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AN INTERSECTION PROBLEM IN A FINITE SET

GIAMPIERO CHIASELOTTI
Fixed a finite set X, a positive integer k and n subsets Ay, ..., A, of X
such that |A;| > %IX | fori =1, ..., n, wedetermine the maximum positive

integer f (k) suchthatif n < f(k) there exists a subset B C X, containing at
most k elements, suchthat BN A; £ @ fori=1,...,n.

1. Introduction.

In the following, if A is a finite set and % is a finite family of finite subsets
(members of F), we denote by |A| the number of distinct elements in A and by
|# | the number of distinct members in & . Moreover, if x is a real number, we
denote by [ x| the integer part of x.

In several works problems of intersection and union between subsets of a
finite set have been studied.

For example, in [4] it has been proved that if %, ..., %, are families of
subsets of an n-element set X such that A; N A; # 0 if A;, A; € &, for

1 <l <k, then
k
U
j=1

In [5] the following result has been proved.

< 2n . 2n——k.

Entrato in Redazione il 14 gennaio 1995.



206 GIAMPIERO CHIASELOTTI

Let X be aset having at least two elements and £ > 3 an integer; let % be a
family of subsets of X no k of which are pairwisely disjoint. Then, if |X| = mk
or | X| = mk — 1, we have respectively

mk
s £ () ()

J=m+1

or

mk—1
EdEDY (mk. 1)
j=m N
In this paper we shall consider the following problem: given a finite set X,
a fixed positive integer k and n subsets Ay, ..., A, of X such that |4;| >
%IX | (i =1,...,n), which is the maximum positive integer f (k) such that,
if n < f(k), there exists a subset B C X containing at most k elements such
that BNA; £@fori=1,...,n?

In Theorem 1 it will be proved that f(k) > 21 — 2, while in Section 4
it will be shown that f(k) < 2%*! — 1, using an interesting example in the
finite projective spaces (this example is due to R. Dvornicich). This implies that
flk) =21 2, :

This problem fits into the theory of intersecting families (for some funda-
mental results see the references [1], [2] and [3]).

2. Lemmas.

Lemma 1. Let m be an integer > 0, then

ol

Proof. Let us proceed by induction on m.
If m =1, we have

NIRRT

l:

Now suppose m > 1 and the assertion be true for all integers less than m. Let
us distinguish the cases m even and m odd.
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If m is even, we have
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(by the inductive hypothesis on —’721)
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If m i1s odd, we obtain

i[m—m‘ IJ”[m+1J+i[m+2k IJ

i=1 k=2
m+1 S| &+2-!
= tl |t
m4+1 | &l 426! .
=5 + ; o (m being odd)
m-+1 -1 . . . -1
= v (by the inductive hypothesis on e )
2 2 2
=m.
The assertion follows now by induction on m. 0

Lemma 2. Let k be a fixed positive integer. If m is any integer such that 1 <
m < 26t then
k Lm + 2i-1 J
) R P
i=1 2!

Proof. If1 <m < 2!, we have

m+2k+1 m+2k+2
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therefore, by Lemma 1, it follows that

o0 21‘_1 k41 21 1
m=3 mts | _ mtys
— 2! 2i
i=1 L - i=1
£ m 420! m + 2
- Z 2i + 2k+1
i=1 -
On the other hand, we also have
m -+ 2k 2k+1 + 2k 3 .
O< =G < —Zmr =3

this implies that

Then we obtain
k 1 k
m+2’ m-+2

Lemma 3. Let n be a fixed positive integer and r any integer > 2, then

-1 1420t
n—>350 l_(n+ %,Jr J (n+1) + 2!
+1= :
2 2r

Proof. If we set n in the form
n=m2"!+h,

where m , h are integers and 0 < h < 2”1, we have

[(n+1)+1J=m2r_2+l'(h+1)+lJ

2 2
(n+1)+2 s | D +2
(22327 22327

(n+1) 422 (h+1)+22
[ or—1 J =m + [ or—1
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Hence

r—1 1 r—2 r—1 .
(n+1)+2 - . (h+1)+2-1
n—E [ > J—m2 +h—m§ 2’—5 [ e J

i=] Jj=0 i=1

(h+1) 421
2i

r—1
=m?”-m@“h—u+h—§:[

i=1

r—1 1 9i—1

i=1

[ o0 i—1
(h+1)+2 .
- h'— ; f 0< < r=1_
m —+ i_5_=1 ] 5 | 1 <h<?2 2
= ¢
o0 ; —
(h+1) 4271 .
h_ : 1 — r—1 __
km+ LL > ;+ if h=2 1
(m+h—(h+1) ifO<h<2-1_2
= (by Lemma 1)
m+h—(h+1)+1 if h=2"1-1

m if h=2"1-1,

Then, to complete our proof, we must show that

={m—l if 0<h<271-2

m—1 )
[TJ-i-l ifOo<h<2-1-2

Vn+n+y4J_
2r -
_[%J+1 Cifh=21-1,

Now, if h = 2"~1 — 1, we have

(n+1)+21 | m+2)2! _|m
[ % J"[ > J“LEJ+L

IfO < h <21 —2 thenuse
(n+D+271 mtl htl
2r o2 or |

Let us distinguish the cases m = 0 (mod 2) and m = 1 (mod 2). Then, if
m = 2k + 1 is odd, it implies

m+1 h+1 h+1 m—1
=k+1 —_—] = S .
[ 5 + o J + +[ 5 J k+1 5 +1;
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on the other hand, if m = 2k is even, we have

m-+1 h+1 1 h+1 m—1
:k oy = == E—
[ > -+ or J +[2+ % J k [ 2 J—i—l.

