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REPRESENTATION FORMULAS FOR THE
MOMENTS OF THE DENSITY OF ZEROS
OF ORTHOGONAL POLYNOMIAL SETS

BRUNA GERMANO - PAOLO EMILIO RICCI

The moments of the density of zeros of orthogonal polynomial systems
generated by a three-term recurrence relation are represented by Lucas
polynomials of the first kind and by Bell polynomials.

1. The problem.

Suppose the coefficients {c,} and {8,_1} (n > 1) of the three-term
recurrence relation: :

{P_1=0 , Pg(x)=1

a.n Po(x) = (& — an) Pt (x) — B2, Pog(x), (n > 1)

be given. By a well known Favard theorem (see [5]) there exists a measure d¢ (x)
with a suitable support [a, b], such that the system { P, (x) }xen, is an O.P.S. with
respect to this measure in the interval [a, b].

For any fixed n € N consider:

I. - the density of the zeros x;, (k =1, ... , n) of P,(x) defined by:

(1.2) Pn(x) 1= ;11- Z 3(x — xx.n) (6 = Dirac delta)
k=1
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and the related moments:
(1.3) u = ~Zxk

IL. - the asymptotic density of zer(;s of the system { P (x)}ren, defined by:
(1.4) p(x) = lim p,(x)
and the related moments:

(1.5) | = lim u™.

n—>00

J.S. Dehesa [2] (see also [3]) proved the following theorem:

Theorem 1. (Dehesa). The moments of the density of zeros p,(x) of P,(x) are
gtven by the following formulae:

(1.6) u = ZF(rl,rl,rz,rz,.. L r )
(r)

r'y p2ry r2 2r; r'is .
Z(X 'B H‘l l+] I’Bl-’r_] 1% i+J (r_1327---’n)'

Wher ,
Jji= ‘E] is the greater integer contained in r/2;

> denotes that the sum runs over all partitions of the integer r, say it
)
(ri,ri,ry,ra, .. ,Fj» Tj, Fiy 1), subject to the followmg conditions:

rprh A4 +r+1+2(r1+r2+ +r)=r
ifry=0,1<s <, thenry =r, =0, Vk > s;

t denotes the number of non vanishing r; involved in the corresponding
partition of r;
and lastly:

/ /
Fr(rlirl’-r29r29"" ]sr_]s ]+1)

(ri+r—Drj—y + 1]~ 1)! ﬁ ri +rl+l + riyg — DI
=
rilr ! (rioy — 1)!rj’.! il — Dri  rigs!
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The first few moments are:
1
(n) __
= — E o
M P k

X |

n

(n) __

ps = oe,?+3}:ﬁh(0!h+06h+1)}

S f =

n

(n)

Mg = o+ 42:311 (O‘h + apn g1 + Ay + ,Bh>

=1 =1
+4Zﬂ§ﬂ5+1} |
h=1

The purpose of the Dehesa’s study is to obtain informations about the
asymptotic density of zeros directly from the coefficients of the three-term
recurrence relation. However, formula (1.6) is highly not linear with respect
to the coefficients {o,, B.—1}, SO that it is not practical to find the asymptotic
density of zeros, since it is necessary again to perform the following two steps:

— to evaluate the limit (1.5);

— to solve the corresponding moment problem.

1.S. Dehesa proposed to us to represent the moments u{® in terms of
some particular system of number theory polynomials, in order to use relative
properties to investigate the limit (1.5).

In this paper a representation formula for the moments pn® is given in
terms of Lucas polynomials of the first kind or, alternatively, in terms of Bell
polynomials, by means of some preceding papers of M. Bruschi - P.E. Ricci [1]

and A. Di Cave - P.E. Ricci [4].

S o
=

L
|

2. The characteristic polynomial of the Jacobi matrix.

For any integer n, consider the three-diagonal symmetrix Jacobi matrix:

@ B O 0O ... 0 0

Bi a B 0 ... O 0
(2.1) jo=|0 Po® B ... 0 0

0 0 0 0 On—-1 ,Bn—l
0 0 0 0 .Bn—l oy
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so that the characteristic polynomial
(2.2) Py(x) = (=" det(J, — xI) =
= (x” — Uy X" g g (—-1)”u,,,n) =

— (xn _ ulxn—-l + uzxn—Z +o (_l)nun>

satisfies for any n > 1 the recurrence relation (1.1).

