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ON THE EXISTENCE OF MILD SOLUTIONS OF
SEMILINEAR FUNCTIONAL DIFFERENTIAL INCLUSIONS.

A. G. IBRAHIM - A. M. SOLIMAN

In this paper the existence of local and global mild solution of a semi-
linear functional differential inclusion in the case when the kernel is not
necessarily compact is proved. Also, some topological properties of the
solution set are obtained.

1. Introduction

The existence of mild solution for a similinear differential inclusion and func-
tional differential inclusion in a Banach space has been studied by many au-
thors, see for example [1], [3], [5-13], [16], [17] and [19-23]. Let E be a
separable Banach space, r > 0, I = [0,T], C(I,E) be the Banach space of all
continuous functions from / to E with the norm of uniform convergence and
Co = C([-r,0],E). Let {A(t):t € I} be a family of densely defined, linear
operator (not necessarily bounded or closed) on E, which generates an evo-
lution operator K : A = {(t,s) : Ix[:0<s<t<T} — Z(E) (the space
of bounded linear operators from E into itself). Let F' be a multifunction de-
fined from I x Cy with nonempty compact and convex values in E and for any
t € I, (t) be the mapping from C([—r,T],E) to Cy = C([—r,0],E) defined by
T(t)u(s) =u(s+t), Vs € [-r,0] and u € C([-r,T],E).
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Consider the following functional differential inclusion

(P) u(t) €AW u(t) +F(t,t(t)u) a.e.onl.
()= y(t) 1€ [-n0),

where y € Cp.

In [12] Ibrahim proved that, when {A(r) : t € I} is a family of densely
defined, closed linear operator on E, the set of mild solutions S(y) of (P) is
nonempty. In this paper, we consider the case when {A(z) : ¢ € I'} is a family of
densely defined, linear operator (not necessarily bounded or closed) on E. We
do not suppose that the evolution operator K is compact and instead of it we
assume that the oriented field F satisfies a compactness type condition. First,
we prove a local existence theorem. Then, under a stronger condition on F' we
prove a global existence theorem. Finally, we give some topological proper-
ties of S(y). The results obtained in this paper generalizes many results in the
literature, see for example [4], [6], [12], [19] and [24].

2. Notations and some auxiliary facts

We will use the following definitions and notations, which can be found in [15]
and [24-27]:

- E is a separable Banach space, E* is the topological dual of E.

- Z(E) is the set of all nonempty subsets of E.

- P¢(E) is the set of all nonempty and closed subsets of E.

- Pk(E) is the set of all nonempty and compact subsets of E.

- Pck(E) is the set of all nonempty, compact and convex subsets of E.
-r>0,T>0andI=10,T].

- L'(I,E) is the Banach space of Lebesgue-Bochner integrable functions f :
I — E endowed with the usual norm and .Z(E) is the Banach space of
bounded linear operators from E into itself.

- C(I,E) is the Banach space of all continuous functions from 7 to E with the
norm of uniform convergence, Co = C([—r,0],E) and y € Cp.

- For any 7 € I, we denote 7(¢) the mapping C([—r,],E) — C([-r,0],E) = Cy
defined by 7(r)u(s) = u(s+t), Vs € [-r,0] and u € C([-r,T|,E).
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A multifunction G : E — Z(E) with closed values is upper semicontinuous
(us.c.) ifand only if G~ (Z) = {x € E: G(x) NZ # ¢ } is closed whenever
Z C E 1is closed.

A multifunction G : E — Z(E) with closed values is lower semicontinuous
(Is.c.) if and only if G~ (Z) = {x € E: G(x) NZ # ¢} is open whenever
Z C E is open.

- (8,47, ) is a o-finite measure space. A multifunction F : § — Z¢(E) is said
to be measurable if, F~U = {s € S: F(s)NU # ¢} € o/ for any open
subset U of E.

A multifunction F : § — P¢(E) is called integrably bounded if there exists
an integrable non negative function g : S — [0, o[ such that for a.e. s €
S, |IF(s)|| < g(s), where

[1F (s)[| = sup{]|x]| : x € F(s)}.

Given a multifunction F : S — 2 (E), we denote Sk :={f € LP(E) : f(s) €
F(s) a.e.},1 < p < eo. This set may be empty. It is nonempty if F is
measurable and integrably bounded.

