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ON STABILITY OF STOCHASTIC MULTIOBJECTIVE
PROGRAMMING PROBLEMS WITH RANDOM
COEFFICIENTS IN THE OBJECTIVE FUNCTIONS

ABOU-ZAID H. EL-BANNA'- EBRAHIM A. Y.OUNESS '

In this paper, we present quantitative analysis of the stability set of the
first kind of stochastic multiobjective programming problems with random
coefficients in the objective functions. Using Kuhn - Tucker conditions and’
some statistical theorems, the authors determine the set of all random parame-

- ters that make the solution of our concerned problem be stable. An 1llustrat1ve
example be given to clarify the development theory in this paper.

1. Introduction.

A farhily of subsets A of aset X is Called é'o-algebra [1]' if:

1) XeA

) if E€A, thenX - Ee€A,and -

(i) if E; €A, i =1,2,...,then UE €A.

i=1

(X, A) is called measurable space, and A are the measurable sets.

Afunction f : X - Y from a measurable space X into a topological'space
Y is called measurable if f~ YWU)isa measurable set for every open set U cY.
For a measurable random mapping [3]

Y: (X, A, Py) — (R LE PY,
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where X is a measurable space, A is o -algebraon X, P, is a probability measure
defined on A, L* is Borel o-algebra and P is the probability measure induced

by Y in L*.
- We will make use of the following probability Theorem [2].

If p(x1,, x5, ..., x,) is the probability density function of the vector
(81, €25+ -+, En),

then the probability of the point (ey, &3, ..., &,) failing in the half-space &; +
&+ e, <xis

o(x) = // p(x1,Xx2, ..., Xp)dx1dxs...dx, .

X1txgtee X, <x

Forn =2

¢(x) = // p(x1,x2) dx1dx; =/dx1/ i p(x1, x2)dx; .

X1+xy<x

If the variables ¢; and e, are independent then p(x1, x2) = p1(x1)p2(x2) and
consequently

(x) = f dx; / i) pa(xn) dxs = / dz / L) Palz — x1) dxi}

then the integral f p1(x1) p2(z — x1)dx; is the density function of the sum
&1 + &2. k

The solvability and the stability of the solution of stochastic multiobjective
programming problems are defined and analyzed qualitatively in [7]. In this
paper we determine quantitatively the set of random vector parameters that make
the efficient solution of stochastic multiobjective programming problems with
random coefficients in the objective functions is stable.

2. Formulation of the problem.

Let us consider the following stochastic multiobjective programming pro-

blem: _
min f;(x,2), j=1,2,...,m,

VOP(X) { subject to
M={xeR":g(x)<0,r=12,...,t},
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where fi(x,A), j = 1,2,...,m, are real valued functions and convex on M,
g-(x),r =1,2,...,t,arereal valued convex functions on R” and A is arandom
vector parameters in a measurable set A C RY,

Let us consider the case:

fj(x',)\):)\jfj(x), j=12,...,n,

then the nonnegative weighted sum technique is used to find the corresponding
scalar optimization problem which takes the form:

[ .2
min ) w; Aj fj(x)
j=1

P(A) { subject to

xeM, wel' ={welR":w; >0, j=1,2...,n, Y wj =1}.
‘ =

It is well known from [3], [6] that the optimal solution X of problem P (}) is
an efficient solution of VOP(A) if and only if the following conditions are valid:

(1) P(A) has a unique solution, or
(2) all the weights of the weighting problem concerned are strictly positive.

Definition 1. x is said to be an efficient solution corresponding A° € A if and
only if '

P {1° : the system f;(x, A°) — f;(x°, A°) < 0 has no solution x e M} = 1,
where P is the probability measure induced by Y [3], [6]. |
Definition 2. The solvability set [5] of P(A) is denoted by B and is defined by

B ={leA CR*/P()) issolvable } .

3. The stability set of the first kind.

Definition 3. Suppose A € B with a corresponding efficient solution %, then the
stability set of the first kind is denoted by S(x) and is defined by '

SE) ={reB/P{r: fi(x,)) — f;(¥,A) <0
hasnosolutionx e M} =1, j=1,2,...,m},

where P is the probability measure induced by a random mapping Y.
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Now, we will determine the set S(x) as follows.

