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SYSTEMS OF INTEGRABLE DERIVATIONS

VITTORIA BONANZINGA

Let A be acommutative k-algebra, with k a subring of A.We give the de-
finition of n-dimensional differentiation of A over £ which formally extends
the known one of unidimensional differentiation and we study the group of all
n-dimensional differentiations of A over %.

In the second part of the work we give some theorems of strong integra-
bility for systems of derivations in terms of n-dimensional differentiation.

Introduction.

Let A be a commutative k-algebra and let Der;(A) be the module of the
k-derivations of A initself.

If D is a derivation of A over k and char(k) = 0, it is known that D is
always strongly integrable over %, i.e. there exists an iterative unidimensional
differentiation of A over k which lifts D ([4]).

If char(k) = p > 0 and A is a separable field over k, D? = 0 is a necessary
and sufficient condition for the strong integrability ([4]), while if Aisa ring
separable over k, conditions for the integrability of D such that D? = 0 are
given in [1]. ' '

Now, considered a system of derivatiohs D = {Dy,..., D,} in the sense
of [7], [1], non necessary independent, we say that D is integrable (strongly
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integrable) if there exists a n-dimensional (iterative) differentiation of A over
k which lifts D.

If char(k) = 0, every commutatlve system of derivations is strongly inte-
grable, while if char(k) = p > 0,.systems of strongly integrable derivations are

considered in [7].
In this work we study the lifting problem for a system of derivations to a

differentiation of dimension n, where 7 is the number of independent derivations

of the system of derivations.

Precisely in n. 1 we define a n-dimensional differentiation and we study its main
properties. After having defined a system of integrable and strongly integrable
derivations we study the group H S} (A) of the n-dimensional differentiations of
A over k. _

In n. 2 we show that by the existence of a n-dimensional differentiation
in the ring we can deduce theoretic properties of the ring (existence of an A-
sequence formed by n elements, analytic independence of the same » elements,
etc.). ‘

We obtain theorems of structure for /-adically complete rings, / ideal of
the ring, module the strong integrability of a system of independent derivations
- of the ring expressed by the existence of a differentiation of dimension 7.

The author wishes to express her sincere thanks to Professor Matsumura,
for his support to the present research and for his helpful advises.

1.- In this work, all rings are assumed to be commutative, noetherian, with
" a unit element. :

Definition 1. Let k be a ring and A be a k-algebra. A n-dimensional differen-
tiation D (an infinite n-higher derivation in A) of A is a set of linear maps
{Dy : A — A; a€N"}such that Dy =-id4 and
(1) . Dya-b) = Z Dy(a) - Dg(b)

. : a+B=y
fora,be Aanda, B,y € N".

Such a definition is a formal extension of the definition of 1-dimensional
differentiation D of A (inthe sense of Hasse-Schmidt). The set of n-dimensional
differentiations of A is denoted by HS"(A).

As for the 1-dimensional differentiations we can associate to a n-dimensio-
nal differentiation, a ring homomorphism E from A into A[[X;, X, .., X011
such that E(a) = a mod (X, X, ..., X,,) and precisely

E(a) = Z D, (a)X*®
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witho = (@1, @2, ..., 0,) €N", X¥ = XT' X2 ... X,
Then E is a ring homomorphism of A into A[[X1, X, ..., X,]], and con-
versely any such homomorphism E comes from a n-dimensional differentiation

of A. Sometimes we identify E with D.
Let k£ be aring and A be a k-algebra. Given a k-algebra homomorphlsm

Py A > ALXy, ..., Xa1/(X1, .0, Xg)?

such that
2) ®,(a) =amod (Xq,...,X,)
we can associate n derivations of A: Dy, ..., D, and condition (2) can be ex-

pressed in this way:
®1(a) =a+Di(@)X1+ ...+ Dy(a)X, .

