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HOLDER REGULARITY FOR NON LINEAR
NON HOMOGENEOUS ELLIPTIC SYSTEMS

LUISA FATTORUSSO - GIOVANNA IDONE

In this paper we study the L2#-regularity for the gradient of the solution
ue HY(S, RN) to the following non linear elliptic system:

u—geHy(QRY)

S° Dy af (x, Du) = 2 D; fi(x, ) — £(x, 4, Du),
] i=1

=1

where f(x, u, p) and f;(x, u) have linear growthes and g € H1-W(Q, RV).
In particular for 2 < n < 4 we obtain the Holder-regularity for u, extending
a result of S. Campanato (see [1]) to the case of systems with non zero free

terms.

1. Introduction.

Let © be a bounded open set of R", n > 2, for instance of class C?, with
points x = (xi, x2, ..., X,). N isaninteger > 1, (- | -); and || - ||y are the scalar
product and the norm in R¥.

We will drop the subscript £ when there is no fear of confusion.
Ifu: Q — RY, weset Du = (Dju, ..., D,u), where, as usual, D; = 3/9x;.

Entrato in Redazione 1’11 ottobre 1995.
Lavoro eseguito con il contributo finanziario del M.U.R.S.T. e nell’ambito del
G.N.AFA. del CN.R.
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Clearly, Du € R"" and we denote by p = (p!,..., p"), p/ € RY, a typical
vector of R,

H' = H'? and H} = Hol’2 are the usual Sobolev spaces. Let a‘(x, p), i =
1,2,...,n,be vectors of RY, defined in Q x R*V, continuous in x and of class

C!in p, which satisfy the following conditions:

) |
(1.1) Z Z 9}, p) p[ <M, VY, peA=xR",
ij=1 hk=1 3Pk
n N aah(x p) 2
1.2 > 68 zv]g]
i, j=1 hk=1 3Pk

V(x,p)e A and VEeR™
where M and v are suitable positive constants with v < M, and, moreover,
(1.3) a'(x,0)=0, VxeQ.
From (1.1), (1.3) it follows that
la’(x, p)Il < M ||pll, ¥(x, p) € A.

Let, moreover, f(x, u, p) and f;(x,u),i =1, ..., n,be vectors of R, defined,
respectively, in  x RY x R"" and in  x R¥, measurable in x, continuous in

u and p, such that
A I f & u, Pl < fFP@) Fec@)ull +b@)|p| ae.in QxRY xRV,

(1.5 |fi, ) < fFix)+Fa@|u aeinQxRY,i=1,...,n,
with a(x), c(x), b(x) € L*®(2) and

(1.6) o) e L (),

where, forn > 2, r = m and for n = 2, 2r is anumber € (1, 2),

(1.7) fix)eL*™(Q),i=1,...,n, withO < < A,

where A = min{2 4+ ¢, n} is, here and in that follows, the exponent of the

fundamental estimates for non linear base-operators (2.12) (cfr.[1] p.292).

Moreover, for every x, y € Q and p € R"V, we suppose that
1

n 2

i i 2

(1.8) [Zl!a . p)—a' (. p)| } <o (lx=yl)-lpl
=1

where w(¢), with ¢ > 0, is a bounded, non-decreasing function which converges

to zero when t — 0.
Under the hypotheses (1.1) - ( 1 8) we will prove the following:
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Theorem 1.1. Let u € H'(Q, RY) be a solution of the Dirichlet problem

u—geH(Q,RY)

Xn: D; @' (x, Du) = i D, fi(x,u) — f(x,u, Du)
=1

i=1

(1.9)

where g € HVW(Q,RY), with 0 < u < A (Y). Then we have that Du €
L>*(Q2, R™) and

(110) “Du”LZ,u(Q’RnN) S C{ ”g”Hl'(#)(Q,RN) + ”fOHLZI‘,/U' (Q) +

n
1+ 21 N
1=

Moreover u € L22TH(Q, RN and if2 <n < 4dandn -2 < w < A, we
- get

ue CO""(EZ_—, R witha =1— f——;——'ui
Note that, assuming w = u — g, problem (1;9) can be written in the

equivalent form

w € Hy (Q,RY)
(1.11) S D;a'(x,Dw+Dg) = > D, fi(x,w+g) —
] : i=1

i=1

— f(x,w+ g, Dw+ Dg).

