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SUBRING OF CONSTANTS OF A RING
- OF CHARACTERISTIC p > 0

MARILENA CRUPI

Let A be a local ring of characteristic p > 0 which has a p-basis
over a subring C, and B be the subring of constants of A for a derivation (or
derivations) of A over C.

We give a sufficient condition for B to have a p-basis over C. We add some
examples.

Introduction.

Let (A, m) be alocal ring of prime characteristic p and let B be an interme-
diate local ring between A and A?. It is interesting to deduce theoretic properties
of B from theoretic properties of A. '
1In this direction there are several results when B is the subring of constants of
A for derivations of A ([10]).

For example if A is a complete regular local ring and the derivations satisfy cer-
tain conditions, B is a complete regular local ring too ([10]). On the other hand
we know that if R is a regular local ring of characteristic p > 0 and R is a finite
R?-module, R has a p-basis over R? ([2]). '

Hence it is interesting to study when if A has a p-basis over A?, B has a p-basis
over A? too.
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The purpose of this paper is to study when if A is a ring of prime characteristic p
with a p-basis over a subring C, the subring of constants of A for a finite number
of derivations of A over C, has a p-basis over C too.

We prove the following result:

Let (A, m) be a local ring of characteristic p > 0 and of dimension n and let k
be a subfield of A.
Suppose that
i) AQ®ikP is reduced
ii) A/m is a separable extension of k
lii) there exist xi...,x, €mand Dy ..., D, € Dery(A) such that

Dix; = §&;; [D;,D;]1=0 D? =0.

Then if A has a finite p-basis over k, the subring of constants of A Jor
Dy ..., D, has a finite p-basis over k too.

The author would like to express her hearty thanks to Professor H. Matsu-
mura for his encouragement and helpful suggestions.

1. Preliminaries.

In this paper, p is always a prime number and all rings are assumed to be

cominutative, noetherian with a unit element.
Let A be aring of characteristic p and A? denote the subring of A {x? : x € A}.
Let B a subring of A. A subset I" of A is said to be p-independent over B,
if the monomials x;' ...xJ, where xi, ..., x, are distinct elements of I" and
0 < e; < p, are linearly independent over AP[B]. I is called a p-basis of A
over B ifitis p-independent over B and AP[B, '] = A.

We denote the differential module of A over B by Q25(A) and the differ-
entiation of A over B by d. For definition and elementary properties, refer to
[6].

Now let A be aring. The set of all derivations of A into itselfis an A-module
and is denoted by Der (A).

If B is a subring of A, the submodule consisting of the derivations which
vanish on B will be denoted by Derg(A).

If Dy, ..., D, € Derg(A), the subring

Ap={a€eA:D;(A)=0, i=1,...,n}

is called the subring of constants of A over B for Dy, ..., D,.
Finally, for later use recall the following result:
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Proposition 1. ([8], 38. Proposition) Let (R, mg) be a local ring of characteri-
stic p, and S be a subring of R containing RP such that R is finite over S. Put
ms =mgpNS, k=R/m, and k' = S/m;. If Qs(R) is a free R-module with
dxi,...,dx,(x; € R) as a basis, then xy, ..., x, form a p-basis of R over S.

2. Results.

Theorem 1. Let (A, m) be alocal ring of characteristic p > 0 and of dimension
n.Letxy,...,x, €mand Dy, ..., D, € Der (A) be such that

D,-xj = 8ij [D,', DJ] =0 D‘p =0

and put
Ao={a€eA:D;(A)=0,i=1,...,r}.

Then we have
1) {x1,...,x.}is a p-basis of A over Ay.
2) Let I = x1A+- - +x,A, Iy =x{ Ao+ +xP Ag. Then IN Ay = I and

A/l =~ Ap/ L.

3) Ao is alocal ring of dimension n with the same residue field as A.

4) Putmg =mNAgandlety, ..., ys €mg be such that their images in Ao/ Iy
Jorm a minimal set of generators of mo/Iy. Then {x1,...,%r, Y1,..., s}
is a minimal set of generators of A. If A is regular then Ay is also regular,
r+s =nand {x{’, s XE V1.0, Y5} is a regular system of parameters
Of Ag.