Definition 2. Let k a subring of A. A n- difnensidnal differentiation D of A
is called a n-dimensional differentiation (or n dzﬁ‘erennatzon) of A over k if
D, (a) =0 forall  # 0 and for all x €k. B :

The set of such n-differentiations is denote by H S}(‘ (A).
Notation. If y = (y1,...,¥s) and ¢ = (o, ..., &) then the symbol Z

denotes the product of the binomial coefficients: ( Z ) = (Zl ) e (Z” ) .
. 1 ‘ n

Definition 3. A n-differentiation D is said to be iterative if:

Dy o Dg = (a:ﬂ) Dyt+p  foralla, Be N,

Remark 1. We note that, in characteristie 0, for any commutative set of n

o 1 A
derivations Dy, ..., Dn, ifweput D, gy = WD?‘ e D:" , We geta
s 0. n-e .
: . . L ‘ a+p
n-dimensional differentiation and we have Dy o Dg = o Dyyp.

(In substance, the Definition 3 is a generalization of that one given in [4]).
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Definition 3'. We say that a n-differentiation D is iterative if the following
diagram: :

A x A[[X1]
Ex+yl 5 lEY
AlLX + Y]] — AllX, Y]]

is commutative, where X = (X1, Xa,...,X,), Y = (Y1, Y2, ..., Y,), i is the
inclusion map and Ey(X) = X.

Definitions 3 and 3’ are equivalent because the usual check in the classic
case holds this case too; more generally, the equivalence follows by the relation

X+ =) (/‘;‘) xPye-b,

evenif X, Y, a, B are n-tuples.

Definition 4. Given n independent derivations D, ..., D, € Der(A) we say
that they form a n-integrable set if there exists a ring homomorphism E : A —
AllXq, Xy, ..., X,,]] such that

E(@=a+Di(@X,+...4+ Dy(@Xy+...
Such an homomorphism E is called n-dimensional integral of D1, . .., D,.

Definition S. Given n independent derivations D, ..., D, € Der(A) we say
that they form a n-integrable set over k if there exists a differentiation D = {D, :
A — A;a e N"} e HS}(A) with D

.........

Definition 6. We say that differentiations D = {Dy : A — A; « € N"} and
D' ={Dy: A — A; BeN"} commute if D, and Dj; commute for every pair

(@, B).

Proposition 1. Let k be a ring. If A is a smooth k-algebra then every set of n
independent derivations of A can be lifted to a n-differentiation.
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Proof. If Dy, ..., D, isasetofindependent derivations of A over k there exists
a k-algebra homomorphism: :

dp: A > A[X]/(X)?

(where X = (X1, X5, ..., Xy)), suchthat ®,(a) =a mod (X).
Since A is a smooth k-algebra, we have the following commutative dia-

gram:
1

[¢)
A > A[X]/(X)*= Ax1/(0)°/ (X2/(x)?

k — ALX/(X)?

For the formal smoothness there exists ®, : A - A[X]/(X)? and so, for
b,:A— A[X]/(X)”“*1 such that <I>,,__1(_a) = &, (a) mod (X)"; for all n.
Since A[[X]] = lim A[X]/(X)", P, can_be lifted to a k-algebra homomor-
phism E : A — A[[X]] such that -
E(@)=a-+

i

Di@X; +...= Y Da(@)X*,
1 o

and so the proof is complete. U "

Remark 2. In characteristic 0, every set commutative of n derivations D,
D,, ..., D, is n-integrable and its integral is:

E@=)_

with @ = (¢, ..., &y) € N?, by Remark 1.

o) a, \ VO o2 o,
T DY ... Dy (@)XT' X5 X,
e n- .

Remark 3. If ¢ = (&1, ..., ®,) € N®, then || stands for oy + ... + .

Let E: A— A[[X;,...,X,]lbea k%ialgebra morphism so defined:
E(a) =) Da(a)X*,

with Dy = id4, then D, : A — A is a k-derivations Vo € N with x| = 1.
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Remark 4. If D = {D, : A — A; « € N"} is a differentiation and E :

A — A[[Xy,...,X,]] = A[X] is the corresponding ring homomorphism

(E(a) = ) Dy(a)X%) then E can be extended to a map A[[X]] — A[[X]],
o

by:

(3) E (Z aaX“> =Y E(a)X".

It is easy to see that this is an endomorphism of the ring A[[X]].
Any element £ of A[[X]] = A[[X], ..., X,]] can be written

§=$r+§r+1+"f’

where §; is a homogeneous polynomial of degree i in X1, ..., X, with coeffi-
cients in A. If & # 0 then &, is called the initial form and is denoted by In(§).
Its degree r is called the initial degree and is denoted by v(€)(e N).

