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1.

The study of nonlinear elliptic differential equations and their variational prob-
lems, involving the p(x)-Laplacian operator, has received considerable attention
in recent years. Such equations arise, for istance, by modelling of electrorhe-
ological fluids, which are special viscous fluids characterized by their ability
to undergo significant changes in their mechanical properties when an electric
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In this paper we consider the Dirichlet problem involving the p(x) and
g(x) -Laplacian of the type

—Ap(x)u = f(u,v) .in Q
—Ay v = g(u,v) in Q
u=00ndQ
v=00ndQ

and, by applying a critical point variational principle obtained by Ricceri

as a consequence of a more general variational principle, we prove the
existence of infinitely many solutions.
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field is applied (see [7] and references therein) and as well as within the math-
ematical frame-work of the elasticity theory (see [8]). All these approaches are
based on the theory of variable exponent Lebesgue and Sobolev spaces which
are the generalization of the corresponding standard theories and also particu-
lar cases of the generalized Orlicz and Orlicz-Sobolev spaces, introduced and
investigated earlier by Hudzik (see [4]). In this paper we study the quasilinear
elliptic system:

—Apu = f(u,v) in Q
—Ayv=2g(u,v)in Q
q(x) g( ,V)
(P) u=0o0ndQ

v=0o0ndQ
where the following conditions are satisfied:

(Dl) Q g RN a bounded Open Wlth Cl—boul’ldary aQ, N Z 1’ p?q € Co(ﬁ)’
N < p~ =infieqp(x), p™ =sup,cqp(x) < +oo
N<q =infieaq(y). q° = sup,coq(x) < +o»

(D2) f,g € C°(R?) such that the differential form f(u,v)du + g(u,v)dv be ex-
act.

The operator —A,u = —div(|Vu|P®)~2Vy) is said to be p(x)-Laplacian, which
restores the usual p-Laplacian in the p(x) constant case. In [1] the author has
considered the existence of infinitely many solutions for the Dirichlet problem
(P) under the hypotheses (D1)and (D2) in the p(x) and g(x) constant cases.
The aim of the present paper is to generalize the main results of [1] to the
p(x),q(x)-Laplacian non-constant cases. This paper is organized as follows:
in section 2, we present some necessary preliminary knowledge on variable-
exponent Lebesgue and Sobolev spaces; in section 3, we give the main results
of this work by using the following critical point theorem whose proof (see the-
orem 2.5 of [6]), will be omitted.

Theorem A Let X be a reflexive real Banach space, and let ;¥ : X — R
be two sequentially weakly lower semicontinuous and Gateaux-differentiable
functionals. Let also assume that W is strongly continuous and coercive. For
each p > infy W, we define

o(p):=  inf 0~ i, ©
€1 (]—e0.p)) p—¥(x)

; ey

where (¥~1(] —o0,p[)),, stands for the closure of ¥~!(] —oo,p[) in the weak
topology. Fixed A > 0, then
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(a) if {pn}nen is a real sequence with lim,,_, P, = +o0 such that ¢(p,) <
A, Vn € N, the following alternative holds: either ® + AW has a global
minimum, or there exists a sequence {x,}, of critical points of ® + A ¥
such that lim,,_, 1 ¥(x,) = +oo.

(b) if{€,}nen is a real sequence with g, > infy ¥ Vn € N and lim,, o €, =
infy W such that @(g,) < A, Vn € N, the following alternative holds: ei-
ther there exists a global minimum of W which is a local minimum of
® + AW, or there exists a sequence {x,}, of pairwise distinct critical
points of ®+ A, with lim,,_ ;.. ¥(x,,) = infy ¥, which weakly converges
to a global minimum of .

In the following, we will denote with H the integral of the differential form
f(u,v)du+ g(u,v)dv such that H(0,0) = 0.