Proof. 1) We proceded by induction on r.

For r = 1, see [9], Ex. 25.5 or Theorem 27.3.

Nowletr > 1 and put Ay = {a€ A: D;(A) = 0}. A; is a local ring with
maximal ideal m’ = m N A;.
Moreover {x3,...,x,} Cm'(Di(x;) =0, i =2,...,r)..
Now let D,, ..., D, be the restriction of D,, ..., D, to A;. By virtue of the
assumptions [Dy, D;] = 0, each Dj maps A; into itself.
Hence we can apply the induction hypothesis to A; and {xi, ..., x,} will be a
p-basis of A over Ay.

2), 3), 4): see [10], Theorem 5.

Remark 1. A can be non regular even if we assume that Ay is regular.

For example if A = k[[X, Y1]/(X?), D = 3/0x.

But if we assume that Ay is regular and {x7,...,xF, yi,...,y;} is a regular
system of parameters then A is regular.
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Remark 2. Under the same hypotheses of Theorem 1, if A is a regular local ring
that is a finite A?-module, Ay has a p-basis over A? and over Af.

In fact if A is regular and is a finite A?-module, by [3], Lemma 4, A, is regular
and has a p-basis over A?.

Moreover since Ay is an intermediate local ring between A and A? and since A?
is a noetherian ring, A is a finite' A?-module. Hence Ay is a finite Ag -module
and by [2], Cor. 3.2, A¢ has a p-basis over A}.

Lemma 1. Let (A, m) be a local ring and let k be a subfield of A of character-
istic p > 0. Suppose '

1) A has a p-basis over k;
i) A @i kP is reduced.

Then A is a regular local ring.
Proof. See [11], Lemma 1.

Now we are ready to prove the main theorem.

Theorem 2. Let (A, m) be a local ring of characteristic p > 0 and of A
dimension n and let k be a subfield of A. Suppose that

i) A® kP is reduced;
ii) A/m is a separable extension of k; ,
iii) there exist x1,...,%- €m and Dy, ..., D, € Dery(A) such that
Dix;=6; [D;,Djl=0 Df=0.

Put
Ap={aeA:D;(A)=0,i=1,...,r}

If A has a finite p-basis over k, Ag has a finite p-basis over k too.

Proof. First of all we observe that by i) A is a regular local ring (Lemma 1),
hence Ay is a regular local ring too (Theorem 1) with regular system of parame-
ters {x{,...,x7, Xp41, ..., Xz}, and {X1, ..., %r, Xr41, . .., Xp} is a regular sys-
tem of parameters of A. L

By hypothesis A is a finite kK[A”]-module and then since A is a noetherian ring,
k[A”] is a noetherian ring too ([9], Th. 3.7).

Since k[A”] is a noetherian ring the k[A?]-submodule of A, Ag is a finite k[AP]-
module too.

On the other hand A has a finite p-basis over A (Theorem 1) andso A isa ﬁmte
Ao-module too. Hence A? is a finite AS-module and so k[A”] is a finite k[A” 1-
module too.
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Finally Ao is a finite k[4§]-module (K[A] C K[4?] C Ao).
Hence in order to prove that Ay has a finite p-basis over k, it sufficies to show

that 2x(Ap) is a free Ag-module (Proposition 1).
From Theorem 1, I" = {x;, ..., x,} is a p-basis of A over A, i.e.

A = Aplx1, ..., x,.].

Then

A~ AlXy, ..., X 1/1
where I = (X7 —x{,..., X? —xP) and Xy, ..., X, are indeterminates over
Ap.

Thanks to [8], Theorem 58, the inclusions
kCAyCA

induce the following isomorphism of A-modules
¢ : (U(Ao) ®a, A/ ) _ Aodx! @a, A) ® AdX1 @ ... AdX, — Qu(A)
i=l1 ' :

where AdX;’ s are free A-modules generated by symbols dX;’s and ¢ (dX;) =
d'xj,i =1,...,r,d is the universal k- denvatlon of Ag and d’ is the universal

k-derivation of A
Since A has a finite p-basis over k, £2;(A) is a free A-module of finite rank.

