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A NEW APPROACH TO SOME TRACE THEOREMS

MARIA ALESSANDRA RAGUSA

We prove a Sobolev-Adams weighted imbedding using an idea of
E.M. Stein.

1. Introduction.

In the work [1] D.R. Adams proved that the necessary and sufficient condi-
tion for the continuous imbedding of L?(R”; dx) into L"(R";du), 1 < p <r
for the Riesz potential operator (I, f)(x) = [g. Ix = ¥[* " f(¥)dy,0 <o <n
is the boundedness of

M (x) = sup 0~ u(B,(x)),
o>
where s = r(% —a) and By(x) = {y € R* : |x — y| < g} (or in the other
words that u belongs to a classical Morrey space L!%). The problem of finding
a complete caracterization of those measures pu such that I, is bounded from
LP(R"; dx) to L™ (R"; dw) (including the difficult case p = r) was settled many

years later by Kerman and Sawyer in [2].
One of their conditions is

(/ At /B ,—;—_—f’iy‘,—n-_—a)”' dy)l < CO(M(B)S
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In this paper we prove directly (Theorem 1) that the Kerman—Sawyer assumption
above implies the Adams hypotesis; the complete equivalence, when r > p, is
proved in Remark 2. Also in Theorem 1 we give a simple proof that the Kerman—
Sawyer assumption implies the weak type (p, r) for the operator I,,. The idea of
the proof has been suggested to us by Stein’s proof of Sobolev imbedding. As a
tool we use (Lemma 1) a generalization of Schur’s lemma [S] which we feel is
of some interest in itself.

2. Preliminaries.

Let (X, #, ) and (Y, .4, v) be o-finite measures spaces and p,q €
[1, oo], we recall that an operator T defined on L? () to the space of measur-
able functions on Y is said to be of strong type (p, g) if there exists a constant
C such that

IT(Hllg < Clifllp -

Similarly an operator T is said to be of weak type (p,r), p € [1,00] and
r € [1, oo[, if there exists a constant C such that for any 7 > 0

V({x : (Tf)(x) > ‘L’}) <C (”f”p)

T

where v({x : (Tf)(x) > t}) is the “distribution function” of T'f. We also set
Ar(t) = pu({x : f(x) > 7}) and recall that L, (u), 1 <r < 00, is the space of
measurable functions for which “the weak norm”

[fl = (sup Tu({x: fx) > r})>; < 0.

>0

IfO<A<nand feLl (R") we set

1
[fllia= sup — lfn)ldy.
0>0, xeR* @7 JB,(x)

The Morrey space L1* = L1*(R") is the subset of L (R") for which || fl1,x
is finite.

(!) We denote with || - || the usual norm in L” (u) space.
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3. Results.

Lemma 1. Suppose (X, 4, 1) and (Y, N, v) are o -finite measure spaces and
t > 1. Let K be a real measurable non negative function on X x Y such that,
for some My and M, we have

(f(/ K(x,y)cm(x))'dv(y)>7 <My if 1<t<oo,
Y X : ‘ . .

/K(x,-y)du(x)_sMo forae yeY if t=o00,.
X

/ K(x,y)dv(y) < M, forae xe€X.
Y

If 1 < p<ooand feL?(v) the integral

Tf(x) = [Y K(x, ) () dv(y)

converges absolutely for a.e. x € X. Moreover exists a constant C, independent
of K such that ' : - : ' '

1
ITflls < Coll fllp fors =p (1 _ ;) |
11
and C, = MgM;', (s' = Z5). Hence the operator T thus defined is of the
strong type (p, s). : - - " A
Proof. If 1 <t < oo we have

I

) du(x) <

| Ko@)

< [ ([ eon? &e i 1ronave) duw <
<uf fX ( fY K(x,y)lf(y)f’dv(y))du(x)=

[ ( [ K(x,ynf(yw(x))dv(y)sMF Mo £

We observe that in the particular case ¢ = oo this is Schur’s lemma (see [5]).00
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Theorem 1. Let u be a o -finite measurein R*, 0 <a <n, 1 < p < g and -

P = r < o0. Suppose that there exists a constant Cqy such that for any ball
BCR"

o (L) zanny

where p’ = ;;Ll and r' = ;5. Then there exists a constant Co such that

L

@  (wxeR":|x -y < AT))" < Cod™ 7T, VA > 0.

Moreover the Riesz potential

TG = T f) ) = f _Jo»

R X —y|"
maps L? into L (1) and
o f1, = ClIfllp,

where C is a constant independent on f.

