinite, any permutation of a basis of N would be an automorphism
of N contradicting the A-rigidity of N.
nm
Let N* = P Z5, where m € N.
i=1
Since it is well known that |Aut(N+)l =Q2"-D@2"=2)... (2" =2m"1,
the rigidity of N implies m = 1 and |N| = 2.
A similar argument applies in the case when N is a zero nearring.
The converse is trivial, because every nearring on Z, has only one auto-
morphism, the identity map. U

3. Strongly monogenic nearrings.

A nearring N is A-rigid when none of the non identical automorphisms of
N preserves the multiplication of N.

M A nearring N is said trivial if N is a zero nearring or a constant one.
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Clearly, if « : N — N is a nearring automorphism, then o maps
left identities to left identities of N, but in general an automorphism of N+
satisfying the above property is not necessarily a nearring automorphism.

In Theorem 1 we prove that if N is a strongly monogenic (?) finite nearring
with Aut(N™) abelian, then every automorphism of N* which transforms left
identities in left identities is a nearring automorphism.

On the other hand the following examples show that nearrings exist which
admit automorphisms of the additive group with the property described above,
but such maps do not preserve multiplication. In the first case, N is a nearring
with Aut(NT) abelian but N is not strongly monogenic, while in the other case
the nearring is strongly monogenic with Auz(N™) non abelian.

Example 1. Let Zg with addition modulo 8 and whith multiplication defined
by

01 2 3 4 5 6 7
0 00 00 0 0 0O
1 01 2 3 45 6 7
2 00 00 0 0 O00O0
3 052 7 41 6 3
4 04 0 40 4 0 4
5 05 2 7 41 6 3
6 0 4 0 4 0 4 0 4
7 01 2 3 4 5 6 7

Of course, N = (Zs, +, -) is a nearring which is not strongly monogenic.
The map a : x — 7x is an element of Aut(N*) which permutes the left
identities of N, but « is not an automorphism of N because, for instance,

a(6-3) £ a(6) - a(3).

Example 2. Let (53, +) be the symmetric group on three letters.
Define multiplication on S5 by

(2) A nearring N is strongly monogenic if there exists y € N such that yN = N and,
foreachxe N, xN = {0} orxN = N.
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0O a b ¢ x vy
0 0 0 00 0 O
a |0 0 0 0 0 O
b 0 0 0 0 0 O
c 0 0 0 0 0 O
X 0O a ¢ b y x
y 0 a b ¢ x vy

It is easily checked that N = (83, +, -) is strongly monogenic, but it is known
that Aut(N™) is not abelian. The map

0 a b ¢ x Yy 4
o = € Aut(N™)
0O b ¢ a x vy

fixes y, the unique left identity of N, but « fails to be an automorphism of N,
since a(x - a) # a(x) - a(a).

We now recall that in [3] G. Ferrero proved the following properties
concerning a strongly monogenic finite nearring N:

a) the set {y,la € N, y, # Oy} is a subgroup of Aut(N™);
b) N has at least one left identity.

Theorem 1. Let N be a strongly monogenic finite nearring with Aut(N™)
abelian. Suppose a € Aut(N ™). The following statements are equivalent:

(a) « is an automorphism of N;
(b) foreach x € N, vy = Vu(x),
(c) if, for x € N, y, = idy then yyxy = idn.

Proof. Let a be an automorphism of N*. The definition implies that « is an
automorphism of N if, and only if, @ 0 y, = Yy 0 &, for all x € N. Clearly, by
that and by the hypothesis, (a) and (b) result to be equivalent.

Of course, (b) implies (c).

To complete the proof we have to show the inverse implication: if «
permutes each other the left identities of N, then « is an automorphism of N.
If o 1s the identity map, the implication is clear.

Suppose o € Aut(N*) of order r > 1. Let @ be the subgroup of Aut(N™)
generated by o and let L denote the set of the left identities of N. By hypothesis
a(L) = L;ifforeach ye N\ L, y is a left annihilator of N, then the orbits of
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d contain or left identities or left annihilators.
In this case y; = Yu(x), for all x € N, and the proof is complete.

Suppose, indeed, there exists an element of N which is neither a left
identity nor a left annihilator and X denotes the set of these elements.

First of all, we note that the set K U L is closed with respect-to multiplica-
tion in N and, for every x € K, there exists x’ € K such that x’x = u,, where
u, € L. In fact, now, N is strongly monogenic; for x € K, )/x is an automor-
phism of N* and, consequently, there exists 4 € N such that y* = y» = 1dN
It means that every x € K has a left inverse, denoted by x’.

