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Z** REGULARITY FOR SECOND ORDER NON LINEAR
NON VARIATIONAL ELLIPTIC SYSTEMS

MARIA STELLA FANCIULLO

Let Q2 be a bounded open setin R"?, n > 2, we prove that the n x n matrix
H(u) = {D;Dju} belongs to the space iﬁg’c}‘(Q, IR"ZN)(N integer > 1) if
ue H2(Q, ]RN) is solution in €2 to the system

a(x,u, Du, H(u)) = f,

if fe LPNQRY),0 < A < n (1 - %) (¢ > 2), and if the vector of
R¥a(x, u, p, £) is elliptic, that is, satisfies the condition (A).

1. Introduction.

Let Q be a bounded open setin R*, n > 2, let x = (x1, X2, ..., x,) denote
a point of 2 and N be an integer > 1. If u is a function defined on Q in RY, we
shall set:

Du = (Dlu, Dzu, ey D,,u), H(u) = {D,’ju}, i,j = 1, 2, R (R

du

where D;u = Fye Diju = D;D;u.
Xi

Du e R™ and H (1) is a n x n matrix of elements of RV, that is an element

of RN, We shall denote by p = (p1, p2, ..., Pn), pi € RV, a generic vector of
RN and by & = {&,},i,/ =1,2,...,n, & €RY, a generic element of R"V .
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In €2 we shall study the following second order non linear non variational
system

(1.1) a(x,u,Du, Hu)) = f

where f € L2(2,RY) and a(x,u, p,£) : @ x RN x RN x R”N > RV jsa
mapping measurable in x, of class C% in (u, p, &), satisfying these conditions

(1.2) a(x,u,p,0) =0,

(A) there exist three positive constants a, y and 8, with y + & < 1, such that,
for almost every x € Q, Yu e RY, VpeR"™, V&, Tt € R™N  jt results (1)

2
<

(1.3) “Zm—a[a(x,u,p,f+$)—a(x,u,p,é?)]

2
5y|1r||2+6”2r,-,- :

We shall show that if u € H*(2, RY) is a solution in € to the system (1.1)
and f e 2 (Q,RY),0 <A <n ( ) (), then H () € L2*(Q, R™V).

Hence we shall generalize the analogous result already got by S. Campanato
for quasi-basic systems in [2] and [3] (see also [6] and [7]).

In [5] and [10] have been studied second order non linear non variational
parabolic systems and, under condition (A), obtained results of partial Holder
continuity and differentiability of the solutions. For these systems it’s open the

£%* regularity problem.

2. Preliminary results.

In this paragraph we shall recall some results that will be useful in the

following.

Set
H(Q,RY) = H*(Q,RY) n H} (2, RY),

( ) The symbols (- | -)x and || - || ¢ will denote the scalar product and the norm in RX .
We shall omit the index K wherever there is no ambiguity.
(?) g is the real number that appears in the Theorem 3:1.
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we remember that, if 92 is of class C? , the space H (2, R¥) is an Hilbert space

with the norm: 1
el vy = <f9 HH(u)l]zdx)z

and we have the following result of Miranda-Talenti ([11] and [12]):

Lemma 2.1. If Q is of class C? and convex, then, Yu € H(S2, RY), the Sfollow-
ing estimate holds:

2.1) / | H () 2dx < / | AulPdx.
Q Q

Now we prove the following existence theorem:

Theorem 2.1. If Q is of class C? and convex, if the vector a(x, u, D, &) is mea-
surable in x, of class C° in (u, p, &) and satisfies the conditions (1.2) and (A),
then, VF € L*($2, RY) and Yu € H*(Q2, RV), there exists an unique solution to

the Dirichlet problem

[weH(Q,RN)

(2.2)
a(x,u,Du, Hu) + Hw)) = F(x) inQ

and we have the estimate

| 2
2.3) /Q IH (w)*dx < U--_jm]z fQ IF(x) —a(x,u, Du, Hw))|’dx.

Proof. Letus fix F € L(Q,R") and u € H*(Q, R"); let us prove that the
problem (2.2) has one and only one solution w and this solution satisfies the

estimate (2.3).
The hypothesis, supposed on a(x, u, p, £), assure that

2.4) llaCx, u, p, )l < cl§ll,

Vu € R¥, Vp € RV, vE € RN and for ae. x € Q; then the operator
A(w) = a(x, u, Du, H(u) + H(w)) maps every w € H(2, R¥) in an element
of L?(Q, RM):

Aw) : HQ,RYY - L2, RM).

The operator of Laplace Aw is an isomorphism H(Q2, RY) — L2(Q, RM).
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We prove that A (w) is near the operator Aw, thatis: there exist two positive
constants o and k, with 0 < k < 1, such that Vw, wy € H(Q, RV) it results:

(2.5) |Aw; = Awz —alAw1) = AW 13 gy < KIAWY = Awal 3 0
Let wy and w;, bélong to H($2, RY), in virtue of the (1.3) we have:

lAw; — Aw, — a[A(wy) — A(w)]II* =
= [[A(w1 — wp) — ala(x, u, Du, H(wy — wy) + H(u) + H(wy)) —
—a(x,u, Du, H(u) + Hw)]|I*> <
< VIH Wy — w)|* + 8l A(wr — wy) %,

from which and from Lemma 2.1, it follows:
/ Aw; — Aw, — a[A(w;) — A(wy)]||?dx <
Q
< / YIH W = w) P + 81 AGw; — wy)P)dx <
Q

< (y +9) / IAws — wo)|*dx
Q

that assures the (2.5) with k = \/y + 8 < 1.