Set, forany s : 1 < s < n, and integers k;, ky, -+, k, : 1 <k <k <
< kg <
(2.3) Jk1 ,,,,, kg o=
Olk1 ,Bklakl,kz_l 0 o .. . 0 0
Bro— 10k, k-1 o, Bibiy -1 O ... 0 0
0 0 0 0 ... ﬂks_lak.r-laks_‘l O,
where 6, ; denotes the Kronecker delta, and J12,.n = Jp.
The coefficients u;, = u;, (1 < s < n) are given by the following
formulae:
uy =trJ,
Uy = Z det ik
) k1<k2
@4 e
Us = Z det Ji, ky,... k,

------------

It is easy to see that all the preceding determinants can be computed by
recurrence relations. We have, in fact:

(2.5) det Juy,...k, = otk det Je, . kooy ~ Bro—1B, Sk ko1 det Tk,

.....

and in particular:

(2.6) u, = det J, = a, det J,; — B2_ det J,_,.
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By (2.5) and induction method the following expression for the coefficients
of the characteristic polynomial easily follows:

n
@71 ur =) o
k=1

L,n n—1
(2.7), up= Y oo, — Y P
=1

k1 <k2

1,n n—1 n
2 h,h+1
(27)3 Uz = Z Ol O, Oy — Z'Bh Z( + )ak
h=1 k=1

k1 <k2<k3

Y _
where the symbol >~ *#*+1 denotes that the sum runs over all indexes k different
k=1
from h and h 4- 1.
With similar notations we have:

1,n n—1 1,n
a2 hht1
(2.7)4 Ug = E Q) O, Oty O, — E By, E At o g, +
ki <ky<ks<ky h=1 ki<ky
. 1,n—1
2 p2
+ > Bib,
hy<hy
hy—h122

and in general, putting:

o e [S] ] s/2 if 5 is even
T (s —1)/2 ifsisodd
we can write:

1,n

2.7) Ug = Z Ok, Ok, - - . O, +

ki <ky<..<ks

n—1 1,n
2 h,h+1
- E :Bh E ( )ozklozkz co O, Tt

h=1 k1 <k2<...<kx,2

I,n—1 1,n
2 n2 (hy,h1+1h,,hp+1
-+ Z ,Bhl,th Z b e )Otklolkz...0{/%_4 +

hl <h2 k] <k2<.,.<kx_4



82 BRUNA GERMANO - PAOLO EMILIO RICCI

r (-1)° 1’:\;;1 1321 . 13136 i (hihi+Lshe ha D gy (5 0dd)
hy<..<hg k=1
hi—h;>2
) 1,n—1
(—1° ’ Z/ ,3;%1 e '3}%6, (s even)
1| <..<lg “
L hy—hjz2
Note that the first term in the sum for obtaining u; represents the elementary
symmetric function of order s relative to the numbers «;, . . ., &, (sum of produ-

cts of s elements chosen in any way among these numbers); the second term, with
negative sign, represents the sum of products of each ,B,% times the elementary
symmetric function of order s — 2 of the numbers o, ..., 051, @pyo, ..., &y
(these are the elements that belong to the matrix obtained from J,, erasing the rows
and columns containing f); the third term, with positive sign, represents the
sum of products of each A7, f7, times the elementary symmetric function of order
s —4 of the numbers oy, ..., &y, —1, Cp,42, - oy Cpy—1, Apyt2, - - -, Oy (belonging
to the matrix obtained from J, erasing the rows and columns containing 85, and
Br,); and so on.

By the means of the preceding formulae (2.7); (s = 1, ..., n), all the coef-
ficients of the characteristic polynomial P,(x) can be theoretically constructed
from the given coefficients of the recurrence relation «y, ..., a,; B1, ..., Bn-1-

A representation formula for the moments of the density of zeros of the
O.P.S. in terms of Lucas polynomials of the first kind in several variables can be
now easily deduced.