Then, for £ € A[[X]] we have

4) In(E(§)) = In(§)
or equivalently
(%) v(E(§) — &) > v(§).

Formula (4) shows that E(£) # 0if & # 0, i.e. that E is injective. We claim
that E is also surjective (hence an automorphism of A[[X]]). To prove this, take
n=mno+mn+... €A[[X]], and construct & = & + & + & + ... (where & is
a form of degree i) such that E(¢) = n inductively by

§o =0,
i—1

§; =the homogeneous part of degree i of n — Z E§;).
Jj=0

I fore}
Then v(n - > E(g)) > i, and so E(Z&) =7
j=0 i=0
The set G of all such automorphisms of A[[X]] is characterised by formula
(4). Therefore it is easy to see that
1) E,E'eG=E-E'€G
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2) EeG=EledG.

Therefore G is a subgroup of Aut (A[[X]]).
Explicitly, if E(a) = }_ Do(a)X*, E'(a) = }_ Dy(@)X*, (EE")(a) =
« B

> D;f (a)X?, then
y

(EE")(a) = E(E'(@)) = ) XPE(Dj(a)) = ) X" (Dy(D}(a)))
2 a,p

hence
D)= ) DyDy=Y DD,
at+f=y as<y
(whereif o, Be N", a = (a1, ..., ), B = (B1, ..., Bn), then we write @ < B

ifo; < BiVi,anda < ifa < B and @ # B).
Let us write D; for Dy, ... 1,..0)- Then we have D = D; + D..

The explicit form of E~! can be obtained as follows. Set E~! = E*, E*(qa) =
>_D}(a)X* (a € A). Then D}’ s are obtained by solving the equations
o .

2 DD} =0 (r#0).

QS}’
Hence inductively

Dy=id, D}=— )  DoDj_,.

O<a<y

For instance

2
Do...00 = —D@o.,...00 — D1D} = D — Dg,...0),
D{\ 1 ,.,00 = —D1D; — D;D1 — D10,...0) = D1D2 + D2 Dy — D 10....0) -

Definition 7. Let D = {Dy : A - A; a e N'yand D' = (D, : A —

A; o € N"} be n-dimensional differentiations. If E and E’ are their correspon-

ding homomorphisms, we define D - D' as the n-dimensional differentiations

corresponding to E o E’. As a consequence of Remark 4, we have: (D o D’ )y =
>. D.D,_,.

O<a<y

Moreover, the set of all n-dimensional differentiations is a group.
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Example. Let A = k[T, ..., T,] = k[T] and let ¥1(X), ¥1(X), ..., ¥V, (X) €
A[[X]] = A[[X1, ..., X,]] be such that ¥;(0) = T;, (1 <i < r). Then there
exists one and only one homomorphism of k-algebras E : A — A[[X]] such
that:

n n
E(T) =V, =7}+Xﬁij+ Z ﬁijij+... .
j=1

Jok=1
This is the n-dimensional differentiation which lifts Dy, D,,..., D, €
r
]
Der, (A), where D; = ;f”a_T,_

This differentiation is not iterative because it doesn’t check the diagram of
Definition 3’.

2.- We extend, some results relative to unidimensional differentiations and
contained in [7] to the n-dimensional differentiations.
From now on, if E(a) = )_ D,(a)X* is a n-dimensional differentiation,

we always denote D . 1,

Proposition 2. Let A be a commutative ring and E . A — A[[Xy,..., X,]] a
n-dimensional differentiation. Put Ao = {a € A | E(a) = a}. Let x € A such
that

n
E(x)=x+ Za,-Xi
v =1

o0
with some a; invertible and () x" A = (0).
n=1

Then, if z € A and xz € Ay, we have 7 = 0. Consequently x is not a zero-
divisor of A and Ay NxA = (0).

