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APPROXIMATION OF FUNCTIONS OF TWO VARIABLES
BY SOME LINEAR POSITIVE OPERATORS

MARIOLA SKORUPKA

We introduce some linear positive operators A, , and By, , of the Szasz
- Mirakjan type in the weighted spaces of continuous functions of two vari-
ables. We study the degree of approximation of functions by these operators.
The similar results for functions of one variable are given in [5].
Some operators of the Szasz - Mirakjan type are examined also in [3], [4].

1. Preliminaries.

1.1. Let Ry := [0, +00), N := {1, 2, ...}, Ny := N U {0} and let for a fixed
p € Ny and for all x € Ry

(1) wo(x) :==1,  wy():=10+x")"" if p>1.
Let for a fixed pi, p2 € Ny
(2) Wpy,py (X, ¥) 1= Wy, (x) Wy, (¥), (x,y) ERZ,

where R? := {(x,y): x,ye Ry}.
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Denote by Ci,p,.p,, P1, P2 € Ny, the space of real - valued functions f
defined on R? such that Wpy,p, (-, ) f(+, ) is uniformly continuous and bounded
on R§. The normin C\.,, ,, is defined by

3) WAt prp, = sUD Wy, p, (x, ¥) [f (x, W)

2
(x,y)eR

For a given f € Cy;p, ,, we define the modulus of continuity

(4) w(f9 Cl;pl,pz; t9 S) = Sup “Ah,éf(‘, ')”1;[71,])2 t’ § 2 O,

YV 2V

where Ay s f(x,y) = f(x+ h,y +38) — f(x,y). Let for a given py, py € Ny
and0 <o, <1 :

Lip(Cy.p,, pys o, B) := {f €Crp.p, : 0(f, Cip,pit,s) =

=0@%+sP)ast, s > 0+},

of af
Cll;pl,pz = {fECI,PlsPZ : 9 E); Ecl;px,pz} .

1.2. For a fixed ¢ > 0 let
(5) Vg (x) =™, x€Ry,
and for a fixed g1, g5 > 0 let
©) Vg, (%, 9) 1= 0, () - v, (), (x,¥) € R
Similarly as above we denote by Cy.4,.4,, 91,92 > 0, the space of real -

valued functions f defined on R for which vy, 4, (, -) f(, -) is uniformly con-
tinuous and bounded on R2. Let

(7) ”f“Z;‘Ihqz = Sup Uql,qz(x" y) lf(x’ y)l J
(x,y)eR?

Analogously as above we define the modulus of continuity w (f, Ca.4,.4,; -» -) for

f €Cy,4, 4, and the classes Lip(Cy,, 4, @, B) and CZI;ql,qz'
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1.3. In spaces Cy.p,,p, and Cy,y, 4, We define the following operators A, ,
and B,,

(8) Am,n(f;x’ y) = am,n(xv y)f(o’ O) +

S 2k +1
+ Qm.n (x,0) Z bn,k(y) f (O -.._;j_-_) +
k=0

2 1
+ a0, y)me,(x)f( s o>+

2 & 27 +1 2k+1
+Zme,,-<x>bn,k<y>f( Jnj T )

=0 k=0 n

(9) Bm,n(f;x9 y) = amn(x5 y)f((), 0) +

t nx, O)ank@) [ romav+

n

2j+3

X m m
Fann0.9) D b5 [ 1 fw 0)dut
J=

m

2 Z +3 2k+3

x0 x0
+;k2=;bm,<x>bnk<y> —f /__ £, v) dudv,

(x,y) € R2, m,n €N, where
(10) x,7) :

A utX, = . : s

’ Y (1 + sinhmx)(1 + sinh ny)
1 (mx)’lj-H .

(11) by, j(x) == jeNy,

(1 + sinhmx) (2j + D!’

and sinh x, cosh x, tanh x are the elementary hyperbolic functions.
From (8) - (11) follows

(12) Am,n(l; X, y) =1= Bm,n(l; X, y) )

for all (x,y) € Rg and m, n € N. Moreover we remark that A,, , and B, , are a
linear positive operators well - defined in every Cy,p, ,, and Cy, 5, ,.
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In Section 2 we shall give some properties of these operators. In Section 3
we shall prove the main approximation theorems.

1.4 The operators (8) and (9) are some analogues of the operators A,, and
B, of the Szasz - Mirakjan type introduced for functions f of one variable in

the papers [5], [6], i.e.

.. fO S 2j +1
(13) An(f3 %) = e +Sinhmx+;;5bm,j<x>f< . )

I (O NE N
(9 B = Y ) [0 rwar,

n

X € Ry, m € N, where b,, ;(x) is defined by (11).
The Szasz - Mirakjan operators were examined in the polynomial and ex-

ponential weight spaces in the papers [1], [2].
In our paper by M, ;, we shall denote the suitable positive constants depend-

ing only on indicated parameters a, b.