Put M = Q;(Ag)/ Z Aodxf.Then M ®, A is a free A-module of finite rank.
i=
Then we can easily show that M is a finite free Ag-module and so

’
Qu(Ag) =M Z Aodxip .
i=1

Therefore to prove that ©;(Ap) is a free Ag-module it sufficies to show that

Z Aodx?! is a free Ag-module.
i=1 N

We have to prove that dx?, ..., dx/ are linearly independent over Ag.
Suppose that

.
(%) Za,-dxip =0, a €A,.
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By the meaning of (£2;(Ag), d), for every Ag-module L and every § €
‘Dery(Ap, L) there is a unique A-linear map f from ;(Ag) to L such that
fod=25.

Then (%) is equivalent to saying

ia,-(Sx,.P =0
i=1

for every & € Der;(Ag, L).
Since Ay is a regular local ring with {x{’, eees X Xei1y ..., Xn} 3 a system of
parameters, by ii) there exists a coefficient field Ky of Ay containing k and

AO = KO[{XIP, "~7x,e’xr+l’ ~~-,xn]]

where Ky = Ag/mo = A/m,mg = mN Ay is the maximal ideal of Ag (Theorem

1).

Then there exist Ko-derivations Dy, ..., D, : Ag — AAO such that ﬁixf =
8ij, i, j=1,...,r,since xf’, eeeyXF, Xr41, ..., X, are analytically independent
over Kj.

Therefore
: r
a,-DjxiP =0

implicates that

and we get the stated result.

Corollary 1. Let (A, m) be a local ring of characteristic p > 0 and of dimen-
sion n and let k be a subfield of A. Let B be a subring of A containing k[AP].
Suppose that
i) A®i kP is reduced;
ii) A/m is a separable extension of k;
iii) A hasa Jfinite p-basis over k.
Then B has a finite p-basis over k if and only if B is a regular ring.

Proof. If B has a finite p-basis over k, since B ®y kP is reduced, B is aregular

local ring (Lemma 1). '
Now let B be a regular local ring.

A is aregular local ring that is a finite kX[A?]-module (Lemma 1 and iii)). More-

over since k[AP] C B, A is also a finite B-module.

Then thanks to [3], Theorem, A has a finite p-basis over B.
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LetI" = {y;,..., ys} be a p-basis of A over B.
Then there exist s B derivations Dy, ..., D, such that D; o= Gy i, J =

0
1,...,s. (It sufficies to take D; = —a——).
y-

[
It follows that [D;, D;] = 0 and Dip = 0 and so from Theorem 2 B has a finite
p-basis over k.

Now we give some examples in which we construct the subring of constants
of local rings A of prime characteristic p with p-basis over A?, with respect to

certain derivations.
Moreover we determine, when it is possible, the p-basis of this subring.

Example 1. Let A be a local ring of characteristic p = 3 and let {e1,e2} bea
3-basis of A over A3.

Then A is a free A3-module with {1, ey, e, ef, e%, e1e, ele%, efez, e%e%} as a
basis.

Let D: A — A be the A3-derivation of A defined by

D o] )
=€r— —€1—
2821 laez

and put
Ay={aeA:D(A) =0}.

Then we want to determine the elements of Ay. We observe that
e% + e% € AO(D(ef + e%) = 2e1ey — 2e1ey = O) .
Let a € Ag. Since a € A and {eq, e;} is a 3-basis of A over A3 we have

(1) a=) ajéle; 0<i,j<3a;eA’
iLJ

But a is an element of A and then

0 = D(a) = ajpez+2axeiez —apie; +a11(——e%+e§)+a21(—ei’+2e1e§) -
— 2agzerer + an(—2¢€ie; + €3) + an(—2¢}e; + 2¢1€)

hence

(2) (—anel — azed) + (—ap; + 2axne3)er + (aio — 26?022)62 +
+ Rayy — 2amp)eiey + au(—e% -+ e%) + 2a21e1e§ - 2a12efe2 =0.
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Since 1, eq, ez, —€% + €2, e1e,, €162, e2e, are linearly independent over A3 and
: 1T € 2> €1 .
the coefficients of (2) are elements of A3, we obtain

a1 = az = aip =0, ay = apy, a1 = 2axe3, A = 2e3an.
If we put these values in (1) we obtain
a=agy + azo(e% + e%) + a22(2e'14 + 2e§ + e%e%).
Therefore |
A = {xl + Aa(e} + €2) + A3 (2et + 2¢} + e2ed), A € A°).