2. Requirements

Let us denote by M(Q) the set of all measurable real functions defined on a
set Q C RY with |Q| > 0. Two functions in M(Q) are considered as the same
element of M(Q) when they are equal almost everywhere. Let r(x) € C°(Q)
such that N < r~ and r™ < oo, where r~ = infycq r(x) and r* = sup o r(x).
In the following we’ll denote as

1 Q) = {u eEM(Q): /Q ]u(x)‘r(x)dx < +°°}

r(x)
dx <1

wlr) Q) = {u c '™ (Q):|Vu| € Lr(x)(.Q.)}

with the norm

, u(x)
(= inf g
(R e {’1 >0 /Q 1

and

with the norm

[R7 ”WU(")(Q) = u me)(g) + [ Vu Huw(g)

We’ll use also the compact notation [ul,(y) = || u ||y () and [[u ]} ) =
= || u |lw1rw (q), while we’ll denote as Wol’r(x)(Q) the closure of Ci’(€2) in
le”(x)(Q>_
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Proposition 2.1. (see [3, 5]) The L'™(Q), W1"®)(Q) and Wol"r(x) (Q) spaces
are separable, reflexive and uniformly convex Banach spaces.

Proposition 2.2. (see [3]) Let u € L'®(Q) and p(u) = [ |u(x)|"®)dx. Then
for any u € L") (Q) the following assertions hold:

(1) Foru 0, Jul,y = A <= p(4) =1

(2) fulr <U=1L>1) <= pu) <1(=1>1)

(3) If Jul,gx) > 1. then [l < p(u) < |ull,

(4) IF Ju], () < 1. then [uf/) < p(u) < [ull,,

(5) My oo |ttie| () = 0 = limy 1o p () = 0

(6) limyeo [ () = Fo0 = limy o0 p () = +o0.

Proposition 2.3. (see [2]) In WO1 ) (Q) the Poincaré inequality holds, that is, it
does exist a positive constant K such that

1,r
|u‘r(x) < K’V”t‘r(x)v Vue W()' (X)(Q‘)
The expression |Vul,(,) defines a norm on the Wo] () (Q) space, equivalent

to the norm || u [y (). In the following we’ll use such an equivalent norm,

that is, we’ll consider the spaces WO1 P() () and WO1 ) () with the norms
| u HWOl,p(x)(Q) = |V () and || v HWOL(,(.X)(Q) = |Vv|y(x) respectively.

3. Main results

Let X be the Cartesian product of W, Q) and W, 49 Q) Sobolev spaces
with the norm || (u,v) ||x= |Vu|i(x) + |Vv\(2](x) or another to its equivalent. We
define two functionals W : X — Rand ®: X — R as

1 1
Wy = [ ——|VulP™g /7 Vyl|4W g
() = [ oSl [ v

®(u,v) = — /Q H(u(x), v(x))dx

They are well defined, sequentially weakly lower semicontinuous and Gateaux
differentiable in X, the critical points of ® + W being precisely the weak solu-
tions to Problem (P). Moreover W is coercive and strongly continuous.
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Recall that W'P()(Q) is continuously embedded in W1, (Q) and that, since
N < p~, Wh?™ (Q) is compactly embedded in C°(Q). Thus WP (Q) is com-
pactly embedded in C°(Q). Analogously, since N < g~, W (Q) is com-

pactly embedded in C°(Q). Let

C=  sup M=
UEW L2 (Q)—{0} | u Hl,p(X)

and
N

vew 14) (Q)—{0} (R P

be the relative imbedding constants.
We introduce some notation by setting

1 1

o = min - =, m ¥
prCiP (Ki+1)P  ptC\/7 (Ki+1)F

and
1 1

B = min — —, - -
g G (Ka+ 1) gt (Ky+1)¢

}

}

where K and K, are the constants according to the proposition 2.3. in the p(x),

q(x) cases respectively and we define for each t > 0

A(r) = {(§,n) € R* 1 aD,(&) + BDy(n) <1}
S(t) = {(€,n) € R*: D,(§) +Dy(n) <t}
A'()={(&,n) eR*: aF,(§) +BF,(n) <1}

S'(1)={(€,n) eR*: Fp(§) + Fy(m) <t}

where we have put

D) = max (" ) () =i (")

withr € {p,q} and u € {&,n}. Moreover we indicate with @ the measure

)

of the n-dimensional unit ball.
The following inclusions hold:

S (M) CA() CA (1) CS (

min (¢, B)

n
T2

31(3)
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Teorema 3.1. Let us suppose there exist two real sequences {a, }, and {b, }, in
10, +eo[ with a,, < by, Vi € N, lim,,_, ;o by, = +o0 such that
by

lim — = oo
n—-+oo a,

maxH =maxH >0 VneN
S(an) S'(by)

pT(oN _ gt (N _
max{2 {2 . 1),2 {2 . 1)} < limsup H(S,n) < oo
p-Dr q D1 (Em)—te D(E:M)

where D = sup, .o d(x,dQ), D’ = min{D? ,D?"}, DY = min{D9 ,D4"} and
D(&,n) =D,(&)+Dy(n). Let us assume also that infr. H > 0. Then the prob-
lem (P) admits an unbounded sequence of weak solutions.