2. Auxiliary results.

From (8) - (11), (13) and (14) we deduce that if f&x,y) = fix) f2(y),
(x, y) € R2,and f belonging to some Ci;pr.pr 08 C2; q1, g2, thenforallm, n e N
and (x, y) € R? holds

(15) iAm,n ([1(0) f2(2); %, y) = A (f1(1); X) Ay (f2(2); y)

(16) By (1) f2(2); %, ¥) = Bu (f1(1); %) By (f2(2); ) -

In [5] and [6] were proved the following two lemmas

Lemma 1. ([S)). For every fixed p € N there exists a positive constant M, such
that for all m € N holds

1
- (17) sup wy,(x) Ay, (’_U:(’—), x) =M,,

xER()

1
(18) sup w,(x) By, (m; x) <M,.

X€Ry
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Moreover, for all m € N and x € Ry we have

(t = x)° +1
(19) w, (x) Am< wp(f) ;x) <M,2

(t——x)z.x)< x+1

p () B’”( w, (1)

Lemma 2. ([6]). For every fixed q > 0 andr > q there exists a positive

-1
constant M, , and a natural number mg, my > g (lné) , such that

1
su Ay | —; <M
pv-(x) Ay <Uq(f) X) = Mg,

XGRO

1
sup v, (x) By, (v_(t)’ X) <M,,
q

xeRgy

forall m > my.
Moreover for all m > my and x € Ry we have

(t—x)z. x+1
Ur(x)Am<W,x>SMq,r P

N2
0.(x) B (“ a2 -x) <m,, 21

Vg @) ’ m
Using these lemmas, we shall prove some basic properties of the operators

A, ., and By, ,.

Lemma 3. For a given p1, p> € Ny there exists a positive constant M, p,, such
that for all m,n € N holds

1
po(s— )| <t
m,n wm,pz(t&z) pP1,p2

1
By | ————; -, - <My p, -
m,n (wpl,pz (l‘, Z) ) P12
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Proof. From (1) - (3), (15) and (16) we get

m,n .___._.____...._; 'yt

1 1
= Ssup l:wm (x) Am (m’ x>} l:wpz(y) A, (wpz(z)’ )’)] )

2
(x,y)eR?

and analogously

man| ———, "

1 | 1
= sup [wpl (X) Bm (wpl (Z) s X>J [wpz (y) Bn (wp2 (Z) s y):, s

2
(x,y)ER;

for all m, n € N. Now, using (17) and (18), we obtain the desired inequalities.
Similarly, using Lemma 2, we can prove the following

Lemma 4. Fora given q1,q> > 0 and ry > qy, ry > q, there exists a positive
constant My, 4, r.r, and two natural numbers mqy and ny

-1 -1
(20) mo > qi (lnf—l-> , ny > q (lniz—) .
qi q2

1 3
Amn < PV ),
vqlvq2 (t’ Z) 2,r1,1

1
Bm,n ( "y ')’
UQI»QZ(t’ Z) 2,ri,rp )

forallm > mgy and n > ny.

such that

} S MQI,Qz,rl,rz ?

Applying Lemmas 3 and 4, we easily derive the next two lemmas.

Lemma 5. Suppose that f € C,p, ,, with some py, py € Ny. Then there exists
a positive constant M, ,, such that for all m,n € N holds

Am (S, ')”1;P!:P2

< Mp, p I flltprps -
| Binn(f5 - N pr,pa ] pL.p2 P D2
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These inequalities and (8) - (11) show that A,, , and B, ,, m,n € N, are a
linear positive operators from the space Cy;p, p, into Cy.p, p,.

Lemma 6. Suppose that f € Cyy, 4, With some q1,q2 > O andletr; > qy,
ry > qo. Then there exists a positive constant M* = Mg, 4, ,, r, and two natural
numbers mg and ng satisfying the conditions (20) such that

“Am,n(f’ "y ')“2;r1,7‘2
“Bm,n(f; " ')”2;r1,r2

for all m > my, n > nyg.

} = M*”fHZ;ql,qz ,

The above inequalities and (8) - (11) show that A, , and B,, , withm > my,
n > ng are a linear positive operators from the space Cs,4, 4, into Co., r,.

3. Approximation theorems.

In this part we shall estimate the degree of approximation of functions be-
longing to Ci;p,,p, OF Ca,4, .4, by the operators A, , and By, .

Theorem 1. Suppose that g € C 11; - with some p1, py € Ny. Then there exists

a positive constant Mp, p, such that for all (x,y) € Rg and m,n € N holds

Wpy. oo (X WA (g %, ¥) — g(x, ¥ } 3

(21)
Wy, py (X, V)| Bmn(g; %, y) — 8(x, ¥)|
) 1 9 1
<My, 1[5 ,/x+ +“—g y+t
110X 111 py, p m Y 1 1. o n

Proof. We shall prove (21) for A, , only, because the proof for B, , is analo-
gous. Let (x, y) € R be a fixed point. By the assumption on the function g we
can write for every (z, z) € R?