We will divide the present paper in the following way: notations and some pre-
liminary results are contained in Section 2; in Section 3 we will prove an interior
regularity result, in Section 4 a regularity result near the boundary, and, finally,
in Section 5 the global regularity.

The technique we use to reach these regularity results is due to S. Campanato,
who in the work [1] was concerned with the same problem in the homogeneous

case f =0 f=0,i=1,...,n.

(}) For the notations see Section 2.
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2. Preliminaries and notations.

We define
(2.1) B’ o) ={x:|lx —x <o};
moreover, if x° = 0,
(2.2) BT (x% o) = {[xeB(x*0):x, > 0},
(2.3) ral o) = {x eB(x o) x, = O}.

We will simply write B*(¢), (o) and T' instead of B*(0, o), I'(0, o) and
I'(0, 1), respectively.
Throughout the present paper, €2 will denote a bounded open set of R” with di-

ameter dq.
If ue L1(%, RY), % is an open non-empty set of 2, then

(2.4) Uz =7[ u(x)dx = ! / u(x)dx.
B B

meas &

If u e L®(Q2, RY), we define

(2.5) 1], = €55 Sup )]l

IfueCo(Q,RY),0 <a <1, we set

e (x) — u(y)]|
2.6 S
(2.6) [v], 5 S“P Ix =yl

and we will say that u € C%*(Q, R") if u € C®*(K, RV) for every compact
subset K C Q.
If u e L7#(Q, RY) we define, as usual,

1

QD el gy = 500 [0 /Q L IuClrax |7 with e [0,n1;

o<o<dg
in particular, if v € L>*(Q,RY), 0 < A < n, or u € L**(Q,RY) with
0 <X <n+2, wedefine

2.8 2 — — / 2d
(2.8) Hulle,k(Q,RN) f&iﬁ o . lu(x)||"dx

0<o=dg
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| 2.9 ul? = Ssu a"*/ u(x) —u 2dx
29) [ ]EZ'A(Q,RN) Oxoeg Q(x%,0) ey 2(,0) :
<o =<dQ

where Q(x%, 0) = QN B(Y, o).
We say that u € HV®(Q,RY), 0 < A <n,if

ue HY(Q,RY) and Du e L>*(, R™).

When u € H (2, RY), we define

2 2
g = f Jull2dx
Q

(2.10) luli,e = |Dulo,q.

We examine now the non-linear base system
n .
2.11) > D; a’'(Du) =0,
i=1

where the vectors a’(p) satisfy the conditions (1.1) - (1.3). Let u € H}(Q, RY)
be a solution of the system (2.11), in the sense that

(2.12) / Z (a'(Du) | Dip)dx =0 Vg e Hj (2, RY).
Q=1

In [1] the following fundamental estimates have been proved:

Theorem 2.1. If u € H'(Q, RY) is a solution of system (2.11), for every ball
B(o) = B(x®,0) Cc Q and Vt € (0, 1), we have (see [1] Theorem 3.1):

2.13) |Dul} gy < ¢ 1*1Dulf gy

where A = min(2 + &,n), ¢ = ¢(v, M, n) is a suitable number 0 < ¢ < 1

(which existence is assured by [4], Theorem 8.1, p.90) and the constant ¢ does

not depend on t, o, %9,

Moreover if 2 < n < 4 we have (see [1] Theorem 3.2)

2 2
(2.14) 5,800y < € " |15, 5o)-
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Theorem 2.2. Let u € H'(B*(1), RY) be a solution of the problem

u=20 bn I
n .
ZD,-a’(Du):O in  BT(1).
=]

Then, for every o < 1andVte(0,1)
(2.15) 1Dul§ g0y < € 1 1DU gy
where .. = min(2 + ¢, n) and the constant c depends neither on t nor on o.

(See [1], Theorem 5.1I).