Proof . We fix, for each n € N, (&, M) € S(a,) such that maxg , ) H = H (&, M)
and we put p, = 8b, Vn € N with 6 = min(e, 8). Then {p, }, is real sequence
of positive terms, divergent and such that

lim —2" — foo ?)

n—eo D(ém nn)

We wish to prove that ¢(p,) < 1 for n € N large enough ( here ¢ is the function
(1) of the theorem A and A = 1 is assumed ), precisely we’ll show that there
exists a sequence {u,, v, }, C X with ¥(u,,v,) < p, and such that

D (14, V) — infig-1() oo p, ) P
P — ¥ (tn, Vi)

<1

for n € N large enough.
By choosing a constant / satisfying

P (N _ q" (N _
max 2 (_2 - 1),2 (_2 - D < h < limsup H(s,n)
p~Dp q~D1 (&)=t D(E:M)

it must exist a point x* € Q such that
max {Cp+,Cy } < d(x*,0Q)

where
Cy = max {Cr*7cr+}

2t (ON ,% Y AN _ #
o (TN e
r~h r~h
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with r € {p,q}. Now, we fix ¥ such that
max {Cp-,Cp- } < y<d(x",0Q)

rt (AN _
I, = it ) max (1, l+>
oy

hence, by setting

,
with r € {p,q}, it follows max{I',,I';} <h.

For each n € N let us consider the functions u,, € WOl P (Q)and v, € WO1 4) (Q)
defined by

0 if x € Q\B(x*,7)
up(x) = & if x € B(x*, %)
Za(y—|x—x*ly) ifx€B(*,p)\BE",3)
0 if x € Q\B(x*,7)
va(x) =< M if x € B(x*, 1)
Mo (y—|x—xly) ifx € B(x",7)\B(x*, %)

Thus one has

‘P(un,vn):/gp( )Wun( )\’”‘dx—i—/ oy Vs =
a0

1 |2&, 1|21,
- / 5 Y g / — " dx <
P8G5 p(x) SP\BG3) q(x)
or' or'
< [FPDp@n)""Fqu(nn)] N < h-D(&n, M) 5~ N < Pn (3)
for n € N large enough.
Finally, since
lim sup H(En)
(é 1] —>+°° (é n)
is finite, it does exist L > 0 such that Eg’ 117]3 < LVneN, and from (2) follows
Pr ( oy" ) hoy"
>L||Q + “)
&)~ B

for all n € N large enough.
Consequently from (4) and (3) we have

Pl vn) = 0 P
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= sup /H ))dx — /H U (x), vy (x))dx <
()P~ 1(]—o0,p4])
< / sup  H(E,n)dx— / H(un(x), v (x))dx <
(E,m)€A"(pn) B(x*.})

< H (&, M) <|Qy — a;’j) < H(&E,mp) [D(éljfnn) B hczo]ﬂ % _
hw?”] (&ns ) oy

DE.m) ~ " [Fpr@nHQDq(nn)] S <

<Pn— |:/ |VMn dx+/ ’VVn )dx:| = Pn— lP(un’V”)
a p(x)

for n € N large enough.

In the previous inequalities we took into account that, Vn € N and for ev-
ery (u,v) € ¥71(] — o0, p,]) there holds that (|u| e, |v|+e) € A'(pn) and con-
sequently (u(x),v(x)) € A'(p,) Vx € Q. Moreover S(a,) C A(p,) CA'(p,) C
S'(b,) for all n € N large enough holds. Now, we verify that the functional
® + ¥ has no global minimum in X.

