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A BASIC ANALOGUE OF THE GENERALISED H-FUNCTION

R.K. SAXENA - RAJENDRA KUMAR

In the present paper the authors define a new basic hypergeometric func-
tion, which is an extension of the basic H-function defined earlier by Saxena
etal [11]. As g — 1, it reduces to the I-function defined by Saxena [12].
Three basic integral representations for this function are investigated, which
provide elegant generalizations of the results given earlier by Saxenaetal [11].

1. A basic analogue of the generalized H -function.

In arecent paper Saxena [12] has introduced the following generalization of
the well-known Fox’s H -function in terms of the I -function by means of Mellin-
Barnes type integral in the form:
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where 0 <m < B;;0<n<A;;i=1,2,...,r,risfinite and v = +/—1.

Entrato in Redazione 1’8 settembre 1995.



264 R.K. SAXENA - RAJENDRA KUMAR

We define a basic analogue of this /-function in terms of the Mellin-Barnes
type basic contour integral as
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where 0 <m < B;;0<n < A;;i=1,2,...,r; ris finite; = +/—1; and
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(1.3) G =[]{a-g¢m) .
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Also, a;, B;, aji, Bj; are real and positive and a;, b;, a;;, b;; are complex num-
bers.

The contour of integration C runs from —ico to +ioco in such a manner
that all the poles of G(¢%~#*); 1 < j < m, are to its right, and those of
G(q'=%%%%),1 < j < n, are to its left and are at least some ¢ > 0 distance away
from the contour C. The integral converges if Re[s log(z) —logsinws] < 0, for
large values of |s| on the contour, that is if | arg z] < 7. It may be observed that
the contour of integration C can be replaced by other suitably indented contours
parallel to the imaginary axis.

It is interesting to observe that for r = 1, A; = A; By = B; (1.2) yields
the g-analogue of the H -function due to Saxena et al [11], namely,
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where 0 <m < B;0<n <A;and w = +/-1.
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Further, forr = 1, Ay = A, By = B;a; = B =1, =1,...,A;
i =1,..., B, (1.2) reduces to the basic analogue of Meijer’s G-function given
by Saxena et al [11], p. 139, namely,
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where0 <m < B;0<n 5A,anda)=«/—:f.

A detailed account of the basic hypergeometric functions is available from
the monographs of Bailey [3], Slater [13], Agarwal [1], Exton [4] and Gasper
and Rahman [5]. In brief, the function I} (-) will be called the I, ~function.

2. A limit formula.

In this section we will establish the following limit formula for the I,-
functionas g — 1—,
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wherei =1,...,r.
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To prove (2.1), we consider the expression
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on multiplying both sides of (2.2) by
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and then making use of the identity (cf. Askey [2])
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] /
C

n n
n Fq(bj - ﬂjS) H Fq(l — 4 +OljS)71'Zs
j=I1 j=l1

r B,‘ A,' .
> [ IT T, —bj+Bus) [] Cylaj; — ajis)}
i=l | j=m+l j=n+1

1

. - ds .
Ly()Ty(1 —s)sinms




A BASIC ANALOGUE OF THE GENERALISED H-FUNCTION 267

Now, taking the limit of both sides, as ¢ — 1—, and making use of the result
(cf. Askey [2])

2.4) Jim {r,(0} =T @),

(2.1) follows immediately.
It may be remarked here that forr = 1, A; = A, By = B, (2.1) reduces
to the known limit formula for basic analogue of Fox’s H -function due to the

authors [9], namely
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where 0 <m < B;0<n < A.
A detailed account of the ordinary G and ordinary H -functions is available
from the monographs due to Mathai and Saxena [7], [8].

3. Integral representation for the I, -functions.

Three basic integral representations of the /,-function are to be established

here.
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where Reo > 0,Red > 0, |argz| < 7.
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where Reo > 0 and |argz| < .

Proof. In view of (1.2) and on interchanging the order of integration, which is
justified in view of the aforesaid conditions, (3.1) transforms into the integral
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The result follows immediately if we now use the integral due to Hahn [6], p. 372
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The remaining result (3.2) and (3.3) can respectively be proved by making
the use of following integrals due to Hahn [6], namely,
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where

00 1 n
o el

n=0

4. Special cases.

(i) Forr = 1, A; = A; By = B; (3.1) through (3.3) respectively yield the
known results due to Saxena et al [11], p. 140, eqns. (3.1) - (3.3).

(ii) On the other hand if weset r = 1, A} = A; B; = B; in (3.1) - (3.3)
and then replace x % by x° in (3.1), x™ by x” in (3.2) and x® by x~¢ in (3.3)
respectively then we arrive at the results due to Saxena et al [11], p. 140, eqns.
(3.4) - (3.6).

(iii) Ontakingr = 1, By = m = B;n = 0, A| = A5 = B = 1,
. . e : —1 :
j=1...,A,i =1,...,B;§ = 1 and replacing z by (1 — )75 in

(3.1) and using the identity (cf. Saxena and Kumar [10]), namely
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where y = t(1 — q)!*4~B. The following integral representations for the
generalized basic hypergeometric series are obtained.
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where y = t(1 — g)!+4-5.
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in (3.2) and make
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where y = t(1 — g)!*+4-5,
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