Afterwards we shall use the following auxiliary result (see [1], Lemma
2.VID):

Theorem 2.3. Let a'(x, p), i = 1,2,...,n, be vectors of RY, defined in A,
measurable in x, continuous in p and such thatVx € Q, Y p, p € R™ it results

[(a'(x,0) =0

1o p—ai pi) < mip- 5l

D

(2.16) *)

S (¢ p) —a e p)| (0 = 39) 2 viip — IR
with M and v suitable positive constants with v < M.
Let fO(x), fitx),i=1,2,...,n, and g(x) be vectors of RV, such that
fix) e L¥ (2, RY)
with1<2r<2k f n=2and r= 25 if n>2,
fix) e lXQRY), i=1,2,...,n,
g(x) e H(Q, RY).
Then there exists a unique vector u such that
u € H (Q,RY)
Y- D, @'(x, Du+Dg) = - Dif ()~ 1)

i=1

(2.17)

() The hypotheses (2.16) are more general than (1.1) - (1.3).
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and it results

n

(2.18) |Dulyg <c (v, M,0) [Z

=1

ft—=a'(x, Dg) oo + ”f()”i%(sz,RN)]

where ¢ is the Sobolev constant ().

Proof. To proof this theorem is equivalent to show that there exists an unique
vector u € Hy (2, RY) such that

n n
(2.19) > DiDiu=) DiDju-—
i=1 i=1

n
- # lf; D; (da'(x, Du + Dg) — f'(x)) + fo(x)]
i.e. that the transformation v : Hj(Q, RV) — HJ}(Q2, RY), defined setting for
YueHy(Q,RY)
(2.20) T(u) = U,
with U solution of the problem
(U e H\(Q,RY)

n ‘ n
ZDiDi U=ZD,~D,~u——
(2.21) { i=t i=1

- #[Z D; (@' (x, Du + Dg) — f'(x)) + fo(x):]
i=1

admits a fixed point.
(We proof the theorem for n > 2, a few changes are necessary for n = 2).

For any u € Hj (Q, R") the condition
v , :
D; u — —M———Z-[a‘ (x, Du+ Dg) — f' (x)] e L% (2, RY)

holds, and then there is a unique solution U = 7 (1) € H{ (€2, RY) of Dirichlet
problem (2.21) and also the inequality

2

D; u—-%[ai(x, Du—}—Dg)—fi(x)J dx+

2 n
(222) “U”Hol(Q,JRN) = L;

(®) The Sobolev constant ¢ does not depend on £2.
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2
+V”2/ (£°|U) dx

holds.
Now we observe that, setting

U=1tu) and V =1(v)

U — V is the solution of the Dirichlet problem

(U —VeH(Q,RY)

n n

> DiDU = V) = Y. Dy Diu—v) -
i=1

i=1

L — #[ai(x,Du+Dg)—ai(x,Dv+Dg)]}
and we have
2 - 2
I =¥ gy = [ 31D~ VIR <

< Z;/Q I1D; (u — v) — #[ai(x, Du + Dg) — d' (x, Dv + Dg)]”2dx =

n 2
= Z/Q {1Di = vy + —lla! (v, Du + Dg) — @i (v, Dv + D) -
=]

- 211_;7 (ai(x, Du + Dg) —a'(x, Dv + Dg)'D,-(u — v)) }dx <

2 2

S ID@=0)I7, o o + 377 1D u=)l, o R,,N)—zqum— s oy =

— (1= 2 ) 1p 2 —(1-2 2
= 78 |D(u —v)| 120 RS Y7 [l — ”H‘(QR”)

from which it follows that the transformation 7 : Hj (2, RY) — H! (2, RV)
being a contraction, has a unique fixed point u which is the solution of problem
(2.19). To achieve the estimate (2.18), taking in account (2.22), we observe that

Jlue 2 [a (x, Du + Dg) — f* (x)]” dx +

H (€, IRN)
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+%/ﬂ(f°tu)dx=
2 [a' po) - f(x)]“ x| (0w ax

from which, using the calculations made before we reach

”u”H oy S {Z/ ”D u-———~[a (x, Du+Dg)—a'(x, Dg)]“ ]

n . | 5 %

+{'A%2‘i=21/9”611(x, Dg)—f’(x)llzdx} +[M2/(f |u)d ] <
AL vy i i 3

=(1-57) ”””H&(Wﬁ(‘;ﬁ; | lait. D) - siwlfax) +

2 ;

+ [ [0 1 ax] <

= (l )7”””11 @rn T M2 Z/ la’ (x, Dg) — f* (x)llzdx)

i+1

{Mz ([uronda)™ ([ ax)” ]} <
< (1= 2) 1ol + MzZ | ' D) = i Pax)” +

2U - O —2' 4
L8 A TR R CT PR | o

—|a'(x, Du+ Dg) — a'(x, Dg) | -

l

1
2

A

1
2

1

L2 (Q,R

and, for every ¢ > 0,
2

1
v 2
< (1= 135) lullamn +

+ (5 2 [ 1w P~ S @)+

(*) ¢ denotes the Sobolev constant.
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+5 \/—Hfoll 2 0w T VEI @Ry

From here, the estimate follows

223) el gy <

< ¢(é, v, M) Z/ la’ (x, Dg) — fi(x)|f dx]f + 110 N RN)}

and, consequently, (2.18).