Proof.

x2=Exz) = EX)E(z) = (x + Za,-X,-) (z + ZD,-(z)Xi —+ .. ) =
=1 ’ =1

n n
=XZ-+ ZX,'(CZ,‘Z +XD,'(Z)) + ZXIZ (aiDi(z) +XD(() ,,,,, 2, 0)) “+ ...
i=1 i=1 i
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Therefore, we have:

aiz+xD;(z) =0,
a;Di(z) + xDy,..., 2..0(2) =0,
1l

.......................

and so on. It follows that, if a; is invertible, z € x" A for all n > 0. Therefore
z=0. O

Proposition 3. Let A be a noetherian ring and let x1, x5, . .., x, be elements of
the Jacobson radical Rad(A) of A. Weput I = Ax,+. ..+ Ax,. Suppose either:
(@) A contains Q, and there exist r derivations DV, ... D" ¢ Der(A) such
that det(D® (x;)) € U(A) = {units of A} and [D®, DU] = 0; or

(B) there exists a r-dimensional differentiation E : A — A[[Y1, ..., Y,]] such
that

-

Ex)=x+ Y DY)y,

i=1

j=1...,r and det(DV(x;)) e U(A). Put F = {ac A | DWg = .., =
DWa = 0} in case «, and F = {a€ A | E(a) = a} in case B. Then F is a
subring of A and F NI = (0).
Proof. Incase a, replacing D@ by suitable linear combinations we may assume
that D (x;) = &;;. Then the iterative differentiation:

1 o . a or o
E(@) =) ————DW" D@ DO (@q)yjys .. v
o oy... .00
satisfies condition (8). Since the condition () implies (B), it suffices to prove
the proposition by hypothesis (8). We proceed by induction on . When r = 1
the assertion is true by [7] Theorem 2.

We consider the differentiation E* constructed by D@, ..., D®. Since
DP@x) =...= D) =0, D2, ..., D are derivations of the quotient.
Thus E* passes to the quotient modx;A. E *(xl) = x; € x1 A and we have

—k —(2 —=(r
E'x)=x;+D x;Ya+...+ D xY,.

Nowlety e FN I,y € F. It results then E*(i) =yandy € (X3,...,X%,).
Therefore y = 0 by the induction hypothesis. Thus y = x;z with some z € A.

Since
E(xy)) =x1 + D(l)(xl)Yl + ...+ D(’)(xl)Yr
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and since x; € Rad(A), we can apply Proposition 2 to conclude z = 0, y = 0.
O

Proposition 4. Let A be a noetherian ring, let x1,xy, ..., %, € Rad(A) and
let E : A — Al[[X1,...,X,]] be a n-dimensional differentiation such that
det(D;(x;)) € U(A), where D; i = 1,...,n are the derivations associated to
E. Then (x1, x5, ..., x,) is a regular sequence.

Proof. Replacing D; with }_ ¢; i Dj, where c;; are elements of the inverse matrix
of (D;(x;)), we may assume that Dj(x;) = 6;;. In particular we have D;(x;) =
I, Dy(x1) = ... = D,(x;) = 0. We consider the homomorphism E : A —
Al[[X1, ..., X,]] such that

n .
E(xj) = x; + Z Di(x;) X;;
i=1

it results E(x;) = x; + Xi, then by Proposmon 2, x1 is rcgular In the ring
A/(x;) we can consider the derivations of the quotient D, ..., D, and the

differentiation
E(X;) =%+ D% X2+ ... + D% X, .

Since D2x2 =1, by the same reasoning, we can find that ¥ X, isregularin A/ (xl)
and D3X, = = D,%; = 0. Proceeding by induction, we deduce that Vi, x;

is regular in A/(xl, .+ oy Xi—1),Le. (x1, ..., x,) is an A-regular sequence. "
Proposition 5. Given n 1 -dimensional differentiations
E,: A— AlX11, i=1,...,n,
there exists a n-dimensional differentiation
E:A— AllXy,..., X,]]

such that the following diagram

L AlXy, ... X,]]

AllX;]]
(Where 7; is the projection of A[[X1, ..., X,]1] into the residue class ring
AllX1, . XDl (X, X X)) 2 ALTXGTD)

is commutative forall i, i = 1,..., n.
Moreover, if the homomorphisms E; are iterative and commute then E is
iterative too.
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Proof Using the n umdlmenswnal differentiations E; defined by E;(a) =

Z X!'D,(a), we set E(a) = ZDa(a)X“, = (a1,...,0,), where D, =
=0 o
DgP oD@ o...o DY Obviously, E = E; mod (Xi,...,X;,..., X,). Let

us prove that E is an n-dimensional differentiation. The only non trivial fact is
the equality E(ab) = E(a)E(b). Let us use induction on n. For n = 1, there is
nothing to prove; so, let us suppose the equality true for n — 1. This means that
E*(a) =) Dg) e Dg’;) (a) X @) satisfies E*(ab) = E*(a)E*(b).