£ 3 z 9 ,
g(t,Z)—g(x,y)=/ ™ g(u,z)du+/ — g(x,v)dv.
x Ou y o0v

Form this and by (12) we get form,n € N

L9
Ann(g:x,y) —8gx,y) = Ann (f Eg(u, 2)du; x, y) +
X

, -
+ Amn (f —g(x, v) dv;x,y) ,
y ov
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(22) Wpy,po (X, WA n(g; x, ) — g(x, )] <

t
d
= wPlaPZ(x9 y) {Am,n (/ —g(u,z)du

au
£ 9
/—g(x,v)dv
y dv

)
Arguing as in [3] or [4], we have

: ! du
—gu,z)du| < / —_— <
'/J; du x wPl,Pz(u’Z)

+ Am,n (

ag
dx

Lip1,p2

[A

“ 9 d z d
/—g(x,v)a’v < 8 /——v———— <
y v ay Lipi,pa 1YYy wPth(x’v)

og 1
= e + |z =yl
ay Lipi,p2 wPlsPZ (x’ Z) wpl,l)z (x’ y)
which by (1), (2), (8), (15) and (13) yield

9
/——g(u,z)du
x ou

Wp, (x)wpz(y) {Am,n (”_E:‘L, X, y) -+

Wp, (Z)wpz (z)
)| =
A
T A (w,n(x)wm(z) Y

1 [t — xl )
An — i Am
T <wp2<z> y) {w” ) < w0 )T

+Am(lt-—xl;x)},

):

Wpy,p> (X, Y)Amn (

=

98
9

Lp1.p2

i

—g(x v)ydvi;

Wpy,py (X5 ¥) Am,n (

g

ay

ag 1 1
P + [t — x|,
dx Lpups (Whip (8,2) Wy py (%, 2)

2

{wm(y)An ('ﬁ—_l'; y) + A, (2 - yl; y)} .
Lp.p wpz(z)
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But, by the Holder inequality and (17) and (19) follows from (13)

t — x|
wp1(x)Am( Pl() )<
< oo (S35 W“’ 4. ( )} :
= b pl(t) 14 pl(t) =
An(lt = x1; %) < {An((t = D% D) {An (01 < 1/

and analogously

|z — + 1
sz(y)An ( sz(y) ) = MPz X"n_,

Ap(lz =yl ) <4,/y:].

Consequently,
) dg x+1
w x, VA —o(u,2)dul; x, <M —_— ,
Pl,Pz( y) m,n (/; aug( ) y) P1.p2 9x _— m
£ 9 ag y+1
Wp, p, (X, V)Am, </ —g(x,v)dv ;x,y) <M — ,
p1,p2 m,n y v P1.02 ay. 1 p1pa n

for all m, n € N. Using these to (22), we obtain (21) for A,, .
Arguing as in proof of Theorem 1 and applying Lemma 2, we can prove the
following.

Theorem 2. Suppose that g € C2 a.q, With some g1, g2 > O and let r; > q,
ra > qz. Then there exists a positive constant M* = Mg, 4, ,, r, and two natural
numbers mo and ny satisfying the conditions (20) such that

vrl,rz(xa y)lAm,n(g; x,y)—gx, y) } -
Ury,r, (X, ) Bm,n (85 %, y) — g(x, ¥)]
¥+ 1

< 5
291,42 ay

forall (x,y)¢€ Rg and m > mg, n > ny.

ag
8x

y+1}
291,42 h
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Theorem 3. Let f € Cy;p, ,, withsome pi, p; € Ny. Then there exists a positive
constant My, p, such that for all (x, y) € R} and m,n € N we have

w[)l,[)z(x, y)lAm,n(f’ X, )’) - f(xa )’)l } <

wp;,pz(x’ y)le,n(f;x’ }’)—f(x,y)l -

x+1 [y+1
Px pw <f ¢, PL Pz’\/ \/ )

where w(f, Ci;p, p,; *, *) is defined by (4).

Proof. We shall prove only (23) for A,, ,, because the proof of (23) for B, ,
is analogous. We shall use the Stieklov means of f € Cy.}, ,, defined by the
formula :

(23)

Sus(x,y) = //f(X-i-u y+v)dudv, (x, y)eR0 h,é >0.