3. An interior regularity result.
Now, we can prove the following interior regularity theorem:

Theorem 3.1. Let u € H'(Q2, RV) be a solution of system

(.1) D Did'(x, Du+Dg) = Difi(x,u+g)— f(x,u+g, Du-+Dg)
i=1 i=1

where we suppose that g € HVW(Q, RY),0 < u < A (5). Then, under
the assumptions (1.1) - (1.8), for every open set Q* CC R, we have that
Du e L>*(Q*,R") and the inequality

(3.2) | Dull <cH

L2>[l, (Q*,R"N)

holds, where, if 1 < 2, the constant ¢ depends also on d = dist($2", 32) and

+ lull?

0
“g” L22(Q,RY) +IIf ”ihur(g) + Z ”f ”LZ“(Q)

HLW(Q RY)

whereas, if u > 2, a’enoted by Q** an open set such that Q* CC Q** cc Q
and set d* = dlst(Q dQ*), the constant ¢ depends on d* and

2 2 02 - i)2
= 180 gy T 10 gy + 170 o 2N

(®) A is defined in (1.7).



HOLDER REGULARITY FOR NON LINEAR. .. 295

Proof. Fix B(c) = B(x°, o) with x° € Q* and 0 < d.In B(c) we decompose
u:
U=v—w

where w is the solution of the Dirichlet problem (recall Theorem 2.3)

w e H (B(o), RY)

_Z D; ai(xo, Dw+ Du+ Dg)=>_ Di[ai(x, Du+ Dg) — fi(x,u +g)]+

i=1 =1 :

+ f(x,u+g, Du+ Dg)

while v € H(B(c), RY) is a solution of system
> D;d'(x°, Dv+ Dg) = 0.
i=l1

We prove this theorem in the case n > 2; the proof needs only little changes
in the case n = 2 (%).
From Theorem 2.3 with a’ (x, p) constant in x, we get:

n
(3.3) IDWR 5oy < c(v, M, (Y |a'(x, Du + Dg) =
i=1

—a'(x° Du+ Dg)li,sm + Z | fie,u+ g)‘?),B(o) +
, i=1

+ 11 G u+ g, Du+ DI, )=
L7+ (B(o),R")

< ¢, M, {0?@)(1Dul} ey + 1D8B 50y + 1SN, +
Ln+2(B(o))

2 2 2
+ [lull” ,, + 1 Dul” ,, + legl” ,, +
L7+ (B(0),RY) L#¥2 (B(o),R™Y) L7+ (B(0),RY)

(®) Note that L2(B(o),R¥) C L (B(o), R¥) and, for every ¢ € L2(B(c), R¥) we
have

” 2 n S C 02 12 M
(p”LFzﬁ(B(a),Rk) #h.5)

Likewise, if n > 2 and if u € H'(Q, RV), then u € L5 (Q,RY) c L22(Q, RY),
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n
2 ] 2 2 2
+IDgl? + D1 W by + 18] oy 0 + 1813 o |
Ln+2 (B(o),R"™Y) i=1

On the other hand, v + g satisfies the hypotheses of Theorem 2.1, then, V¢ €
(0, 1), we have:

|Dv + Dglg’B(m) <ct*Dv+ Dg|3,3(0)
and so, Vr € (0, 1),
(3.4) |Dvfg, Boy < € t*]Dvl%iB(G) + chglg’B(a).
From (3.3) and (3.4), V¢ € (0, 1) it easily follows that
IDUI(Z),B(m) = ZIDU|(2),B(m) + Zlle(z),B(w) =
=c tlevlg,B(o) + C’DgI(Z),B(U) + 2|Dw|g,3(m) =
< ct|Dulf gy +c | DWS gy + €I DI oy + 2|DW} ey <
< ct*|Dulf g + c|Dgl} 5oy + c|DWIG gy <