- (#,>) is a partially ordered set. A function y : Z(E) — £ is called a mea-
sure of noncompactness (MNC) in E if

x(c0Q) = x ()
for every Q € Z(E).

A MNC is called monotone if Q,Q; € Z(E),Qy C Q) implies x(Qp) <
x (1), nonsingular if y({a} UQ) = x(Q) for every a € E,Q € Z(E) and is
called real if 2 = [0, 0] with the natural ordering and ) (Q) < +oo for every
bounded Q.

If # is a cone in a Banach space, MNC is called regular if x(Q) =0 is
equivalent to relative compactness of Q.

- Let o be the Hausdorff MNC on E, which defined by
o (Q) = inf{e > 0: Q has a finite €-net},Q € Z(E).
It is known that the Hausdorff MNC satisfies all the properties above.

- Let W be a closed subset of a Banach space E,y : Z(E) — % be a MNC
on E. A multifunction F : W — Zk(E) is said to be x-condensing if for
every Q C W, we have

X(F(Q)) > x(Q) = Qs relatively compact.
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- A countable set {f, : n > 1} C L'(I,E) is said to be semicompact if:

(i) the set {f, : n > 1} is integrably bounded i.e. there exists g € L' (I, E) such
that for every n > 1

1fa (D)l < g(t) ae.r €1

(ii) the set {f,,(¢z) : n > 1} is relatively compact for a.e.r € 1.

- A function u € C([—r,T],E) is called a mild solution of (P) if

u = wyon[-r0],and

u(t) = K(,0)y(0)+ /K(t,s)f(s)a’s forevery r €1,
0

where f € L'(I,E) and f(s) € F(s,(s)u) a.e.
We also use the following Definitions and theorems:

Theorem 2.1 ([14], Corollary 3.3.1). If .# is a closed convex subset of a Ba-
nach space E and F . M — Pk (M) is a closed x-condensing multifunction,
where X is a nonsingular MNC defined on a subsets of #, then % has a fixed
point.

Proposition 2.2 ([14], Proposition 3.5.1). Let W be a closed subset of a Banach
space E and .7 : W — Pk (E) be a closed multifunction which is y-condensing
on every bounded subset of W, where X is a monotone MNC in E. If the fixed
points set Fix.% is bounded, then it is compact.

Lemma 2.3 ([14], Proposition 4.2.1). Every semicompact set is weakly compact
in the space L' (ILE).

Definition 2.4. Let K : A — Z(E) be an evolution operator. The operator G :
L'(I,E) — C(I,E) defined by

t

Gf(t) = / K(t,5)f(s)ds, 1 €1,

0

is called the generalized Cauchy operator.

Theorem 2.5 ([4], Theorem 2). The generalized Cauchy operator G satisfies
the properties:
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(G1) there exists { > 0 such that
1Gf (1) = Ge(t)|| < C/Hf(S) —8(s)|lds, ¥t € I and f.g € L'(L,E)
0

(G2) for any compact K C E and sequence (f,)n, fn € L'(I,E), such that
{fu(t) :n>1} CK for a.e. t € I, the weak convergence f, — fy implies
the convergence G f, — G fp.

Lemma 2.6 ([14], theorem 5.1.1). Let I1: L'(I,E) — C(I,E) be an operator
satisfying condition (G2) and the Lipschitz condition (weaker than (G1))

(G1/) ||T1f —Tg||c < Cllf —&lli,k) » where |[|.[| is the usual sup-norm.

Then for every semicompact set { f,, :n> 1} C L'(I,E) the set {I1f, :n > 1}
is relatively compact in C(I,E) and, if f, ~ fo, then ITf, — ITf;.

Lemma 2.7 ([14], Theorem 4.2.2). Let the operator I1 satisfy conditions (G1)
and (G2) and let the set {f, : n > 1} be integrably bounded with property
a({fu(t):n>1}) <n(t) fora.e.t €1,wheren € L'(I,R") and & is the Haus-
dorff MNC. Then

t
o({I1f,(t):n>1}) < ZC/T](s)dsfor everyt €1,
0
where § > 0 is the constant in condition (G1).