But, put X} = X%,

E(a):ZD;I( > D@...D §j>(a)X“2...X“n> X" =
ay

(a2 an)
=Y D, (E*(a)X™
oy

so that
E(ab) = ) D (E*(ab))X{ =) D, (E*@E*()) X% =

=Y > D, (E*@)D; (E*(b)X™

) y1+é1=a;

E@E®) =) D, E*@X" ) D; E*B)X" =
Y1 81

=Y > D (E*@)Dj (E*(b)X™.

Q) yt+d=a,

If the homomorphisms E; are iterative and commute then the differentiation
constructed above is iterative too. In fact:

Dy o Dy(a) = Do(Dp(a)) = Du(Dy’ DY ... DY (@) =
=DWDY ... DY (D’ DY ... D (a)) =
=D oDy’ o...o DI o DY (a) =

(a1 + B! (@ + B! 1) )
- ( (a).
o al',Bl! T ] an!IB’{' (a1+ﬁl) ((l +B4)

O A )
Dt (@) = Dyt n8 (@ = Digl 45y Pl 1y - Digrapy @ O

Remark 5. We can reformulate Lipman’s theorem using differentiations instead
of derivations.
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Let (A, m) be a noetherian local ring containing the rational number field
Qandletxy,...,x,em, I =(x1,...,x,).

Suppose that
(1) A is I-adically complete,
(2) there exists a r-dimensional. differentiation

E:A— Alll,..., Y11= A[lTY]],

associated to a commutative set of independent derivations, such that

E(xj) = x; + Z D;(x;)Y;
=1

and det(D;(x;)) & m.
Then Ap = {a € A | E(a) = a}is a subring of A such that A =
Aollx1, ..., x. 11, with xq, ..., x, analytically independent over Ay.

Since we are in characteristic 0, every commutative set of r derivations
Dy, ..., D,, associated to a r-dimensional E, is r-integrable and its integral is

1 @ a2 o oy Y02 o
E(a)_—_Zx:le DY ... D¥F (@)Y Y., Y.

Proposition 6. Let K be a separable extension field of a field k of characteristic
p>0.Let Dy, ..., D, € Derp(K) and x1, ..., x, € K such that det(D; (x;)) #
0.

Then there exists an iterative n-dimensional E : K - K[[X1,..., X.]1]
associated to the system of derivations {Dy, D, ... D,} &

n n

[Di, D;] € }leDa, }jl
o= a=

i <

G
1§i,j;n 1 <i<n.

Proof. 1t follows by Theorem 1 of [1] and by Proposition 4. |

Definition 8. Let S be a ring of characteristic p and SP denote the subring
{xP | x €S}. Let S’ be asubring of S. A subset " of S is said to be p-independent
over S, if the monomials bf‘ ...be", where by, ..., b, are distinct elements of I"
and 0 < e; < p—1, are linearly independent over SP[S’]. T is called a p-basis
of S over S’ ifit is p-independent over S' and SP[S',T'] = S.



SYSTEMS OF INTEGRABLE DERIVATIONS 47

Let B be a subring of A. We denote the differential module of A over B by
25 (A) and the canonical B-derivation by d : A — Q3 (A). For the definition
and elementary properties we refer to [5], par. 25. It is not difficult to verify that
if " is a p-basis of A over B then 25(A) is a free A-module with {dy, y €'} as
a basis. Not every rings have a p-basis and there are sets p-independent which

cannot be extended to a p-basis.
Theorem 1. Let (A, m) be a local ring containing a field k of characteristic
p > 0. Let A be separable over k. Let Dy, ..., D, € Dery(A). Set Ay = {a €
A | Di(a) =0, i =1,...,n}. Suppose that

1) there exist xy, ..., x, € A/ det(D;(x;)) ¢ m,
2) Qi(Ag) is a free Ag-module and Ay is finite over k[Ag],

3) there exists a p-basis By of Ay over k containing xf’ oo, Xk,
n n
[Di, D;] € - AD,, Dfe Y AD,
4) a=1 a=1
l1<i,j<n 1<i<n.