< e{1Dul poy + D81} oy + (@) (1DuE g, + D813 5oy +

0112 2 2
+ 1707, + laef® + | Dull” +
L+ (B(o)) L7+2 (B(c),RM) L2 (B(o),R™)
R
2 2 j 2
+ gl +IDgl? + Y 1 OB gy +
L3 (B(o),RV) L2 (B(o),R*™N) 333

+ lulo,g(g) + |g|o,3(g)} =< C{(f)‘ + 602(0) + 02)1Du|(2),3(a) +
+ (1 + o*(o) + Gz)nglg 8o + (o)l gy +
i—1 Ln+2 (B(g)) ‘

" + (@) + oD Dulf oy + 1D} gy + 413 5oy +

A

+ 1805 5oy + Z | F18, 80y + I1F007

L (B(0))

< c(t* + o*(0) + UZ)D"‘IO Be) T CU#{“g”H‘ W (Q,RY) i

2 .
+an oy T I 1l ey

Ln2 't ns ()
and, from u € L>?(Q2, RY) and if u < 2, it follows that

(3.5) |Dul§ oy < ¢ (i + (@) +02) | Dull 5 +
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n
m 2 in2 02
+co {HgllH,,WQ,RN)wL;ufuLz_#(m+nf 2, . b

L2547 (Q)
+co ”u“LM(Q RY) <c(t* + (o) +07)|Dulg g 4+ coH 2 g2,

Hence, by Lemma 2.VII of [2], it follows that VT € (0, A — (1t A 2)) there exists
a positive o, < d suchthat,if 0 <o <o, andre€ 0, 1)

| Dulg gy < (1+ )| Duld gy + Kle, T, Ay ) (t0) 2t
This implies that, for every o < o7,

(3.6) DUl poynae < c0** 07 2| Duff g + .42}

and then Du € L>* 2 (Q*, R™Y).
Now if p < 2 the theorem is proved.
On the contrary, if 4 > 2, from the property

Du € L2,/,L/\2(Q*, RnN) — LZ'Z(Q*, RHN)

it follows
ue L¥*(9*, RY).

Then, using the result proved above, it follows (") because u < 4
Du e L**(Q*, R"Y).

Indeed, if 2 < u(< 4), we fix Q* CC Q** CC © and we reason in the
same previous way: V¢ € (0, 1) and Vo € (0, d*), we have that:

2 A 2 2 2 2
B.7) |Dul} pyo) < €@ + @*(@) + 0| Dulg gy +co{ll gllj{,,m)m.RN) +
n
i2 2 2
D MW FIAI 1l s
i—1 Ln+2"" 42 ()

On the other hand, we have Du € L22(Q**, R*™V) and then u € L>*(Q**, RY)
and '

2 41,,12
(3.8) lulg poy =@ Iu|L2,4(Q**,RN)-

(") We remark that the proof on the estimate (3.6) employs only local properties.
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From (3.7) and (3.8) follows

(3.9) lDul%,B(m) <c(th + (o) + az)lDulg,B(U) + cot ?

and then, reasoning in the same previous way, we conclude that
Du e L**(Q*; R™V)

and we have the inequality (3.2) with

n
%2 — 2 in2 02 u 2 )
1812, gy T ; POV A PR o L s

Therefore Theorem 3.1 is proved.

4. Regularity near the boundary.

Let us consider the operator
n .
Z D; a'(x, Du),
i=1

where a’ (x, p) are vectors of RY, defined in A* = B*(1) x R"¥, continuous in
x, of class C! in p, which satisfy conditions (1.1) - (1.3), (1.8), for all (x, p) €
AT and for all £ e RV,
Let f(x,u, p)and f;(x,u),i = 1,2,...,n, be vectors of RV defined in
BT (1) xRY xR"Y andin B*(1) x R", respectively, measurable in x, continuous
in u and p, which satisfy conditions (1.4) - (1.7), where Q is replaced by B+ (1).
Then, we want to prove the following

Theorem 4.1. Let u € H'(B* (1), R") be a solution of the problem
u=0 on T
4.1) lﬁ; D; a'(x, Du + Dg) = iDiﬁ(x, u+g)—
i l—_f(x,u-{—g, Du + Dg) in BT(1).

