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CERTAIN OPERATORS IN THE SPACE OF ENTIRE
FUNCTIONS REPRESENTED BY DIRICHLET SERIES
OF SEVERAL COMPLEX VARIABLES

SUZANNE DAOUD

In this paper, we consider the space X of all Entire functions represented
by Dirichlet series equipped with various toplogies. The main result is
conserned with finding certain continuous linear operators which are used
to determine the proper bases in X .

Let X denote the space of all Entire functions defined by Dirichlet series of
two complex variables. For the sake of simplicity, we consider the case of two
complex variables, thought our results can be easily extended to any finite integer
n. The topological aspect of this space has been studied in details in [2] and [5].
The aim of this paper is to characterize certain continuous linear operators on X
and use them in the determination of proper base in X ; the correspondant case
of an Entire Taylor series has been studied by Kamthan see [7] and [8].

When f € X, it means that f : C* — C, where C is the complex plane
equipped with the usual topology, such that

(1) f(31732) = Z A ,n eXP()\m~91 + ,u'n32)

m,n=0
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where the coefficients a,, , are complex numbers,

Ao =po =0; (Am)my ’ ('“")nZI

are two sequences of real increasing numbers whose limits are infinity and further

(2]

log(m + n)

2 lim su =D < o
( ) m+n—+013> /\m +,un

1
(3) lim sup 08 |am.n| —00 .

The topological aspect (in various directions) of this space has been studied
in details by the author (see [4], [5]). In this paper we have considered two
topologies in X namely:

(1) The topology ™ generated by the family of semi-norms (indeed, norms)
{M(01,02),01,0, real} where

(4)  M(f;01,02) = M(01,09) = sup  |f(o1 + iy, 00 + it2)]

—~00<ty,i<00

(2) The topology 7, generated by the family of semi-norms (indeed, norms)
{llf; 01,09 , 01,02, real} where

(5) ”f’ Ul’GZH = E Iam,nlexp ()‘ma'l + ,UnUZ) .

m,n=0
One has proved earlier (see [3]) that for some o > 0
(6) M(o1,02) < ||fi01,02|| < Cla) M(o1+ a,05 + @)
C'(«) being a constant depending on « only. Hence one finds that the topologies

71 and 1, are equivalent.
To facilitate the present work, we recall few things from the earlier work

[6].
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Definition 1. A sequence {f, , : m,n > 0} C X is said to be a base for X,
if for each f € X, there exists a unique sequence {a, , : m,n > 0} C C such

that

oo

f‘_" Z am,nfm,n

m,n=0
where the convergence of the double series is with respect to the topology on X .

Definition 2. A base {f,, , : m,n > 0} C X will be called a genuine base for
X if the corresponding coefficients in the expansion of an f satisfy eq. (3).

Definition 3. A sequence {f,,, : m,n > 0} C X will be called an absolute

base for X, if each f € X can be uniquely expressed as Y an n, fim ., Where
the double series is absolutely convergent with respect to the topology on X .

Definition 4. A sequence {f,» : m,n > 0} C X will be called proper base
for X ifitis a genuine as will as an absolute base for X .

We have earlier shown that if{f,,, , : m,n > 0} isa prbper base, then [6]

(7) }ﬂlﬁg log M,\(n{mf;:haﬂ < %

for each oy, 5.

Theorem 1. Let {ay, n; m,n > 0} C X. Suppose T is a Hnear operator
from X into X, such that T(6mn) = 0,y m,n > 0, where é,, (1, 82) =
exp (Ams1 + pns2). Then if T is a continuous operator provided '

. .log M(a'm ny 01,02)
8 lim su : <
( ) m+n—+<I>)o /\m + Hn >

for each 01,09 > 0.
Conversely, if eq. (8) holds, then there esists a continuous linear operator

T : X — X such that
T(bmn) = @mn m,n > 0.

Proof. Suppose T is a continuous linear operator from X into X with
T(6m,n) = @m,n. Then for a given o;, 0, there exist a positive constant K
and o) > 0, o) > 0 such that:

M(Tém,n; 01,02) = M(am,n; g1, 02)
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S KM( mnyo'l’az)

=Kexp(Ap+p)o , o=max(o?,07).
Hence
limsup 8 Y (@mn;01,02)
m+n—o00 Am + Un

thus eq. (8) follows.
Conversely, assume that eq. (8) is true. Let ae X, then « is represented by

00
a = E Qm,n 5m,n

m,n=0

where the coefficients a,, ,, s, satisfy eq. (3). Since eq.(8) holds, therefore there
exists an A = A(o4,03), depending on oy, oy such that

log M (am n;01,02)

<A forall m+n>N
Am + fhn -

or
M(om,n;01,02) < exp A(Am + ) forall m4+n > N

therefore, noticing that eq. (3) is already valid for the coefficients a,,, s we
find that ) a,,,, o, converges in X and so it represents an elements of X .
Hence there is a natural transformation 7 : X — X such that:

T(a) = Z Qm,n Omon

m, n=0
with
E Am,n m,n .

Cleatly T(6pn,n) = Om,n,m,n > 0. We are now required to show that T is
continuous on (X, 7). To do that it is enought to prove that T is continuous
on (X, 72). The norms ||..., 01, 0| are continuous on X, therefore given any
two reals oy, 05, we find

M+N
”T(a) 01702” - “M+N—>oo z Ammn  Om,n, 01y02l|

m,n=0
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M+N
< lm 3 Jamal llma; 01, 0]
m,n,=0
M+N
< i >
> M+}\Ifn—>oo Iafm,n' exp (Am + ,Ufn) o
m,n=0
where o = o(0y,07)
= |l a;0,0]|
Thus T : (X,||...,0,0|)into (X, ||...,01,02]|) is continuous and as o, oy

are arbitrary, we find that 7 : X — X is continuous.

Theorem 2. If T is a linear operator on X into itself, such that T and T~ are
continuous. Then { T(6,, »); m,n > 0} isa proper base in the closed subspace
T[X]of X.

Conversely if {am,n : m,n > 0} is a proper base in a closed subspace
Y of X, then there exists a continuous linear operator T : X — X, such that

T(6mn) = @mn- ' '

Proof. Suppose that T is the linear operator mentioned in the hypothesis. Then
T'[X] is a closed subspace of X .
Let T(6m n) = 0m n, myn > 0. Let f € T[X], then

o0
T_l(f) = Z A, (Sm,n
m,n=0
where a,, ,,’s satisfy eq. (3) . Now
M+N
(9) Y tmnbmn = THf) inXasM+N— .
m,n=>0

Now T is continuous anci linear, and eq. (9)'implies

o0

(10) f= Z Umn Om.n

m,n=0

Sinceeq.(8) holds, then ) M (am n0m n,01,02) converges foreveryreal oy, oy
and the representation of f in (10) is unique. Since 77! is continuous. We
conclude that {a,, »;m,n > 0} is a proper base for T[X].

Conversely, let {a,,»; m,n > 0} be a proper base for a closed subspace
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Y of X. Hence eq. (8) holds. Therefore by theorem 1., there exists a continuous
linear operator 7 on X into itself, such that T(6mn) = 0mmn, myn > 0.
Now let f € X, f # 0, then f is represented by eq. (1) whose coefficients
@m 'S satisfy eq. (3). Thus

T(f) = Z Am,n Omn 75 0

m,n=0

Therefore T is one - to - one. Hence 7 is a continuous algebric isomorphism

from X into Y. Now apply the well - known theorem of Banach ( [1] p. 41) we
see that 7! exists and is continuous (since Y is complete [5]) and the proof of
the theorem is now complete.
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