3. Local and global existence results for (P)

We will use the following assumptions on the data of (P) :

H(A) : {A(t) : t € I} is a family of densely defined linear operators (not
necessarily bounded or closed), A() : D(A) C E — E not depending on ¢, which
generates an evolution operator K : A= {(t,5) : IXx[:0<s<t<T}— Z(E),
i.e. there exists an evolution system {K(z,s) : (,s) € A} such that on the region
D(A), each operator K(z,s) is strongly differentiable relative to 7 and s and

JdK(t,s) 0K (t,s)
ot ds

H(F):F :1xCy— Pck(E) is a multifunction such that

=A(t)K(t,s) and = —K(t,5)A(r)

(1) F isscalary u.s.c. on I x Cy.
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(2) for every nonempty bounded set Q C Cy it exists a function uo € L(I,R")
such that for every g € Q

|F(t,8)| < uq(t) a.e.onl.

(3) there exists a function k € L(I,R™) such that for every bounded set Q C Cy
o(F(1,Q)) <k(t)a({g(0): g€ Q}) a.e.onl.

To prove our theorem we need the following lemma:

Lemma 3.1. Under assumptions H(F)(1) and H(F)(3) if we consider the se-
quences (x,),x, € C([~r,d),E) and (f,), f, € L'(I,E), where f, € Sll,(_ )

such that x, — x° and f,, % f°, then f° € S},(. T()x0)"

Proof. We first prove that 7(.)x, — 7(.)x". So, we have for every ¢ €

[7(t)xn —T(0)x]| = S[upo]llxn(tﬂ)—X(tﬂ)H
se|—r,
< sup [lx(h) —x(h)],
—r<h<t

since, we have that x,, — 19, then for everyt €1

lim sup |x,(h)—x(h)|| =0.

=0 <h<t

Then, 7(.)x, — 7(.)x°. Now, we can apply the Convergence Theorem (see for
instance [2], Theorem 1.4.1), which completes the proof. L]

Now, we prove the local existence theorem:

Theorem 3.2. If hypotheses H(A) and H(F) hold and if v € Cy, then there
exists d € I and a mild solution u, € C([—r,d],E) of (P).

Proof. Let € > 0 be a given number and let us consider the closed unit ball
B := B:(x"),

where x* € C([—r,T],E) is the function defined by

x* = won[—r0]and

x'(t) = wy(0),tel.

Let
B={t(t)x:xeB",t €I}.
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Clearly B C Cy. Indeed B is a bounded subset of Cy, because for every ¢ € I and
x € B*

[z@)xll = sup [|z()x(s)|
s€[—r0]

= sup [lx(r+s)|
s€[=n0]

< sup |[lx(h)]
hel—nT)

< x| +e.
Thanks to condition H(F)(2), we have

IIF(s,2)]| < ug(s), for every z € B and a.e. for s € I,

where (g is the function defined in H(F)(2).Also, since the evolution operator
K is strongly continuous on A, then there exists a natural number N such that

IK(t,5)|| &) <N forall (t,5) € A. (1)

Now, we can choose d; € (0,T] such that

d
N / ws(s)ds < €/2. @)
0

Since the evolution operator K is strongly continuous on A, then there exists
d> € (0,T] such that

I(K(t,0) — K(0,0))w(0)|| < £/2 forall ¢ € [0,ds] 3)
Take d = min(d;,d;). Now, consider the multifunction
I':C([-nd|,E)— P(C(|—r,d],E)) such that

I(¥) = {y € C([-nd],E) 1y = yon [-0] and
t
§(0) = K(6,00(0) + [K(t.5)1()ds. £ € Sk o0}
0
From the assumption H(F) it is clear that S}u(“ o(v) 18 nOnempty. It is obvious
that a function x € C([—r,d], E) is a mild solution of the set of (P) on [—r,d] iff

x € T'(x). So, we have to show that I has a fixed point.
In order to apply Theorem (2.1) we will follow the following steps:
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Step 1: I' is closed.
To prove that I" is closed, i.e. the graph of I" is closed, consider the sequence
(xn,yn) in Graph(I') such that (x,,y,) — (X,¥), our aim is to prove that

yeI'(x).

Let (f,) be an arbitrary sequence such that f, € S},(_‘T(.)xn). We want to prove
that the set {f, : n > 1} is semicompact. So, we first prove that the set {f, :
n > 1} is integrably bounded. Let Q = {7(t)x, : t € I,n > 1}. Since (x,) is a
convergence sequence, then, as we prove in Lemma (3.1), the sequence (7(¢)x;,)
is convergent. Then, Q is bounded in C and from H(F)(2) we have

[ fu()|] < [|F (2, 7(t)xn)|| < pa(t) a.e.onl.