This completes our proof. [

3. The main result.

Let us now prove our main result.

Theorem 1. Let X be a finite setand A\, ..., A, be distinct subsets of X such
that

1 .
(D IAiI>~2~|XI (i=1,...,n).

Let k be a fixed positive integer. Then, if n < 2*T! — 2, there exists a subset
B C X suchthat |Bl| <kand BNA; #@ foralli =1,...,n.

Proof. If % is a family of subsets of X and x is an arbitrary element of X, let
us denote by d(%, x) the number of distinct members A € & (i.e. subsets of

X) such that x € A.
Let % = {Ay,..., A,}. By (1) we have

@ Y d(F10) =Y I+ L, @) = (Al 4+ A > 21X,

xeX xeX

where )
1 ifxeA i

0 otherwise C=1L....n)

I4,(x) = {

By (2) it follows that there exists an element x; € X such that d(#, x;) > g,

ie. d(%#y, x1) > L—g J + 1. This implies that .%#; contains at least

qny . |n+2] |m4+D+1
o2 22

distinct members, which we-denote by Ay 1,..., A1 4, suchthatx; € A N...
NA}] 4, . Now let us consider the subfamily

Fr=F \{A11,..., A4} C Z1.



AN INTERSECTION PROBLEM IN A FINITE SET 211

%, contains exactly

(n+1)+1J

Ny =H—0] =H —
[ 2

distinct members.
By (1), arguing as before, it follows that .#; contains at least

n_[(n+é)+1J 1)+ 2
an n
=2 |+1= =] — 1=
ol [ > + > + [ 7 J
distinct members (differentfrom A¢ 1, ..., A1 o), 52y A2 1, ..., Az ,,, suchthat

Xp€A31N...NA,.
By inductive hypothesis, at the i th step we can determine a subfamily .%;

such that
| Fil=n=n—a—...—a_y,

(n+ 1) + 21
oy
By (1) we obtain again

where o = J,lsksi—l.

> d(F,x) > ZIX;

xeX

therefore there exists an element x; € X such that
_ "
d(Fix) = | 5| +1.
This implies that .%; contains at least

" — [(n+1)+1J _ L(n+l)+2J _ L(n+1)+2i—2J
2 4 PR 2,_1

-[3- 1
S T R 2 +
distinct members of &) (all differentfrom Ay 1,..., A14,, A2.15 -+ -y A2gys -+ 2)

which contain a common element x; € X; moreover, by Lemma 3

{(n +1) +2i‘1J
Q= ; .
i
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Therefore, if we repeat this procedure s times, we shall obtain at least

Xs:‘\(n—l—l)-l—Zi"lJ
5

i=1

distinct members of F; ,say Aj1,..., Aoy A1y +- v Adays «ovs Asts ovns
n+1)+1 (n+1)+2
Ago, (Where o = |[—— g = |———,..., @ =
[1e23 2 4
1 2s—1
[(”J’ )+ J), such that
2s
.761GAl,lﬂ...ﬂALo,1
(3)
Xs € Ag 1N ... NAg .,
for some elements x, ..., x; of X.

By our assumption n < 2¥! — 2, the inequality n + 1 < 2%*! holds;
therefore, by Lemma 2, it follows that

k i—1

i=1

(4) implies that there are no further members in the family % after the kth step.
Therefore the procedure can be stopped with some sth step where s < k.
Hence the set B = {x,..., x;} satisfies |B] < k and B N A; # @ for all
i=1,...,n. O

4. A fundamental example.

Now it will be proved that the result established in Theorem 1 is best possi-
ble; in other words it will be given an example of a finite set X for which, fixed
keN, andn = 2k — 1 > 2k _ 2 there exist n subsets Ay, ..., A, of X,
with [A;] > %IXI for all i, such that: for each subset B C X, with |B| < k,
there exists some i € {1, ..., n} such that A, N B = 0.

Let F, be the finite field having ¢ elements, g = p”, where p is a prime

number and 4 is an integer > 1.
Let k be a fixed integer > 2. We denote by P(k, g) the k-dimensional

projective space over the field F,,. The (k — 1)-dimensional subspaces of P(k, g)
are the hyperplanes.
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Now let us consider X = P(k, 2). Since the points of X are all the (k+ 1)-
tuples from the elements 0 and 1, different from (0, 0, ..., 0), we have

1X| =211,

The number of hyperplanes in X is also 2¥™! — 1, and any hyperplane contains
exactly 2F — 1 points. Let n = 2¢+1 — 1.

Now take the complementary subsets in X of all hyperplanes of X and call
them A, ..., A,.

Then [A;| =n— 2 =D =2 1) - 2F-1) = 21 -2 =2k >
LMt - = J|X|, fori=1,...,n.

Finally, if B is a subset of X such that |B| < k, there exists some hyper-
plane in X that contains B; this implies that BNA; = @, forsomei € {1,...,n}.

This completes the example in P(k, 2) and shows that the value in 2k+1 _ 2
in theorem 1 is best possible.
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