3. A representation formula by means of Lucas polynomials of the first
kind.

We recall the definition of Lucas polynomials of the first kind in several

variables uy, ..., u,.
For any integer n, set:

(

n
\Ijn—l(ul’ ey un) =Uy = Z Xk,n

k=1
n
\Iln(ul, ey un) = u% - 2u2 = l;lx]%’n
3.1 1 - |
(3.1 \I’n+1(u1,...,un)=u?—3u1u2—|—3u3: Zx,?n

Wono(U, .oy tty) = u1Wou 3 —uaWoyy 4+ ...+

n
+ (—1)”—2un_1\11n_1 + (_1)’1—1” Up = Z x]?,n
k=1
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and, for N > 2n — 2:

(2)  Wyup, ... un) =u Wy —upWy o+ ..+ (=1, Wy, =

___2 :xN n+2.

The choice of indexes is justified in [1], in order to find, in case n = 2, the
classical Lucas polynomials of the first kind in two variables (see Lucas [6]).
From preceding considerations the following theorem follows:

Theorem 2. For any integers n > 1 and r € Ny, the following representation
formula for the moments of the density of zeros of orthogonal polynomials is
true:

1 & 1
(3.3) ==Y xp = =W (U, ., )
n = n
where the variables uy, ..., u, are given by the preceding formulae (2.7)

s=1,...,n).

Remark I. If all x; , does not vanish, the representation formula (3.3) is still
true with r € Z, since the Lucas polynomials of the first kind in several variables

are well defined.

Remark II. Observe that, by (3.2), only the first n moments are linearly
independent, since the corresponding problem is an algebraic moment problem.
All subsequent moments can be computed by formula (3.2).‘

4. A representation formula by means of Bell polyhomials.

In [4] the following representation formula for Lucas polynomials of the
first kind in several variables is shown:

Theorem 3. Forany integerr €N, the following representation formula is true:
c \II _ 1
r+n—2(u1, ,un) ( - 1)'

4.1 P o= — 1)
gn=(D"nly,  (h=1,2,...,n)

( Znye =0 =1

r(f1, g5 fry &)
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From Theorem 3 the following representation formula follows:

Theorem 4. For any integers n and r, the moments of the density of zeros of
orthogonal polynomials are represented in the following way by Bell polynomi-
als:

(n)___l;‘_y(f .  f, )
n,” = (r—l)' rlJt, 8155 Jrs 8r

4.2)  fn=(h-1
gn = (=D hy, (h=1,2,...,n)
| gnie =0 €= 1)
with the same meaning (2.7); (s = 1, ..., n) for the u;.

Recalling Faa’ Di Bruno’s formula (see e. g Riordan [7]), formula (4.2) can
be written in the following way:
k2 gr kr
L <F) —

= () G
n(r — D 2= kylko! .. kPN T 2!

%—D 1\
—Ejh% R () (D),

where u,,, =0, V&> 1, k =k; +ky + ...+ k,, and the sum Y is extended
m(r)

to all partitions of the integer r, that is to all non-negative integral solutions of
the equation: k; + 2k, + ... +rk, = 7.

5. Anintegral representation formula.

In [1] a classical formula of the complex variable is interpreted in order
to obtain integral representation formulas for the Lucas polynomials of the first
kind.

The following theorem is valid:

Theorem 5. Let y be the boundary of a circular domain, with center at the
origin, containing all the zeros xy , of the polynomial P,(x). Let N > n — 2 be
an integer. Then the following integral representation formulas are true:

1 f KN_'1+2P,; ()»)
2mi P, (A)

dr =

(5.1) Wy, ..., uy) =

air;

1 yg aANFH — (= DAY + .+ (=) Ly, AN 2

= o7 P,(A)
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(52) \IIN(ul,...,un)z

di.

1 f A = 2up AN 4 (=) gy AN

- 2wi P,(A)

Putting N = r +n — 2 the integral representation formulas for the moments
of the density of zeros of O.P.S. follow:

(5.3) ) —

dA

P, (R)

1 % A — (= DA (=), A
T 2nmi y

(5.4) " =

= dA.

2nmi
%

1 %ullrﬂ‘z — 2upy™ 3 4 4 (=D g, A
P, (X)

Formulae (5.3)-(5.4) could be used in computing the limit (1.5) provided
that a circular domain containing the support [a, b] of the measure d @ (x) would
be known.
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