Then the system of derivations {Di, D,,...D,} can be prolonged to an
iterative n-dimensional differentiation.

Proof. Let (c;;) be the inverse matrix of (D;x;) and put 3; = }_ ¢;; D;.
J

Then a,'x_j = 8,‘j,~ and Z AD,' = ZAal', [8i, BJ] € ZAB,', aip (S ZAGJ
=1

f==1
(this last follows from the Hochschild formula (aD)? = a? D? +(aD)?"(a) D,
[51, p. 197). But if [0;, aj] = Z b,’jkak then bijk = [o;, aj]xk = 0 for all k, there-
k

fore [9;, 9;]1 = 0. Similarly 37 = 0.
By Theorem 1 of [2], x1, x2, ..., X, is a p-basis of A over Ag. Thus xq, x2, ...

x, are p-independent over Ag.
Moreover, with the same process that is found in theorem 7 of [4], for the separa-

bility of A over k, we can obtain that x; ¢ Ak, and x” can belong to a p-basis
By of Ay over k.
Let By = By \ {x},...,x7}.
Put B = B U {x1, x2, ... Xx,}.
It results A = Ag[x1, x2, ... x,] (since x1, x5 ...x, is a p-basis of A over Ayp).
Sety; =x/, 1 <i <n, wehave

A= AolX1, oo Xal (X = i, XE = 9.

Set[: (X{)—)’l,---,XrI:_yn) and (_‘X_):(XI’XZ,'-°9XH)'
Since '

S (Ao[X]) = (2 (A0) ®4, AolX]) & Ao[X]dX1 @ ... ® Ao[X]dX,,
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£2:(Ap) is a free module with basis d By and the following sequence
I/1? - (A[X]) ® A — Q(4) - 0,

is exact, we have
2 (A) = (Q(Ap) @4, A)/(Ady1 D Ady; D ... D Ady,) D AdX1 B ... D Adx,,

i.e. £2;(A) is free with differential basis B = Bg‘ U{xy,x2,...,x,},1.e. Bisa

p-basis of A over k. 1
Since A is separable over k, A ®; k¥~ is reduced and we can settle on the

grounds of the theorem of [8].
The homomorphism £ : A — A[[X;, X5, ..., X,]] defined by E(x;) =

n
xj + ) Di(x;)X;, 1 < j < n is the iterative differentiation sought.
i=1

The following results concern the case of a set of derivations 2 = {D;, D,,
..., D,} which aren’t necessarily independent.
In such ambit we have the following result:

Corollary 1. ([8] Corollary 3.2). Let A be a k-algebra such that the ring A Q;
k?™' is reduced and let T be a p-basis of A over k. For any set of k-derivations
di,...,dn : A — A there exists a m-dimensional differentiation D : A —
Al[Xq, ..., X,]]

D(@) =) Da(@)X"

with o = (01,0, ...,0,) € N™, X* = X' X5% ... X%, such that Dy = id4
and D,...0,1,0,..0 = di, i = 1,...,m, with 1 on the i-th position.
i .

Remark 5. We notice thatthe dy, ..., d,, of Corollary 1 are ordinary derivations
and they can be dependent or independent. If A is a field K, k doesn’t necessarily
coincides with the subfield of the constants K. In general & € Ky. The hypoth-
esis K has a p-basis (also infinite over k) is too strong. In fact we can deduce
that K has a finite p-basis over Kj. (Theorem 7 [4]).

If dy,...,d, are dependent derivations of which are independent s <
m, by renaming and reordering we can suppose that the first s derivations are
independent. If I' = {x;,...,x,} is a p-basis of K over K, we can define
di(xj) = é&;1 <i,j <s.1fdy,...,d, are not linearly independent we can’t
suppose that d;(x;) = 6;; 1 <i, j <m.