Hence, the nearness of the operator A(w) with respect to the operator Aw
has been showed, then, in virtue of the Theorems 1 and 2 in [8], A is a bijection
H(Q,RY) — L2?(Q,RY), that is, the Dirichlet problem (2.2) has an unique
solution w € H(2, RY) and the following estimate holds:

2.6) Awlz@rn < = IF() = a(x, 4, Dty ) 2 -

S1-r+e

Finally the (2.3) is consequence of the (2.6) and the Lemma 2.1. (1

3. sz)f regularity result.

Let a*(x, £) be a mapping defined on © x R”Y in R¥, measurable in x,
of class CU in &, verifying these conditions:

(3.1 a*(x,0) =0,
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(3.2) there exist three positive constants oy and é, withy + 68 < 1, such that,
for almost every x € Q, YE, 1 e R* N, it results:

2

2
synr|12+6“2r,-,-
i

“ }:r,-,- —afa*(x, T+ &) —a*(x, )]

For the solutions v € H2(22, RV) to the system
(3.3) a*(x, Hv)) =0

the following Caccioppoli estimate holds:

Lemma 3.1. If v € H*(Q,RY) is a solution in Q to the system (3.3), then
VB(x°, 20) = B(2o) cC Q2 (%) we have:

(3.4) / | H@)Pdx < c o= / 1DV — (Dv) I2dx (4,
B(o) B(20)

where the constant ¢ does not depend on x° and o, but depends on v, § and n.
D Y

Proof. The (3.4) is immediate consequence of Lemma 3.1 in [4], with
b(x,u,p) =0, a(x,u,p, &) =a*(x,§). 0
Now, let us fix an arbitrary u € H1(22, RY) and investigate the system
3.5) a(x,u, Du, H(v)) =0,

where a(x, u, p, §) is a mapping defined on 2 x RY x R™" x R™¥ in R¥,
measurable in x, of class C% in (u, p, &), satisfying the conditions (1.2) and (A).

We show for the solutions v to this system the following H,i‘cq regularity
result.

Theorem 3.1. Ifve H*(Q2,RY) isa solutzion in S2 to the system (3.5), then there
exists ¢ > 2 such that H(v) € LL_(Q,R"N) and, ¥ B(20) CC 2, we have:

(3.6) (]L IlH(v)H"dx);scf | H )] 2dx,
B(o) B(20)

where the constant ¢ does not depend on x° and o, but only depends on y, § and
n. .

C) BGxO, p) = B(p) = {x €R" : |lx—x%) < p},x0 = (x0,29,...,x0) e R", p > 0.
() I e L (B(0). R"), weset: fo = measpisy Jpo Fd5 = fi(, fdx.
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Proof. For every fixed u € H'(Q2, RV), this function:
(3.7) a*(x, €) = a(x, u(x), Du(x), &) : @ x RV - RV,

in virtue of hypothesis about a(x, u, p, £), is measurable in x, of class C%in &,
and satisfies the conditions (3.1) and (3.2) (with the same constants ¢, y and &

of (A)). .

On the other hand, fixed u € H!(Q, RY), if v e HX(Q, RY) is a solution
in 2 to the system (3.5), it will be also solution in Q2 to the system (3.3) (with
a*(x,&) = a(x,ulx), Du(x), £)), then the Lemma 3.1 assures that for all

BQ2o) cCc @
(3.8) f IH®)Pdx < c(y, 8, o= / 1Dv — (V) IPdx
B(o) B(20)

and, hence, using the theorem of Poincare (see [1], Chap. I, Theorem 3.IV), we

have:
. (n+2)/n
f ||H(v>n"‘dxsc(y,a,n>(f uH<v>umdx) |
B(o) B(20)

from which, by virtue of a well-known Lemma of Gehring-Giaquinta-G.Modica
(see [1], Chap. II, Lemma 10.I) (5), the thesis follows. CJ

From the Theorem 3.1 follews this fundamental interior estimate.

Theorem 3.2. Ifv e H2(2, RY) is a solution in 2 to the system (3.5), then there
exists q > 2, such thatV B(c) CC Qand Vt € (0, 1), we have:

(3.9) ﬁ ( )uH<v)n2dx5cz"“'f’ / | H@)Pdx,
to

B(o)

where the constant ¢ does not depend on x% o and t, but depends only on y, §
and n.