Let us suppose that g € H®W(B*(1), RY) with 0 < u < A. Then, for every
R < 1, Du e L**(B*(R), R*N) and the inequality

/
(4'2) llDulle""(B+(R),R"N) S c /{
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holds, where

UL F

%’2 —_ 2 u 2
gl + ] e

HL® (B+(1),RY) L22(B+(1),RM)

n
in2 :
+§1j Wy, =2
=

whereas, denoted by R* a number such that 0 < R < R* < 1,

+1 £ -

2 __ 2 2
M= gl + lul )

HLM (B*(1),RN) L>*(BH(R*),RY)

n
- |
+ Zl 1 gy B> 2
J=

and where the constant ¢ depends on R if u <2 oron R* if u > 2.

Proof. Fix R,0 < R < 1.In any hemisphere B*(x°, o), witho < 1 — R
and centred in x° e T(R) we write u = V — W, where V = v + g €
HY (BT (x° o), RY) is a solution of the problem

V:v+g=0 on F(xo,a)
4.3) Y. Did'(x,DV) =0 inB*(x’0)

i=l1

whereas W = w + g is the solution of the Dirichlet problem

W =w+geH(B*(x o), RY)

@4) { 3D, al(x%, DW + Du) = 3" Dilai (x, Du+ Dg) — fi(x, u + g)]
=1 -

=l

4+ f(x,u+g,Du+ Dg)

Taking into account (2.18) where u is replaced by W, g is replaced by u,
fi(x) is replaced by a’(x, Du + Dg) — fi(x,u + g), a’'(x, Dg) is replaced
by a'(x°, Du), fO(x) is replaced by f(x, u + g, Du + Dg), Q is replaced by
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Bt (x°, ), in virtue of the assumption (1.8), we have

n

lD(w+g)loB+(xog) cv, M, C){Z

=1

. . 2
a'(x, Du + Dg) — a' (x°, Du)l +

x,u -+ l + | f(x, u + g, Du + Dg)|* <
:( g)03+(0) Il f( g g)||L'n_2ff(B+(x0’a)’RN)}

n

<cv, M, 5)[2

=l

a'(x, Du+ Dg) — a' (x°, Du + Dg) +

+a' (x°, Du + Dg) — a* (x°, Du)’ Z}f,(r u—{—g)‘

0,8+ (x%0) 0,B*(x9, o’)

+ | f(x,u+g, Du+ Dg)|*

=<
L+ (BH(x0,0),RY)

<c(v,M,c) {wz(a)(lDulg,Bﬂxo,a) + IDglg,BJf(xo,a)) +

+ leDgI% Bt(x0,0) +

+Zlﬁ(x A+ 5 prio oy + 1 f G u+ g, Du+ D)* }
i=1 Li+2 (B+(x0%,0),RV)
and then
(4.5) IDWIS g0 oy < 20D W + 813 pry0.0y + 2IDEL peyo oy <

< C(V, M, E) [wz(G)IDUI%Jy—(XO’G) + IDgI(Q)',BwL(xOG) +

+Z|f,<x U+ @5 gewoy + 1 fx,u+g, Du+ Dgl* }
i=1 _2(B+(x o), RY)

On the other hand, the fundamental estimate (2.15) imply that, V¢ € (0, 1), |

IDvl(z),B"'(xO,tU) <2|D(v + g)l(z),B+(x°,ta) + 2|D8!(2),B+(x°,a) =
< 1D+ 8o e r0,0) T 21085 pi o0 < ¢ 111DV + | Dg
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with A = min{2 + ¢, n}

Now, taking into account that u = V — W, we go on as in Theorem 3.1 to obtain
(3.5) and (3.9) and we have, YVt € (0, 1) :

(4.6) lDulg,BJr(xom) <c (z‘A + w*(o) + 0'2) ]Dul(z),m(xo,g) + co*2 g ®).

Hence by lemma 2.VII of [2], it follows that VT € (0, A — (1 A 2)) there exists
a positive o; < 1 — R such that, if o < 0, Yt € (0, 1):

1Dul g 0,40y < L+ FIDUL po oy + K ()2t
and so, Vo < oy
2 2 _ ,
@.7) |Dulf gi o 4y < € 0* {a, WD\ Dy ).

