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MEASURES WITH RELATIVELY NORM COMPACT
RANGE AND co- NUCLEAR OPERATORS

DUMITRU POPA

We prove that measures with relatively norm compact range corresponds
to the oo-nuclear operators and that to a p-Bochner integrable function (resp.
to a p-Pettis integrable function) correspond a p-nuclear operator (resp. ag-
nuclear operator).

Let § be a set, & be a o-field of subsets of S, X be a Banach space G :
Y —> X a countably additive vector measure, ||G||(S) the semivariation of
G, B (%) the Banach space of all scalarly totally measurable functions under the

supnorm. Recall also, see [2], that given 1 < r < oo with r* the conjugate
of r, ie. % + ;1— = 1, an operator U € L(X,Y ) is called r-nuclear operator

if U has a representation of the form: U = Z onx; ® y, with (0,) € [,

(resp.(oy) € ¢ for r = 00), (x)) € Weo (X*), (y,,) € w,«(Y) and the r-nuclear
norm of U is : N, (U) = inf [, (0,)weo (x,;5) Wy« (¥,) where the infimum is taken
over all possible representation of U as above. As is well known the class of all
r-nuclear operators is a normed ideal of operators with respect to the -nuclear
norm denoted by (Nuc,, N,) (see also [2]). For all notations and notions used

and not defined we refer the reader to [1], [2].
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Theorem 1. Let G : ¥ —> X be a countably additive vector measure and

U : B(X) —> X be the operator U(f) = fS fdG. Then G has relatively

norm compact range if and only if U is a co-nuclear operator. In this case:
Noo(U) = |GII(S). In particular, G has a representation of the form:

G(E) = f Owhn(E)Xn, E € T, where (0,) € co, (hn) € Woo (B (2)¥),

n=1
(xn) € wi(X).
Proof. = There exists a probability measure © : ¥ —> [0, 1] such that
k

G << p ([1], p. 263). Let f = > y;xr be a simple function, F : & —>
j=1
X, F(E) = [;fduand V : B(X) — X, V(g) = [;gfdu. Then

k
V. = ) A ® y;, where A;(g) = ij gdu, g € B(X). We have evidently
j=1 |
A1l = 1(E;), hence V € Nuco (B (), X) and Noo (V) < wy (yju (E;)) =

o0
| fll perris = | FI|(S). Letnow V = ) o, Vn ® x, be a co-nuclear representation
n-l

of V. Then y;u(E;) = V(xg,) = Z 0,V (E;j)x, and thus for each x* € X* we

n_

have Z lx* () (E;) < Zl lonl Z [ (Ep Ix*(xn)| < Z | [l 1™ () |
This lmphes that || f1l persis _< NooJ(V) Hence Noo(V) = IIFII(S) = “f“Pettl.ra

for f a simple function. If G has relatively norm compact range then: |G,
Gl(S) — 0 where G, (E) = [, g-dp and g = }: e XE (see [1]). Let

U, be the operator associated to g, as above. Then U 1s a oo-nuclear operator
and N (Uy) = gnllpesris = G |I(S). Since Um - Um is the operator
associated to gz, — gx, We have again Noo(Uy, — Un,) = |lgn, — &m, || Petris =
|Gry — G, [|(S) —> 0, 1ie. (Uy) C Nuceo(B (%), X) is a Cauchy net for
the oo-nuclear norm. Since (Nuce,, Noo) is a normed ideal of operators then,
there exists T € Nucy, (B (X), X) such that Ny, (U, — T) —> 0. As evidently
Ur —— U with respect to the operatorial norm we must have U = T, i.e.
U will be a nuclear operator. Since Noo(U,;) —> Ny(U) and No(U,) =
G- I(S) —> |IG|I(S) we obtain also Noo(U) = [|G||(S). Conversely if U
is a oo-nuclear operator then U will be a compact operator hence, as G(E) =
U(XE), the range of G will be relatively norm compact. The last part of the

theorem is clear.