Proof. letus fix B(o) CC Qandt € (O, %), the Theorem 3.1 ensures the
existence of g > 2 such that

H(v)eL* (B(cr), R””") c L? (B(cr), R”2N>

(5) Written with U = [|[H (v)|| 52, G = O and r = 242 See also [9), Proposition 5.1.
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and

(3.10) (f HH(v)Iqux> scf | H (o) [P,
B(%) B(o)

where the constant ¢ does not depend on x° and o, but depends only on ¥, 8 and

n.
In virtue of Holder inequality, we get:

(3.11) 1H ) [2dx < [om)]'"% (t6)"0~9 ( / IIH(v)II"dX)q <
. B

B(to) (to)

< wm" Do <f HH(v)H"dx>q ©).
B(%) :

Let us estimate the right hand side of (3.11) by (3.10)

(3.12) @)= Dgn (f nH(v)uqu)qscr”“*f)/ IH )| 2dx.
B(%) B(o)

The (3.9), with t € (0, 1), is obvious consequence of (3.11) and (3.12).
Finally the (3.9) is trivially true if 7 € [, 1). O

4. £%* regularity for the matrix H ().
Let f: Q — R be a function of class L2(2, RY) and u € H2(Q2,R¥) a
solution in €2 to the system:

(4.1 a(x,u, Du, Huw)) = f

where a(x, u, p, ) is a mapping defined on © x RV x R"Y x R™V in RV,
measurable in x, of class C? in (u, p, &), verifying the conditions (1.2) and (A).
Let us prove the following

©®) w®) = F(er—}ﬂ;’ where I is the factorial function.



170 MARIA STELLA FANCIULLO

Lemma 4.1. For every B2o) CC Q and VYt € (0, 1), it results:

I H () ||*dx + f

B(20)

(4.2) |H @) |*dx < ¢ {t”“'f)/ Hfllzdx},
B

B(to) (o)

where the constant ¢ does not depend on x°, o and t, but depends only on o, y, 8

and n.
Proof. Letus fix B(20) CC € and in B(20) write u = v — w, where w is the
solution to the Dirichlet problem (see Theorem 2.1):

“3) [ w € H(B(20), RN)
a(x,u, Du, H(u) + H(w)) = a(x,u, Du, Hu)) — f(x) in B20)
while v = u + w € H%(B(20), R¥) is solution to the system:
a(x,u, Du, H(v)) =0 in BQ20).

For the Theorem 2.1, since a(x, u, Du, Hu)) — f € L2(, RY), w exists,
is unique and holds the estimate

a?

4.4 H(w)|*d
(44) /1;(26) IHw)idx = [1 -y +381% Jppe

On the other hand, in virtue of the Theorem 3.2, there exists ¢ > 2 such
that, V¢ € (0, 1), we have:

(4.5) / IH@)|%dx < ¢ "9 / I H (v)|%dx,
B(to) . B(o)

where the constant ¢ depends only on y, é and n.
Since u = v — w, from (4.4) and (4.5), it follows:

/ IH w)|fdx < 2/ IH ()| *dx + 2/ IH (w)|*dx <
B(to) B(to)

B(to)
<c(y, 5,,1);"(1—%)/

I fIIPdx.

IH (v)|*dx + 2 / | H (w)|*dx <

B(o) B(20)
< c(y, 8, M= f VHG)Pdx +c(r,8,m) [ 1H@W)Rdx <
B(o) B(20)
n(l—2) 2 2
< ey, 6, )t / IH@dx +c@ v, 6.m) | 1£1Pdx
B(o) B(20)

and, hence, the (4.2). ]
Now we can prove the .Z>* regularity result for the matrix H (u) of the
solutions to the system (4.1).
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Theorem 4.1. If the vector a(x, u, p, §) is measurable in x, of class C 0 in
(u, p, &) and satisfies the conditions (1.2) and (A), if f € L**(Q,RY), 0 <
A<n(l-— 5), and if u € H*(2, RY) is solution in Q to the system

a(x,u,Du, Hu)) = f,
then
(4.6) Hu) e £2MQ, RN
and, for every open subset Q* CC €2, we have the estimate:

HH GO 2 (o oy = UH N o growy 1M 22 gy}

where the constant ¢ depends on A, «, v, 8, n and on the distance of o from
082.

Proof. From Lemma 4.1 and in virtue of the hypothesis f € .£>*(2, RY), it
follows VB(2o0) CC Qand Vr (0, 1) :

(4.7) |H@)2dx < ¢ "% / IH@Pdx + o fI2,, ..
B(to) B(o) L2 Q,RY)

Let ©Q* be an open subset CC Ki and d* the distance of Q ~ from 082, the
(4.7) is true Y B(x°, 20), with x° € @7, o € (0, 4], and V¢ € (0, 1); then the

Lemma 1.I of the Chap. I of [1] assures that vileQ M and Vr e (0, 1), we have:

d*\*
(4.8) | H@l*dx < c [ fg I1H @)|*dx + (—;;) Ilfllgz,A(Q,RN)},

B(t%)

where the constant ¢ does not depend on x° and 7.
The thesis follows immediately from the (4.8). |

Finally we can recall the same note of n. 4 in [2].
From (4.6) it follows:

Due ZX"Q,R™Y) and uelZPH(Q,RY),

then
Du is Holder continuous in Q2 if n = 2,

u is Holder continuous in Q if n < 4.
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