We have

1 h 1)
fus (i, ) = G0 = o / / Auy f (5, ) dudy,
. 0 0

9 1 ) )
— fhs(x,y) = —/ / Apof(x,y+v)dv,
ax h5 0 0 ,

P 1 h h
P ’ = A s d s
sy =z [ [ dsst ) an

which imply f, s € C! forevery fixed i, § > 0. Moreover from this follows

Lp1.p2
(24) ”fh,(s —fill;pl,pz S C()(f, Cl;pl,pz;h,a)a
d
(25) s < oo (f, Copy s 10 ).,
dx Lp1,p2
3 ,
(26) ﬂ S 28—10)(]0, Cl;pl,pz; h" 5) b
ay ‘ I;PI,Pz

forall 4,6 > 0.
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By (8) and (12) is clearly that for every fixed (x,y) € R2, 1,8 > 0 and
m, n € N holds

(27) wpl,pz(x’ y)lAm,n(f;x’ y)"“f(xsy)l =<
< Wy s | (A (f = fisi %, )] +
+ | Amn(fos; X, y) — Jns(x, y)| +

s D1+ U s G, 3) = £ 01
Using Lemma 5 and (24), we get

wpl,pz(x, }’)IAm,n(f - fh,5;x’ }’)I S
= MPI,Pznf - fh,&”l;Pl,Pz = Mpxypz w(f; Cl;Pl,Pz; h, 6) .

Applying Theorem 1 and (25) and (26), we get

Wpu, po | Amn (fiss X, ) — fas(x, ¥)| <

<M th,a \/x_-i—'l_l_ 8fh,,; y+1 -

= ¥pp 9% |1, p1 m 3 1. pps p =
S fxHl [yt

< My, p, 0(f, Cl;,,l,pz;h,a){h 1\/;+5 i yn }

Summing up, we obtain

(28) Wy, p, (X, AR (f5x,¥) ~ fx,y)] <

1 [x+1 i Jy+1
-<—MPl,pzw(fvcl;pl,pz;h,a){l+hI —m-—-—i—(Sl yn }’

forall (x,y)€R2, m,neN and h,§ > 0.

For a given (x, y) € Rg and m,n € N setting h = ,/%1 and § = X:—l to

(28), we obtain (23) for A,, , and we complete the proof.

Similarly we shall prove



334 MARIOLA SKORUPKA

Theorem 4. Suppose that f € Cy,, 4, With some q1,q2 > 0 and r; > gy,
r2 > qy. Then there a positive constant M* = My, ,, ., and two natural
numbers mq and ng satisfying the conditions (20) such that

Uriry | Amn (F5 %, 3) — f(x, 9)] } -
Ui | Bmn (f3 %, ) — e, »)1)

. x+1 y—i—l‘
SMw(f,CZCIMIz;\/ m ;\/ n )’

forall (x,y)e Rg and m > mgy, n > ny.

Proof. Similarly as in the proof of Theorem 3 we apply the Stieklov means f, 5
of f € Cyyq,,q,- Now we get by (5) - (7)

(30) 1 frs = Fllirr, < 1 fns — Fllaigrg < @(f, Cagygrs By 8)

and analogously

(29)

3
(31) g;a 2 <207 0(f, Caggni 12 8)
AN &)
a _
(32) % 2 <257 w(f, Cogrgni 1, 9)
3y, rn

for all &, § > 0. Moreover, we can write the analogy of (27) for A, ,,
Wryr, (X, N Amn (f5x, ) = f(x, )] <

< U ) {1 Ama(f = g %, )]+

+ A frai 2 3) = fus @9 + s, ) = G 01,

(x,y)eR?> m,neN,h,§>0.
Now, arguing as in the proof of Theorem 3 and using Lemma 6, Theorem
2 and (30) - (32), we obtain the estimation of the type (28), i.e.

(33) vrl,rz(x, y)IAm,n(f; X, y) - f(x’ y)l =<

1 Jx+1 1 [y+1
5Mt]l,qz,n,rza’(f’C2;qx,qz;h’a){1+h1 74—5 I " },

forall (x,y)eR2, h,6 > 0and m > mop, n > ny. Analogously as in the proof
of Theorem 3 we immediately obtain the desired estimation (29) for A,, , from
(33).

The proof (29) for B,, , is identical.

Theorems 3, 4 imply the following corollaries.
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Corollary 1. If f € Cy;p, p,, P1, P2 €Ny, or f € Coig1,40 91, g2 > 0, then

(34) m,lnigooAm'u(f;x’ y) = f(x,y),
(35) lim B (fixy) = f(x.9).

for every fixed (x,y) € Rg. Moreover, (34) and (35) hold uniformly on every
rectangle 0 <x <a,0<y <b.

Corollary 2. If f € Lip(Cy.p,.p,, @, B) with some p;, p, € Ny and 0 < q,
B <1, then for every fixed (x, y) € Rg holds

£ 8
1\? 2
Wy pp s W Amn (f3 %, 9) — f(x,9)] = O x + y+1
m n

as m,n — 0Q.

The similar assertion we can write from Theorem 4.
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