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ON THE CAMPANATO NEARNESS CONDITION

SALVATORE LEONARDI

We prove a Lax-Milgram type theorem using the concept of nearness
between operators.

1. Introduction.

S. Campanato conjectured the possibility to extend the Lax-Milgram
theorem to the complete metric vectorial spaces. In this note we give another
definition of nearness between operators (see [1], [2], [3]) and by the mean of it
we prove the Lax-Milgram theorem holds in complete metric vectorial spaces.

2. Preliminary lemmata.

We are in the following situation:

2 is a set without a priori structure,
2, is a metric space with metric §,
A, B are operators & — %;.

Lemma 1. (Campanato). If B is injective then 9 is a metric space equipped
with the metric:

(D da(u, v) = 8(B(u), B(v)).
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Lemma 2. (Campanato). If %, is complete and B is bijective then B is complete
equipped with the metric (1).

Definition. (Campanato). A is a small perturbation of B if there exists k €10, 1[

such that ,
8(A(n), A(v)) < ké(B(w), B(v)) VYu,veAB.

Lemma 3. (Campanato). If 9B, is complete, B is bijective and A is a small
perturbation of B then there exists unique u € 9 such that

A(u) = B(u).

3. Lax-Milgram theorem.

Definition. Let %, be a metric vectorial space. We say A is near by B if there
exist @ > 0, k €]0, 1] such that

8(B(u) —aA(u), B(v) —aAW)) <ké(B(u) —x, B(v) — x)
Yu,ve#B, Vx € 4.
Theorem. (Lax-Milgram). If %, is a complete metricl vectorial space,
B:% — %,

is bijective and A is near by B then A is bijective.
Proof. Let f € %;. The problem A(u) = f is equivalent to the following one:

B(u) —af = B(u) — aA(u).

Put
F(u) = B(u) — ¢ Au),

G(u) = B(u) —af (bijective),

in virtue of Lemma 3 it will be sufficient to prove F is a small perturbation of
G. We have:

S(F(u), F(w)) =8(B(u) —aA(m), Bv) —aAW)) <ké(B(u) —x, B(v) — x)
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Vu, ve,%’, Ver@l.
Put x = af, we get:

8(F(u), F(v)) < k8(B(u) — af, B(v) — af) = k8(Gu), G(v))

Yu,ved. O

Remarks. Our definition of nearness between operators gives back the Cam-
panato’s one in the case % normed space. Indeed, provided the further re-
quirement of “invariance under translation” of the metric 8 in %, (like that one
deduced by a norm), the operator A is near by B (see Definition above) if and
only if there exist @ > 0, k €0, 1[ such that

8(B(u) — aA(u), B(v) — aA(v)) < k6(B(u), B(v))

Yu,veA.
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