Corollary 2. Let n : ¥ —> R, be a countably additive measure. Then the
injective tensor product L1() ®, X coincide with Nuce (Lo (1), X).
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Proof. Ttis well known that L; (1) ® X = K (i, X) = {G 'Y — X |G

countably additive with the relatively norm compact range and G << ,u,} (see
[1]). By Theorem 1, K (i, X) = Nucoo (Loo (1), X).

x0
In [3] for a unconditionally norm convergent series ) x, in X is defined
n=l1
the countably sum of segments:

o0 o0
> [t 1] = [Zanx,, | (@) € loos llora] < 1} .
n=1 n=1

Using Theorem 1 we obtain also the following result which is proved in [3],
Prop. 1.4 with a different proof.

Corollary 3. Let G : ¥ —> X be a countably additive vector measure

with relatively norm compact range. Then there exists an unconditionally norm
o0 o0

convergent series Y Y, in X suchthat G (£) C D_[~Yn, Yul-

n=I1 n=1

Proof. By Theorem 1 there exists (0,) € co, (An) € Weo (B (£)*), (x,) € wi(X)
[0 ¢] o0
such that G(E) = Y_ 0,Ay(E)x,, E € X.. Then the series ) y, where y, =

n=1 n=1
o0
Oy l|Anllx, is unconditionally norm convergent in X and G(E) € > [—Va, Yul

n=1
foreach E€ X. .
In the following theorem, which completes the above results, for a (S, X, 1) a
finite measure space and 1 < p. < oo we denote by P, (i, X) the space of all
functions f : § —> X u-Pettis integrable for which x* f € L,(u) for every
x* € X* which is a normed space when endowed with the so called p-Pettis norm

I fllppe = sup ([ Ix*flp)l/p and by I,(u, X) C P,(u, X) the subspace
lx*l[=1

of P,(u, X) formed by those functions f € P,(u, X) such that there exists a
sequence ( f,) of simple functions such that || f, — fll,pe —> 0. By L, (1, X)
we denote the space of all p-Bochner integrable function.

Theorem 4. Let 1 < p < 00, f : § —> X be a Pettis integrable function and
Ur : Loo(t) —> X be the operator Us(g) = P — [ gfdpu.
a) If f € L,(1u, X) then Uy is a p-nuclear operator.
b) If f €I,(u, X) then Uy is a q-nuclear operator.
(here q is the conjugate of p, i.e. % + é =1).
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n
Proof. a)Let f = ) x;xg, € Lp(1, X) be a simple function. Then we have

i=1

n
Usr = Y A ® x; where A;(g) = fE,- gdi, g € Loo(n) and hence Uy =

i=1

L 1 Py x. 1
2. 0ia; ® y; where 0; = ||x;|(w(E))7, o = ey Vi = T W(ED)e;
i=1
1
thus Uy is p-nuclear and N,(Uy) < (o) Wweo (@)wy (y;) = || fllp(u(S))a.
Let f € L,(, X) and (f,) be a sequence of simple functions such that || £, —
fllp —> 0; hence Hlfn — fmllp — 0. Wehave N,(Uy, = Uy,) = Np(Uy,—,) <
| fn = fmllp((S))2 and hence (Uy,) is a Cauchy sequence with respect to the
p-nuclear norm. Since Uy, —> Uy in operatorial norm and (Nuc,, N,) is a
normed ideal of operators we obtain that Uy is a p-nuclear operator.
n n
b)If f = > xixg €1,(u, X) is a simple function then Up =) A ®x;.

i=1 i=1
AS 1y (WED)T) = ()T, oo (5 ) = 1, wp(i (WENT) = [Ifllppe we

obtain that Uy is g-nuclear and Ny(Uys) < 11 fllppe (,U,(S))é. From this point the
proof of b) is similar with that of a) so we omit it.
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