Proof. From (1) we obtain

(/B </B B%%-_a)pl dy)# < Co(u(B)” .

for all balls B. If o is the radius of B, we have |x — y| < 2¢. Then we have

-

1
7

(20)*"u(B)|B|7 < Co(u(B))?

and finally
L n -1
0 277 20)* TV (w(B)) T < Co

where w, is the volume of the unit ball. From the previous estimates we have

=J-

C()a),,

s

(4(B))” 20)* "7 <2

AT .
Let o = =, A > 0 we obtain

~ =

< a7,

(1(B))
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where 50 =27 Co a),,_7.
Following the idea of Stein’s proof of Sobolev imbedding theorem (see [6],
pg.120) let 77 and 75 be the integral operators with kernels K; and K>

1
Ki(x,y) = (W - A) Xg

where x is the characteristic function of the set E = {(x,y) € R" x R" :
Ix-—y]<A0757},and -

1
Ky(x,y) = [P T Ki(x,y).

By Holder’s inequality

7 n
4 n—o

”T2f”oo =< CIA 4 ”f”p s

where C; = Ci(n, «, p).

7

+
Also, given 0 < T < oo, we choose A = (Cl"lllfll;,‘l%) (#-7%) | then from
1

Lemma 1 with 1 = p’ and My = Co(u(B))”, B = {x €R" : |x — y| < A+ }

T 2 2 2 1
Arp(3) = ZITufll = —Moll fllp = ;Co(M(B))’ 1Ay =

< 2G| fll,r ™ (Co a7 )7 =

1+8%  — 1 1 | T\ 7o e
= 2T 0,7 Gl (ST S ) T

___ 21+_P% —;';-:76" L o -1-% r___C —r r
= 24P e (55 ) eI = e

where we used (2) to estimate w(B).
It follows

T T -
Arp(T) = Anr () +Ans(5) = Ct g

i.e.
[l f1, = Clifllp. O
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n

Remark 1. Ler € LM (R") with0 < a < n, O<i<n-a22<p<?t

andr = —P—; Then it exists a constant C ! such that for the ball B = {xeR":
|x —y| < o}, where y e R" and ¢ > 0, wehave

(/ : (/B %%)p dy)l/ < Cj(w(B))’

where Cy = Cy(n, p, o, A, [|iull1,1).

~
=

Proof. Set,forany y e R" and o > 0, I’y = Ia(NXB(y,Q)) from [1] Iu €
n—>\

L and

[, Ml < Ci(n, a, )»)Hulll W(B)+E,
Because ((B) < +o0o we also have I’ u eL » and

2. < Cy(n, @) u(B)

(see [6], pg. 120). Then for all p e |22, [ we have

Mowlly < [Ip] un [In]'

A—h—a n—o

where ¥ is such that
1 . 1—-2 4 s
p, n:l'a TE)T_-EJ

= () ("%2):

(see e.g. [4], pg.236) i.e.

Then

Mol < (Crn o MBI (0(B)) T7%)” (Chm, pu(B))' ™ =
=C)(u(B)”. O
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Corollary. Let a, i, p, r be as in the previous remark, then 1, f is strong type
(p,7). |
Proof. Observing that if py, p, are two real numbers such that 1 < p; < p <

p> we obtain from Remark 1 and Theorem 1 that I, is weak type (p1, ;) and

(P2, ), with r; = 2= < r < r, = z%= so it follows from Marcinkiewicz

(¢4
P

theorem that [, f is psltrong type (p,r). lz\/Iore precisely if [I, f1, < Cillfllp,

i =1,2,then ||l fll, < C|l fll, where C depends only on p;, r;, C; in addition

to p. 0

Remark 2. Let o, A, p,r as in Remark 1. The condition (1) of Theorem 1 is

equivalent to the strong type (p,r) for I,(f).

Proof. We observe that from the hypoteses (1) of Theorem 1 it follows p € L1*,
A= r(% — ). In fact (1) implies (2) and then

uwlx eR": |x —y| < A7a} < Ea(A‘,—l—,;)(“—”)(—’ﬂ,f(ﬁ’_a))

where

(a—n)(—r—i——/L—):r(n—a)—n—t:
p'(n—a p

:r(nna_n(l_;}.))zr(pja).

From this fact and the Remark 1 we have that (1) is equivalent to u € L1*,
A = r(% — o). But from Adams theorem (see e.g. [3] pg. 52), u € L',
A = r(-;; — «) is equivalent to the strong type (p, r) for I,(f), then (1) is
equivalent to be I, (f) strong type (p, r). U
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