Moreover, it is possible to prove that for each x € K, there exist z € K and
u, € L such that x = zu,. _
Suppose x € K. If we take z = (x')’ then we have x = (x')'x'x = zx'x = zu,.
Lastly, given z € K, we note that for i = 1,2,...,7 and u € L the following
equalities a'(zu) = (' o y,)(u) = (y, o a))w) = za'(u) hold, since
v, € Aut(N*) and Aut(N™*) is abelian.

From the above observations, we see that the set {zu;, zu,, ..., zu,} where
zeKandu; =a'(u) (ueLandi =1,2,...,r) is an orbit of ® and the union
of these orbits exhaust K.

Now L and K are a union of orbits of @ and sois N \ (L U K), namely,
the set of the left annihilators of N. It follows that « maps every left annihilator
to a left annihilator.

To conclude the proof we show that for all x € N, foralln € N, xn =
a(x)n. Theresultisclearif xe Lorx e N \ (L U K).

Suppose x € K, we know that x = zu,, where z € K and u, € L, and
a(x) = za(uy); thus, keeping in mind o (u,) € L, we have a(x)n = za(u,)n =
zn = zuyn = xn, forany n € N. O

Corollary 1. A strongly monogenic finite nearring N with Aut(N™V) abelian
is A-rigid if, and only if, every non identical automorphism of N* maps a left
identity of N to an element which is not a left identity.

In particular, since a planar nearring N is strongly monogenic, when N is
finite and Aut(N™) is abelian, it results an A-rigid nearring if, and only if, it
satisfies the condition of Corollary 1.

The following examples show that integral or not A-rigid planar nearrings
exist.

Example 3. Let (Z,, +) be the additive group of integers modulo p* with p
prime and k € N. Let a be a fixed element of Z .« relatively prime to p.
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Define multiplication by

y ifx=a
x-y=4{ -y ifx=-a

0 otherwise

It is clear that N = (Zp, +, ) is a non integral planar nearring. Moreover,
since no automorphism of N*t, except the identity, fixes a, N results A-rigid by
Corollary 1.

Example 4. Let Zo with addition modulo 9 and with multiplication defined by

0123 456 78
0/ 000O0OO OO OO O
110123456 78
2108 765 43 21
310123 456 7 8
4108 76 5 43 21
510123456 738
6| 08 765 43 21
710123 456 7 8
8§ |08 765 43 21

Clearly N = (Zg, +, -) is a planar integral nearring and by Theorem 1, N is
A-rigid because no « € Aut(Zsg) preserves all the left identities.

We see that the condition described in Corollary 1 defines the A-rigidity
for any nearring whose additive group is cyclic of prime order. In fact, if N
is a nearring whose additive group is cyclic of prime order then N is strongly
monogenic and Aut(N™T) is abelian.

In this case we can show the following

Proposition 2. Let N be a nearring whose additive group is cyclic of prime
order. If N has exactly one left identity, then N is A-rigid.
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Proof. This is immediate from Corollary 1 since any non identical automor-
phism of N* is fixed point free. O

Proposition 3. Let N be a nearring whose additive group is cyclic of prime
order. Suppose that N has exactly two left identities uy, u, then N is A-rigid if,
and only if, uy + uy # 0.

Proof. Since N* is abelian, the map o : N — N defined by x — —x is an
element of Aut(N7).

By Theorem 1, « is an automorphism of N if, and only if, u; + uy = 0.
Consequently, by the hypothesis of A-rigidity of N, we have u; + u, # 0.

Conversely, let N be a non A-rigid nearring and let a # idy in Aut(N™).
Using Theorem 1 and the fact that, all the automorphisms of N+, except the
identity map, are fixed point free, we have o?(#;) = (u;) = u;. This means
that o has order 2. But in Aut(N*) the only automorphism of order 2 is defined
by x — —x, hence u; + u, = 0. O

Proposition 4. Let N be a nearring whose additive group is cyclic of prime
order p. If N has exactly a prime number q of left identities and q is relatively
prime to p — 1, then N is A-rigid nearring.

Proof. Since |Aut(N*1)| = p—1and Aut(N7) is cyclic generated by the cycle
(lee?...eP7%), where ¢ is a primitive root of p, every element o of Aut(N™1),
o # idy, is the product of disjoint cycles of equal lengths and « is fixed point
free. Consequently, using Theorem 1, if o preserves multiplication then the g
left identities of N form a cycle of length g: that is & has order ¢. But this is a
contradiction because ¢ does not divide p — 1. 0
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