Hence, the set { f,, : n > 1} is integrably bounded. Second, the set {f,,():n>1}
is relatively compact a.e. on I since from H(F)(3) we have for a.e. 1 € I

a({fa(O}=1) < alF{7()x},00))
< k(O)a({r(t)x(0) :n>1})
= k()a({x.(t) :n > 1}),

since for a.e. t € I the sequence (x,()) is a convergent sequence, then o ({x,(7) :
n > 1}) = 0.Then, the set {f, : n > 1} is semicompact. From Lemma (2.3), the
set {f, : n > 1} is weakly compact in L' (I,E). So, we can assume w.l.0.g. that
fu = fin LY(I,E). By Theorem (2.5), we have Gf, — Gf . Then applying
Lemma (3.1),

o

y = wyon[—r0]and
y) = K(,0)w(0 )—i—Gf,?ES}E("T(‘)X),IG[O,d]

Hence, y € I'(%).

Step 2: I" has compact convex values.

Clearly, I" has convex values. So, we will prove that I" has compact val-
ues. Let x € C([—r,d],E) and consider the sequences (z,) in I'(x) and (f,) in
Sll,(”/ «()x) Such that

zn = wyon|[—r0]and
() = K(t,0)y(0)+Gf,,t €1

As in step 1, we can prove that the set {f, : n > 1} is semicompact. So, w.lo.g.
it converges weakly in L!(I,E). Then, (Gf,) converges in C(I,E). Then, (z,)
converges in C([—r,d]|,E). Then, I'(x) is relatively compact. Since, I'(x) is
closed, then it is compact.
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Step 3: I' is condensing on bounded sets with respect to the well-defined,
monotone, nonsingular and regular MNC v in the space C([—r,d],E) defined
by (see [14])

v(Z) = @rélgé)ﬁ (2),

where Z is bounded subset of C([—r,d|,E) and A(Z) is the collection of all
denumerable subsets of Z and f is the real MNC defined as

B(2)= sup e a({9(r): ¢ € 7}),

re[—rd|

where L > 0 is a constant chosen such that

t

q:=2N sup [e Mk(s)ds < 1.
1€[0,d] 0

To prove that I" is condensing on bounded sets with respect to v, let Z C
C(|—r,d],E) be a bounded set such that

v([(2)) = v(2),

we want to prove that Q is relatively compact. Since V is regular, it is enough
to prove that v(Q) = 0. From the definition of v, there is a denumerable set
D ={y,:n>1} CI'(Q) such that

For each n > 1, let x,, € Z such that y, € I'(x,,). This means that

y» = Wyon[—r0]and
W) = K(E0)W(0)+Gfo, fu € Sk( o)1 € [0,d).

From H(F)(3) we have for a.e. s € [0,d]

a{fuls) 01} < alF(s, {xls)min > 11))
k(s)a({t(s)x,(0) :n>1})
k(s)or({xa(s):n>1})
) sup ¢ Ba({n()inz1))

k(s)B({xa 0 = 1}) =1(s).

IN



116 A. G.IBRAHIM - A. M. SOLIMAN

Then, invoking to Lemma (2.7) we get
t
a{GR() = n>1))< 2N/n(s)ds
0

— N / Ek(s)B({xn:n > 1})ds
0

IN

INB({x:n > 1}) /eLsk(s)ds.
0

On the other hand,

Bl : n>1)<v(@)<v{I(@)
— BD)
= B(lnin=1})
= sup e Ha({y.(t) :n>1})

te[—rd]

< sup e Ma({y() ) + sup e a({ya(0) i)
te[—r0] t€[0.d]

= sup e Ma({y(n)})+ sup e M a({GL(1)}L)
te[—r0] t€[0.d]

sup e DN ({xy i n > 1)) / k(s)ds
t€[0.d| 0

IN

t

= 2NB({x,:n>1}) sup [e H0k(s)ds
t€(0.,d| 0

= B{xu:n=1})g.
Since g < 1, we get
B{xa:n>1})=0
Consequently,
v(Z)=0
Step 4: Let
H={t(t)xg:x € B*,t €[0,d]},

where x; is the restriction of x on the interval [0,d]. We want to prove that I"
maps H into itself.
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Let D=T(H) and y € D. Then there is x € H such that y =I'(x). Then,
y=yon [-r,0] and y(r) = K(t,0)W(0) + Gf, f € Sp( 1yt € [0,4].