Now it is easy to see that 1, e1 + e2, 2el + 2e2 + 2 e2 are linearly independent
over A3.

Hence Ao is a free module W1th basis {1, el + e 2el + 2e2 + elez} over A3,
But 2¢f + 2¢§ + e?el = (e + €2)? and then Ay is a free A3-module with

{1, e + 3, (e + e2)2} as basis. Hence {e? + e2} is a 3-basis of Ag over A3,
Note that Ag is not regular if e;, e, are in the maximal ideal of A.

Example 2. Let A be a local ring of characteristic p = 3 and let {e;, e} be a
3-basis of A over A3.
Let D : A — A be the A3-derivation of A defined by

D = 9 +e 0
381 1382

and put
Ao={aeA:D(A) =0}

By direct calculation as in the preceding example , we find that A = A3 [e%-i—ez] ,
and {e] + e;} is a 3-basis of A over A3. We have A = Ag[e1], and {e1} is a
3-basis of A over Ag. Hence Ay is regular if A is so.

Example 3. Let A be a local ring of characteristic p = 3 and let {e;, e2} be a
3-basis of A over A3,
Let D : A — A be the A3-derivation of A defined by

0 ]
D = e1— + (61 + 82)-——.
des deq

By direct calculation we can easly prove that Ag = A3.
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Remark 3. In [7], there is the following result:
Let E be a field of characteristic p > 0, F a subfield such that (1) [E : F] < oo
and (2) E is purely inseparable of exponent one over F (i.e. EP C F),
Then Derp(E) is a p-Lie algebra such that p* = [E : F], where n is the
dimension of Derg (E) as vector space over E.
Conversely if Disa p-Lie algebra of derivations of E (i.e. D is an E-module
of derivations of E into itself such that d € D implies dP € D, and d,d' € D
implies [d,d'] = dd' — d'd € D) such that [D : E] < oo and if F is the set of
D-constants of E, then [E : F] < oo and E is purely inseparable of exponent
one over F, and D = Derp(E). Moreover zf {Dy, ..., D,} is a basis for D
over E, then the set of monomials {D L...D% 0 < k; < p}form a basis for
Endr (E) regarded as vector space over E

It follows from this theorem that, if we consider an integral domain A of
characteristic p and a derivation D : A — A and its ring of constants AP =
{a € A : D(a) = 0}, we should look at the quotient field K of A, and the unique
extension of D to a derivation of K (which we shall denote by the same letter D).
The K -module D generated by D, D?, _DP .is a p-Lie algebra of denvatlons
of XK, andofcoursewehaveKD—KDandAD—-AﬂKD |
Therefore if [D : K] =r, then [K : KP] =
In Ex. 3, we have .

3 d
D’ = —e;— + (—e; +62)—
dey dey

and D’ = D.Hence [D : K] = 2and K? = K3, AP = ANK? = A3.
(Since A is flat over A3, A is a regular local ring by a theorem of Kunz and so
A%(x A) is also regular. Therefore A3 is integrally closed in K3 and we have
ANk = A3).
In Ex. 1,2 we have D? = D3 = aD forsome a € A, and so [D : K] = 1 and
so we know AP £ A3,

Example 4. Let k be a field of characteristic p = 2 and let A = k[[X, Y, Z]] a
regular local ring of dimension 3. For simplicity let us assume that k is perfect.
Then A? = k[[X?, Y2, Z?]] and {X, Y, Z} is a 2-basis of A over AZ. Let

d d

0
D=X—+Y—+2Z—.
X + oY + Z

Then we can check that D> = D, Ay = {a€ A : D@ = 0} =
k[[X?,Y? Z? XY,YZ, XZ]], which has no 2-basis over A2.
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