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SULLA MISURABILITA’ DELLA FAMIGLIA DEI SISTEMI
DI CILINDRO PARABOLICO, PUNTO E PIANO IN A,

GIULIO SANTORO
Alla memoria di Umberto Gasapina

The family of system of. parabolic cylinder, point and plane, in As,
proves to be measurable.

II cilindro abbia per direttrice la parabola non degenere, del piano xy, di
equazione:

x2+2ax+a2y2—|—2bx+2cy+d=0, (ab —c # 0),

e per generatrici le rette di parametri direttori (non omogenei): [, m, 1. Allora
I’equazione del cilindro parabolico sara:

fx,y,2) = x2+a*y? + (® + 2alm + a®>m*) > + 2axy — (21 + 2am)xz —
— al + 2a*m)yz + 2bx + 2¢cy — 2(bl + cm)z +d = 0.

Siano x;, yi, z1 le coordinate del punto non appartenente al cilindro

(f(xlayl’zl) #O>

Lavoro eseguito con il contributo del M.U.R.S.T. (40%, 60%).
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Sia px + gy +rz + 1 = 0 '’equazione del piano non parallelo alle generatrici
né contenente il punto (Ip + mq +r % 0, px; + qy1+rz;+1#0).

Sicché la famiglia dei sistemi di cilindro parabolico, punto e piano & rappresen-
tata da:

x> 4 a*y? + (1% + 2alm + a*m®)z2 + 2axy — 1 + 2am)xz —
~ (2al +2a°m)yz + 2bx + 2cy — 2(bl + cm)z +d = 0,

X = Xy,
(1)

Y=Y

=121,

px+qy+rz+1=0.

I parametri della famiglia sono dodici: a, b, ¢, d, I, m, X1,¥1,21, 0,4, 7.
I1 gruppo massimo di invarianza della famiglia (1) & il gruppo affine dello spazio:

x=a1x' +bix' +c7 +d,
(2) _ y=ax' + byx' + 7 + dy,
Z2=azx' + byx' + 37 + ;.

I parametri del gruppo sono dodici: a;, b;, c,di (i =1,2,3).
Applicando il gruppo (2) alla famiglia (1), si ottiene la nuova varieta:

x/z +a/2y/2 un (1/2 + 2a/l/m/ +a.’2m’2)z’2 + 2a/x/y/ .
— QU +2d'm)x'7 — d'l' +2a”m)y'7 +
+2b'x" + 2y =200l + 'm"7 +d =0,

/

(1) x' = xj,
. / /

y = y]’

7 =z},

p/xl+q/y/+rlzl+ 1 :O.
dove, avendo posto:

T = al2 -+ aag‘ + 6132(12 + 2alm + a’m?) + 2aa,ay +
+ aja3(—2al — 2am) + aya3(=2al — 2a*m),
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e:

a? = [b} + a®b5 + b3(I° + 2alm + a’m®) + 2ab1 by + bybs(—2 — am) +
+ bybs(—2al —2a’m)|/T = F,

1% +2a'l'm' 4+ a*m? = [c} + a*c + 4 (I* + 2alm + a*m®) + 2acyc; +
+ cre3(=21 — am)cyes(—2al — 2a°m)]/T = B,

24" = [2a1by + 2a*ayby + 2a3b3(I* + 2alm +a?m?) + 2a(ar1by + aby) —
— 2(I + am)(a1by + asby) — 2(1 + am)(arbs + a3by) |/ T = F3,

—2('+d'm') = [2a101 + 2a2aycy + 2azc3(12 + 2alm + a’m?) +
+ 2a(aycy + azey) — 2(L + am)(ayc3 + azcy) —
— 2 +am)(azcs + azc) |/ T = Fu,

24" (" +a'm’) = [2bicy + 2a*bycs + 2bsc3 (I + 2alm + a*m?) +
+ 2a(bicy + bycr) — 2(L + am)(bics + b3cy) —
— 20 +am)(bycs + b3cy) |/ T = Fs,

2b' = [2a1d, + 2a2axdy + 2a3d5(I* + 2alm + a*m?) + 2a(aidy + aydy) —
— 2 +am)(a1ds + azdy) — 2(I + am)(axds + a3dy) |/ T = Fo,

2¢’ = [2b1d; +2a°bydy + 2b3d3(I* + 2alm + a*m?) + 2a(bd; + bady) —
—2(1 + am)(b1ds + bsdy) — 2(L + am) (byds + bsdy) |/ T = Fy,

— 201" + c'm') = [2c1d) + 2a°cad; + 2b3d3 (17 + 2alm + a*m?) +
+ 2a(cidy + cody) — 2(1 + am)(c1ds + c3dy) —
—2(I + am)(c2ds + c3dp) |/ T = F,

d' = [d* + a2 + d2(® + 2alm + a*m?) + 2adid; +
+ dyds (=2l — am) + dyds (—2al — 2a’m)}/ T = Fs,

x1—d b ¢ ap by ¢

/ .
xp=|y1—dy by ca|:|lay by cf,
271—ds by 3 az by 3

ap x;—d €1 ap by ¢
/ .
yi=|a yw—d c|:|aa by o,
as 71 — d3 C3 as b3 C3
a;, by x;—d | a1 by ¢
/ .
Zy=\ay by y1—dy|:|ax by &,

as b3 Zl—d3 as b3 C3
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P = (par +qay + raz) : (pdy + qdy + rd; + 1),
q' = (pby + gby +rby) : (pdy + qdy + rds + 1),
r' = (pcy +qey +res) : (pdy 4 qdy +rds + 1),

Dall’espressione eguagliata ad Fy, e da quella eguagliata ad Fg, si ricavano:

I'=(F3Fy — F4Fy) : QF; — F3F),
m’ = (F4F6 - 2Fg) . (2F7 - F3F6).