We reformulate Proposition 6 and Theorem 1 in the case of a set of deriva-
tions not necessarily independent.
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Theorem 2. Let K be a separable extension field of a field k of characteristic
p>0.Let P = {Dy, Dy, ...D,} be a set of derivations of K over k such that
Dy, Dy ... D, withr < n are independent. Let x1, x5, ...x, € K such that

det(Dl(xj));éoa IEi,J.Sr.

We suppose that [D,-, Dj] = 0 and Dip =0,1<i,j<r,1<i<r.
Then we have the following facts:
1) Dy, Dy, ... D, are strongly integrable.
2) Wecanfindintegrals of EV, ..., E®) of Dy, D,, ... D, suchthat E® and
EY) commute, for any i, j. - .
3) There exist integrals of Dy4y, ..., D, of the form Eﬁ) 0+ +0 Eg) where
A,....,\ €K and E f) is the homomorphism associated to the differentiation

Dy, ={L, ;D) AIDP, . D, L}, 1< j<r.

Proof. To integrate 9 = (D1, D,,...D,} we find n ring homomorphisms
E®, . ..,E™ that lift Dy, D,...D, respectively. We observe that E®, .
E don’t have ties because Dy, Dy, ... D, are independent. Given two diffe-
rentiations D; = {1, D;,, D;,, ...} with D;, = D; and D, = {1, Dj1, Dj, ...}
with Dj; = D;, we can define the product D, - D; by the automorphisms E®
and EV) associated to D; and D, respectively. The differentiation obtained

D,-D;={1,D; +Dj, ..}

is an unidimensional differentiation that lifts the sum D;, + Dj,.

If D, = {1, Dy, D,, ...} is an unidimensional differentiation of A and A; €
A then the differentiation Qix,- = {l, \;D;,, kaiz, ...} is a differentiation that
lifts A; D;,. Then there exists an unidimensional differentiation that lifts A; Dy +
Ay Do +. ..+ A, D,, that one which we obtain putting in order E ﬁ), .. F ir) and

thus there exist integrals of D,.1, ..., D, of the form Eﬁ) 0-++0 Eg) O

Definition 9. We say that a set 9 = {D,, Dz, ...D,} of derivations of a field
K isintegrable if there are s unidimensional differentiations EV | ..., E® that
commute and integrate D1, Dy, ... Ds if s < n are independent derivations and
Dqy1, ..., D, have each one an integral unidimensional that we can obtain from

ED E®,
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Theorem 3. Let (A, m) be a local ring containing a field k of characteristic
p > 0. Let A be separable over k. Let Dy, ..., D, be a set of derivations of A

over k, such that Dy, ..., D, withr < n are independent. Set Ay = {a € A |
Di(a)=0,i=1,...;,n}). We suppose that
1) there exist xq, ..., x, €A/det(D;(x;))¢m 1 <i,j<r,
2) Qx(Ao) is afree Ag-module and Ag is finite over k[Ap 1,
3) there exists a p-basis By of Ay over k containing x1 N
[D;, D;]1=0 D! =0
%) 1<zj<r 151_5r.
Then -
1) There exists an iterative r-dimensional integral E® for Dy, D,, ... D,.
2) For any Doy, .. D there exists an iterative unidimensional integral of
the form E Do.iig EA where EO 1 < i < r is obtained by E® putting
X = = X =X, =0.-

Proof Let E® be the integral relative to Dy, D, ... D, (see Theorem 2). Let

ED®,  EC ) be unidimensional integrals obtained by E @ putting X; = ... =
Xi=..=X, =0 -

E® integrates Dy, ..., E®) integrates D,.
LetD;,r+1<i<n D =ADy 4+ ADy+...+ A, D,.
We consider E; (1) R ON (r) ,1tis clear that we can get E; (1)0 -oEX) integral

ofD,,r—f—lflSn O
It is allowed to give the following:

Definition 10. Ler 2 = v{Dl,k_Dz, ... Dy} a set of derivations of a ring A with
§ < n independent derivations. To integrate 9 means to give an integral E of
dimension r for the independent derivations and n — r integrals of dimension 1
that we can always construct by E.
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