Since % is an efﬁ01ent solution, then there exist w; > O Jj=12,...,m,

: ij = 1 such that }:a)jfj(x A) < ijf](x A).
j=1
Therefore, we can wnte S(x) as:

S(x) = {x S B/P{A :’ijxjfj(x) < ijx,-fj(x)} = 1}.
j=1 j=1 :

From necessary Kuhn - Tucker Theorem [4], we obtain the following system:

MoV Fi(E) + Ma@aV Fo(B) + - A Amn V o (F) +
Ve @)+ + @ Ve @) 20,
XAV fi(X) + 202V fo(X) 4+ + AoV fin (X) +
i VeI @) + o+ BV @] =0,

g (x) <0, r= 1,2,...,¢,

e (5)=0 r=12.. .t

or-

T B
Al Xlwl*ﬁ(x)+"'+xn /i +
_ X1 X,

}+

' - Ofm o Ofm
+ Am xlwmﬁ(x)+“'+xnwm"f’—n'(x) =

- [_ 3g1 _ 0g1
= —U; xl_gl(x)+...+xn 81 —
. axl axn

: _ 08 .. - . 0gr
— U, xl——gi(x)'+---'+xn 8
ax1 . an

. _ ‘8f2 _ _
+ Ay | Xiwa (%) + - - + Xy
_ 8x1 :
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and

A [wlﬁ’—@wmwlaf‘<x>]+---+
dx axy
dx 09X,
981 - g1 ,_
? _ul[a_xl(x)_*_..._*_axn(x)]__...._

g, Se,
—u | @) 4+ 2y |
8x1 8x,,_

By adding the above two systems, we obtain the following system of inequalities

which are linear in random unknowns A;, j = 1,2, ..., m, and deterministic
unknowns u;, i =1,2,...,¢: |
_ of1 _ of1
Al ':(M — 1)601—f1*(x) + 4 (X — Do L (x)] +--
ax1 ax,
_ 0fm - _ fm _
+)\m (-xl - 1)wmﬁ(—x) + e+ (xn — l)a)m f (x) =< -
X1 ax,
_ . 081 _ _ . 081
<ur [ (1= )22 @)+ 4+ (1= B2 @) | -+
dxy ‘ ax,,

_ 08 _ _ .08 _
Fu | (L= B (@) + o+ (L= By) ot () |
8x1 . ax,,
or |
aiMFar+ ...+ apis <v,
where
ofi _ ofi
a = (x; — l)a)i—]:(x) + o+ (X — 1)wi—f(x), i=1,2,....,m
0x1 ax,
and :
_ . 0gr _ - .08k _
V= Zuk l:(l —xl)—gf(x)—iw--—i-(l — Xn) gk(x)].
=1 : ax1 3xn
Since A;,i = 1,2, ..., m, are random variables for which the probability density
functions d;(y), i = 1,2,...,m, are known, then a;A;, i = 1,2,...,m, are

random variables and we can determine their densities. Also, we can find the
probability of failing the point (y1, y2, ..., ¥m) in the half-space :

ajr +agry + - Fapr, < v
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from the probability Theorem [2] (see the introduction) as follows:

b(v) = // PO Y-y o) dyidya .. dym,

VY2t Ay <v

where y;, i = 1,2, ..., m, are the available values of the random variables a; A;,
i=1,2,....m ' '

By the same manner, we can obtain the set of random parameters corre-
sponding another w from the set of all weights that give the same efficient solu-
tion. Finally taking the union to obtain S(x).

Example. Let us consider the following problem:

min (A (x + 1), X2((x — 3)2 + 1)]
subject to
x >0,

where the density functions of A; and A, are

di(z1) = _221, z1 €10, 1],
dz(ZZ) =2z, 2z2€[0,1].

LetY : ([0,1],A,d) — ([O 1], A, p) be a measurable mapping such that
Y(A) = A° for each A € A, and P(A®) = d;(A°), i = 1,2. Assuming that

AC A o= A =l = % and w; = @, = 2, then the efficient solutions

corresponding to ()_k, ®) are the interval [1,3].
From Kuhn-Tucker Theorem we get

2h +4r(x —3)— i > 0,

ux =0
x>0
u>0.

Let x = 3, then 21 < 0. Since d3(z2) = 222, 22 € [0, 1], then the density
function of the random variables 21, is

[\S719%)

y ' 0<y§1
2

Py(y) =
[ y+4 3 l<y<2,
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and hence the set of all random variables for which the densities are:

and

p1(y) =2y, 0<y=<l1

y3, 0<y=<l

N

p2(y) =
{“%y3+4y~-§, 1<y<2,

and p;(y) = p2(y) = 1, corresponding the efficient solution X = 3.
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