After this inequality, we go on as in Theorem 6.1 of [1].

5. A global regularity result.
Let u € H'(2, RY) be the solution of the Dirichlet problem

u—geHi(Q,RY)
3" D;a'(x, Du) =Y. D; fi(x,u) + f(x,u, Du) in

i=1 i=1

G.1)

where g € HLW(Q, R™), WithQ < i < A, the open set Q is of class C2-and the

vector mappings a’ (x, p), fi,i = 1,...,n, f satisfy assumptions (1.1)-(1.8).
Note that, assuming w = u — g, Problem (5.1) can be written in the

equivalent form
we Hj(Q,RY)
n ) n
5.2) > Dia'(x,Dw+Dg)=>_D; fi(x,w-+g)+
i=1 [==1

+ f(x,w+g, Dw+ Dg)in Q

Let us premise some notations and remarks. As €2 is gf class C2,if x0 € 382, there
exists an open neighbourhood €, of x°, such that Q, is mapped, by a mapping

(®) We denote with ¢ constants with different values and omit to indicate the arguments
on wich it depend.
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y = %, (x) of class C? together with its inverse, onto the ball B(0, 1) and, in
particular, QN Q, is sent in B*(1) and 0Q N, in I" (cfr [1] e [5] for a similar

reasoning).
A solution w to problem (5.2) satisfies, in particular, the problem

(5.3) - Z/ (@'(x, Dw + Dg) | Dip)dx =
i=1 v 2N,

3 [ wt g | Deyn+
i=1 v 2N,

+/ (f(x,w+g, Dw+ Dg) |p)dx, Yo € H (2N 2, RY).
QNR, .

Let us set

v = o]

agzr(x) _ {agzr,i(x)

ox 0x;
and, forall y € B(0, 1), u € RY and p e R"", let us define

() = ( afx; ’i)(fr‘l(y))

i = (22£2) (57 0)

¢’ (v, p) = iaij(y)pi
=" ....q")
Ay, p) = :a" (Z7'3).a(, p)) Bui ()
Fy(y,u) = le fi (Z71 ), u) B ()
F(y,u,p) = f(Z7'0),u,q(, p)) —ir-—— :
J(F ()

Clearly, g’ and A" are vectors of RY defined in B(0, 1) x R"Y; F, are vectors
of R¥ defined in B(0, 1) x R" and F is a vector of RY defined in B(0, 1) x
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RY x R"™Y; moreover a;; and By; are functions of class C'(B(0, 1)).

Then, by assumptions (1.1) - (1.8), it is not difficult to prove that the vectors
A"(y, p), Fy(y, u), F(y, u, p) verify the same conditions of a’(x, p), f; (x, u),
f(x, u, p) in which constants and coefficients are multiplied for a suitable posi-
tive constant c¢(%,) and f* and f° are replaced by F' and F°,

Then setting

W) =w (£ (y) andso w(x) = (F(x))
(5.5 §0) =g (% 1(y) andso g(x)=g(F(x))
o) =9 (F () andso o) =¢(F(x)),

being

Diw(x) = hzl Dy (F,(x)) - Dy Fn (%)

(5.6) .
Dip(x) = 3. Dy¢ (F(x)) - DiF (),

h=1

from (5.3) and taking into account (5.5) and (5.6), we get, by means of the
variables change x = % 1(y):

—1
57 /B (@@, J}:aﬂm(D D)+ DiEM)), .

h=1

> (DB + DiEM) | Y i (y)Dhgb(y))dy =
j=1 .

= — Z / -, ( F ), b(y) + g(y)) I Zﬂm (y)Dhso(y)>dy +

+ fB ” (f («9”:1@), B0) + 500, Y ay (Djzf)(y) + D), ...,

j=1

n |
-n<>(D-~(>+D-~<> $0) | ———d
;aj I Diw(y ng)lw(y)>J(gr_l(y)) y

Hence w is a solution of the problem:

-/ Y (Af%y, Dib + D3| Dhso) y =

M) p=1
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/; Z Fi(y, 0 +2) | Dh<p)dy +

(1) p=

+/ (F(y, @ + g, D + Dg) [ ¢>dy Yé e Hy (BT (1), RY),
B+ (1)

that is
e H'(BT (1), R")
ﬂ) =0 on T
n
(5.8) « Z Dy,A"(y, Db+ Dg) = Y. Dy Fy(y, W + 8) +
h=1 h=1
+ F(y,w+ g, Dw + Dg)
Lin  BT(1).