From i <limsup s ), o g(( ry T)) it follows that

H(o,7
h<1nf< sup ( ’)>
Vor+ti>n (G’T)
so there must exist Vn € N a point (0,,,) € R? such that /02 + 12 > n and

~ 1 |pr-0t&n

H(0y,T,)

>h
D(0,,7,)

By considering the functions w, € WO1 P ) (Q), &, € WO1 ’q(x>(Q) defined by

0 if x € Q\B(x*,7)

O)n(x) = Oy ifxe B(X*, %)
Sy —le—xly) ifre B p\BR D)
0 if x € Q\B(x",7)

Cn(x) = Tn ifxe B(X*, %/)
Z(y—lx—¥ly) ifxe B P\BE.)

one has Vn € N

((I)—|-1P)((0n’ Cn) =
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[ v (h+/ Ve ﬁ%/Hwn G)dx

~Jap(x)
26,, ) 21, 9)
/xﬂB% ) [ e 1]
_/H(a)(x)C(x))dx<[FD(G)+FD(f)}wYN H(0y,,T,) <
o n » Sn >~ pp\On qZq\‘'n N B(x*,%) ny tn

< “;’;V [(rp —W)D,(0,) + (T, —h)Dq(Tn)] <0

Since {\/07+ 12}, is unbounded, at least one of the two sequences {0y},
or {T,}, admits one divergent subsequence. Hence {max(|c,|”",|0,|? )}, or

+ - . . .
{max(|7,|? ,|7|? )}n admit one divergent subsequence, so the functional ® +
¥ is not bounded from below. The conclusion (a) of theorem A assures that
there is a sequence {x;, }, of critical points of ® -+ ¥ such that lim,,, 1« || X, [[x=
oo,

Theorem 3.2. Let us suppose there exist two real sequences {a, }, and {b, }, in
10, 4-oo] with a,, < by, Vn € N, lim,,_, 1 b, = 0 such that

. b
lim = = 4o
n—+eo q,

maxH =maxH >0 VneN
S(an) §'(by)

P (ON _ q"(pN _
max 2 {2 - 1),2 {2 - D < limsup H(S,n) < oo
p-Dr q D4 &m—(00) D(&,1)

where D = sup,_q d(x,dQ), D’ =min{D? ,D""}, DY = min{D? ,D?"} and
D(&,n) =D,(&)+Dy(n). Let us assume also that infg> H > 0. Then the prob-
lem (P) admits a sequence of non-zero weak solutions which strongly converges
to Oy in X.

Proof . We fix, foreach n € N, (&,,M,) € S(a,) such that maxg ) H = H(&,, M)
and we put &, = 8b, Vn € N with § = min(a, B). Then {¢,}, is real sequence
of positive terms, infinitesimal and such that

En

Iim ———— = 4+
n—feo D(énv Un)
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By choosing a constant £ satisfying

max{zf(zN_l) 2q+(2N_1)}<h< hmsuP H(E.n)

p~Dr q D7 (&m)—(0.0) P(E,M)

and proceeding as in the proof of the theorem 3.1., one 31mply obtains that
¢(g,) < 11ie. there exists a sequence {uy,v,}, C X with ¥(u,,v,) < €&, and
such that

D(up,vy) — ‘I’*l(%r—lfo,s,,])q) < & —Y¥(up,vn)

for n € N large enough.

Now, we verify that (6, 0) ( the only global minimum of ¥) is not a local mini-
mum of &+ .

From i <limsup ; 1), (0,0) HE ; it follows that

H(o,t
h < 1nf< sup ( >>
neN m<1 D(G T)
so there must exist Vn € N a point (0,,7,) € R? such that /02 + 12 < % and

H(o,, 1) _ H(o,,1,)
D(Cn,Tn)  |OulP” +|Tal9

By considering the functions w, € WOl P ) (Q), g, € WO1 4 (Q) of the preceding
theorem one obtains

q(x)

X—

(®+W)(@n, &) <
21,
Y

1 P 1
s/m\g 0P| dx+/(w\3*g()
_/B(xw (0n(x), 6n(x))dx < {Fplon!”+rq|rn|q}“;xv_

oy"

— H(0,,7) < —— | (T, —h)|o,|P + (T, —h)|t|?7 | <0
[y (00 < G Tyl + (=l

20, |?

Since ®(0x) +¥(6x) =0, || (@, &) ||[x— O ( from Proposition 2.2., asser-
tions (3) and (4)) and ®(w,, ;) + ¥ (w,, ) < 0Vn € N, Oy can’t be a local
minimum of @+ W. The conclusion (b) of theorem A assures that there is a se-
quence {x, }, of critical points of ®+ W such that lim,,_, ;. ¥(x,) = infy ¥ =0
with x, — 0; indeed lim,,_, 1 || X, || x=0.
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