Using (1), (2) and (3), for a.e. t € [0,d] we have

t

(@) =@l = HK(RO)IV(O)+/K(I7S)f(8)ds—llf(0)H

0

IN

I(K (2,0) — K(0,0))w(0) ]| + /HK(tvs)Hf(E) 1F ()|l
0

d
< 8/2—|—N/u3(s)ds Since 7(s)x € B
0

< et
= 2 2 - M

which proves thaty € H.
Now, apply Theorem (2.1) toI' : H — Pck (H), which completes the proof.
O

The next theorem shows that under a stronger condition on F, we obtain a
global existence result.

Theorem 3.3. If hypotheses H(A), H(F)(1),H(F)(3) and instead of H(F)(2)
we have
H(F)(2) there exists a function y € L(I,R") such that for every g € C

1F(t,8)] < v(t)(1+[lg(0)]]) a.e.onl

hold and if y is continuous, then the set of mild solutions S(y) of (P) is a
nonempty subset of the space C(|—r,T|,E).

Proof. Let x* be a function defined by
x* = wyon[-r0]and
x(t) = wy(0),rel

Let L > 0 be a real number such that
t

g = TSIXN e K=y (s)ds < 1,
0
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and € > 0 be a given number such that

(N+ DI O+ MYl rn)(1—¢) 7" <&,
Also, we consider the following norm in the space C([—r,T], E) defined by

Ixlls = sup e lx(r)]
re[—nT]

Clearly, this norm is equivalent to the uniform norm. We denote the closed ball
in the space (C([—r,T],E),||.||+) with center at x*and radius € by B*.
In order to apply Theorem (2.1), let I" be a multifunction defined by

I':C([-nT|,E)— Z(C([-r,T],E)) such that

I(x) = {yEC([—F,T],E) y=yon [—V,O]

and
t

(0) = K(6,00(0) + [ K(t.5)/(5)ds. £ € Sk (0}
0

Similarly, as in the previous theorem, I" is closed with compact convex values
and is condensing on bounded sets with respect to well defined, monotone, non-
singular and regular MNC vV in the space C(I,E). So, it is sufficient to prove
that I maps B* into itself.

Let x € B* and y € I'(x). Then we can write

y = won|[—r0]and

y(t) = K(t,O)l;/(O)+/K(t,s)f(s)ds,fe Sk(.z(y ! €1
0

Then,
ey (0) —x (o)) <
t
< e H RO | WO | +¢ [I1K(.5) L2 | £ds +e [ w(O)] <
0

< ENW(O)]+ e [Ny(5)(1 -+ x(5) s+ e y(0)] <
0

t
< (N DIV + NPl rey +¢ N [1(5)()llds =
0
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t
=N+ DIy O) [+ Nl .r +N/efL(H)Y(S)fLsHX(S)Hds <
0

t
< N+ DIV + NIy + NIl [ Hy(s)ds <
0

<N+ DIYOI+NIYILgre) +e9" <€
which proves that y € B*.

Now, apply Theorem (2.1) to I' : B¥* — Pk (B*), which proves that the set
of mild solutions S(y) of (P) is nonempty. O

The next theorem gives some topological properties of S(y):

Theorem 3.4. Under the conditios in Theorem (3.3), the set of mild solutions
S(w) of (P) is compact subset of the space C([—r,T],E).

Proof. To prove that the set of mild solutions S(y) of (P) is compact, By Propo-
sition (2.2), it is enough to prove that S(y) is bounded.

Since y is continuous on [—r,0], then it is bounded on [—r,0]. Also, let
x € S(y). Then, we have for every 7 € [

t
Ix@)ll < HK(EO)Hg(E)llW(O)ll+/\|K(t,S)||,s,ﬂ(E)Hf(S)Hd&fES}(_,T(,)x)
0

IN

Ny ()] +N/7(S)(1 +2()x(0)[)ds  from H(F)(2)'
0

IN

Ny (0] +N/7(S)(1 +lx(s)[)ds
0

IN

N[y )]+ |!Y||L1<1,R+)+/7(S)HX(S)HdS)-
0

Invoking Gronwall’s inequality, we get
N
(@) < N O+ 171 gy )€ 00 = ma,

which completes the proof. O
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