Pertanto il grﬁppo isomorfo a (2) & dato da:

a =F322,
b =F622,
) c=F:2,
2) ,
d = Fs,

' = (F3F3 — F4F7) : QF; — F3Fy),
m = (F4F6 —_ 2Fg) . (2F7 - F3F6).

x1—dy by c ap by ¢
7 .

Xy=|y1—dy by c|:|lay by ¢,
71 —d3 b3 c3 az by c3
ar x;—d; ¢ a by ¢

/ .

yi=\|a y1—dy c|:|ay by ¢},
a3 21 —d3 3 az by cs
a bl X1 — d] a b] C1

/ .

Zy=\ay by y1—dy|:i|lay by ¢,

az by z;—ds az by

p' = (pai +qa; + raz) : (pd; + qdy +rds + 1),
q" = (pb1 + qby + rb3) : (pdy + qdy + rds + 1),
r' = (pci + gy +res) : (pdy + qdy + rds + 1).

I coefficienti Sl" delle trasformazioni infinitesime sono raccolti nella seguente
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tabella:

El=—-a,£=18§=0§=0 & =-d ¢ =a,
£/ =0, 6=0 & =al+am), £ =~ +am), £/' =0, £? =
2 =—b, & =08 =0 8=1, & =c—2ab, & =0,
£ =0, 8 =a, & =bl —cm +2abm, £}°=0, £} =0,
2= —( +am),
s =2, &l =b,8 =0, & =a, & =2ac, £ =c,
7=0, & =d* & =2c(l +am), £&° = —(bl +cm), &} =
312———a(l+am)
;—-2d £2=0, & =0, & =2b, & = —2ad, 54_0,
1 =0, £ =2c, & =2cl+am), £1°=0, &}l =
42 = =2(bl + cm),
Gs=—l, & =-m & =-16=08=0 s§=0
§=08=0&=0&"=Im, &' =1, > =0,
£ =0,8=06=0 =0, 6 =-1, £ =-m,
g =—1 8 =0 & =Im, & =m’, &' =m, £’ =0,
£ =—x, E=-y, & =—z, & =-1, & =0, £ =0,
7=08=06=0§"=0§"=0,£"=
£ =06=08=0& =0, & = —x, & = -y,
s=—2, & =-18§=0§=0 &' =0, & =
=0 6=0&=0§=0§=0 =0,
£9=0,6=0&=—x, 5 =-y, &' =-z, §> = -1,
5110=P’ 512():0 513020 5140=—P2 5150241 5160=O
5170=0’ 5180— —Pq, 510*’ 510—0 510—0 510-—"
4&111:0’ 5121=P 511:O 511=—Pq 51120 Sllzqa
5171—_-0’ §181— -q°, 511—-0 Su_r 511— ‘511—“Pq,
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£,=0,E,=0,&,=p, &, =—pr, &,=0, £, =0,

7 8 9 10 11 12 2
§h =4, &, =—qr, §,=0, 8§, =0,§, =r, §;5=-r"
11 corrispondente sistema di Deltheil & quindi costituito dalle seguenti equazioni
differenziali:

(9D 3D ad b  ad 4> D
b 1 2e 8 a1 0~ e,
o TP % TG e TNy, TP,
L L L L L S
— m —_ — — =,
da dc al ylaxl paq
LR LI L S
ol " ax, P T

0P P od 9P A 0P 0P

O a2 —pg= — prZZ — 4po,
b % %7 Tam Py Plgg TP =
9D Pr 3 5

2

2 L Qab - )= 1202 4 2ad 2
ry gfp“ ;ibab +8;C 5c T T

+ 1 + x; —q = —8ad,

am ay1 ap

L IC S LR L S
A— + C— — M — — Y| — —_— = -,

aa  “ac Mam oy 1%
0 90 90 _
om oy, Y T

80  ,30 _ ad 9D 80 ,3d 9D
2222 02 2 0 20 T g,
S T T % Ty, Py g U M

od oo 0d
a(l +am)— + (bl — cm + 2abm)— + 2c(l + am)— +
da db ac

3D P 3P b 9P
2d (1 — + PP 4+ Im— —x;— + r— = —(7l + 6al)®,
+ (+am)ad+ o7 Timo— xlazl“ap‘ (71 + 6al)
dd P D dd ad P
I — + (bl — —Im— —m?*— — —r— =m®,
ok am) g Gl em) 2 = Im o = Vi =%,
P D 3® 9D -
l—+m— —z1— + = —20,

3l om Yoz, " ar

C+m)S2 4 al +am) > + 2(bl +om) e 4+ 22 4
m)— +a am) — cm)y— + —
ab ac dd 09z
0P o> ,09
+ pr——~--=+qr— +r°— = —4rd.
\ ap aq ar

Tale sistema ammette, a meno di constanti moltiplicative, I’unica soluzione non
banale:

® = (ab—c)2(Up+mqg+r)(px; +qy +rz + D)7 Lz

Ci0 basta, stante la prima condizione di Stoka, per concludere con il
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Teorema. La famiglia dei sistemi di cilindro parabolico, punto e piano, in
posizione generica in Az é misurabile, e la sua misura elementare é:

[1]
[2]

(3]

(4]

(5]

[6]

[7]

dandbAndeN...NdpAdgAdr
lab —c|>-|lp+mq +rP - |pxi +qyi +rz + 1 - | f (e, yi, 20
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