Since %, is of class C? and g € H'®™(Q, N Q,RN), u € H(Q, N Q, RN),
o) e L™ (Q,NQ), fleL>*(Q,NQ),i=1,...,n,then if we put

i(y) =u(Z'(»)

also g € HL-W(B*(1), RM), i € HY(BT(1),RY), FO ¢ L?#r(B*(1)), F! €
L2#(B*(1)),i =1...,n, and we get

g1 c(F) gl

HLM@ (B+(1), ]RN) HY®(Q,NQ,RY)
2 2
u
(5.9) e ”H‘(B*(I) RN) (Fol ”H‘(SZ NQ,RN)

0
” “L2rhu,r(B+(1) —_ c (yr) “f ”L2r,p,r(anQ)

”Fl ”L2,/»L(B+(1)) S c (yr) ”fl “LZ,;/.(anQ) ’ i = 1, vy n-
Then, from Theorem 4.1, V R € (0, 1) we obtain D € L>*(B*(R), R"") and

+ [l +

H'(B*(1),R")

(510) ”Dw”LZIt(B‘*‘(R) RNy — {”g”Hl ) (B*(1),R")

n
0 i
FHEN e gy T Zl N o ey } '

Therefore, being w = iz — g, we have:

(511) ”Du”LZ"(B"'(R) R"N) [”g“ HY (”)(B+(1) RN) +
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n
~ 0 I
+ ”u“H’(BJ“(l),RN) +IF ”Lzﬂﬂ’(3+(1)> + ‘:14 I¥ ”L“(B*(l)) }
l=

Denoting by Z(R) the inverse image of B(0, R) and taking into account that
the mapping %, of class C? preserves the desidered .22*-properties ([3], The-
orem V, pag. 375), from (5.11), we derive

(512) [u]gz-#”(ﬂﬂ.@(R),RN) + llDu”H“(Qﬂé@(R),]R"”) S

e L P Y I T 2 ey}

Using this local regularity result near the boundary together with Theorem
3.1, we can prove, by an usual covering argument, the global regularity result
which follows:

Theorem 5.1. Let u € H'(Q2, RY) be the solution of the Dirichlet problem 5.1)
and suppose that

(5.13) Q s of class C*

(5.14) ge HYW(@Q,RY) with 0<p <2,

at, f fisi=1,2,...,n, satisfy conditions (1.1) - (1.8); then it results
(5.15) : ue H-®W(Q RY) N £2#2(Q, RY)

and we have

(5.16) [u]_ﬁfz'#“(ﬂ,RN) + “Du”LZ#(Q’R"N) S

’ n
0 i
< {18 1oz, + 140 1 gy 1% gy + 2 3
l=

In particular, if
n—p

2<n<4 and n—2<u <A, thenu ECO’“(EZ—, RN), witha = 1—
and the inequality

(5.17) [ul, 5 < c{ 18N 100 gy T 10 g1 g gy +

1 iy T 1 gy

holds.
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This theorem can be showed with easy variations of calculations and using
the same technique used in the proof of Theorem 7.1 of [1].

REFERENCES

[1] S. Campanato, A maximum principle for non linear elliptic systems: boundary
Sfundamental estimates, Adv. in Math., 66 (1987), pp. 291-317.

(2] S. Campanato, Holder continuity of the solutions of some non linear elliptic sys-
tems, Adv. in Math., 48 (1983), pp. 16-43.

[3] S. Campanato, Equazioni ellittiche del II° ordine e spazi #**, Ann. Mat. Pura
Appl., 69 (1965), pp. 321-382.

[4] S. Campanato, Sistemi ellittici in forma divergenza. Regolarita all’interno, Qua-
derni, Scuola Norm. Sup. di Pisa, 1980.

[5] M. Marino - A. Maugeri, L>* regularity of the spatial derivatives of the solu-
tions to parabolic systems in divergence form, Ann. Mat. Pura Appl., 164 (1993),

pp. 275-298.

D.I.E M A.,

Facolta di Ingegneria,
Universita di Reggio Calabria,
Via E. Cuzzocrea 48,

89128 Reggio Calabria (ITALY)



