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NOTE ON GRAPHS COLOURING

DANUT MARCU

In this paper, we give the maximal number of (k + r)-colourings of a
graph with n vertices and chromatic number k. Also, we obtain the maximal
values for chromatic polynomial of a graph.

Graphs, considered here, are finite, undirected and simple (without loops
or multiple edges), and [1,2] are followed for terminology and notation. Let
G = (V,F) be a graph with V the set of vertices and E the set of edges.
A (k + r)-colouring of a graph G with n vertices and the chromatic number
Y(G) = k is a partition of the vertex set into k + 7 classes (0 < 7 < n — k),
such that two vertices belonging to the same class are not adjacent, the order of
classes being indifferent. |

Theorem 1. The number C(n,k,r) of (k + r)-colourings of a graph which is
composed by a complete k-subgraph and n — k isolated vertices is given by

n—k k

Clnkyry = Y ("7

» )S(p,r)E™FP  for1<r<n—k,
p=r

and
C(n,k,0) = k™ F,
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where S(p,r) is the Stirling number of the second kind, that is, the number of
partitions of a p-set into r classes.

Proof. Indeed, the k vertices which form a complete subgraph belong to different
classes of a colouring, and for any choice of p > r isolated vertices from the
n — k isolated vertices, these p vertices generate S(p, r) different partitions into
r classes, and the remaining n — k — p isolated vertices may be added in k”—*—7
different ways to k classes which contain the vertices of the complete subgraph.
The formula follows, since one can generate all (k + r)-colourings of the graph,
without repetitions. O

Theorem 2. Forn > k and 0 < r < n — k, the following hold.:
(a) C(n,k,r) = C(n—1,k,r—1) +"(k+'r)C(n— 1,k,7)
for1<r<n-—k,and

C(n,k,0) = kC(n—1,k,0);

n—k—r
() C(n,k,r) = Z (n;k)C(n——l—q,k——l,r) for k> 2.

g=0

Proof. The relation (a) is obtained by numbering in two different ways the
(k + r)-colourings of graph, which contain in a class a given isolated vertex.
The relation (b) is obtained by numbering the (k + r)-colourings of graph,
which contain in a class a vertex which belongs to the complete subgraph with
k vertices. 0O :

Theorem 3. The maximal number of (k + r)-colourings of a graph G = (V, E)
with n vertices and the chromatic number k is equal to C (n, k,r), and the single
graph which has this maximal number of colourings is the graph composed by
a complete k-subgraph and n — k isolated vertices.

Proof. The proof is made by induction on n. Obviously, for n = 1,2, the
theorem is true. Suppose that the theorem is true for all graphs G with n — 1
vertices and let G — v be the subgraph obtained by deleting a vertex v. We
denote by C'(k + r,G) the number of (k + r)-colourings of vertices of G. If
V(G —v) = Y(G) = k, then

Ck+rG)<Clk+r-1,G-v)+ (k+7)C(k+7,G-v) <
<C(n-1,k,r—1) + (k+7)C(n~1,k,7)= C(n, k,7)
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forr > 1, and
C(k,G) <kC(k,G-v) L kC(n—1,k,0) = C(n,k,0)

for r = 0, the equality holding only if v is an isolated vertex (we have used the
fact that v can not form, single, a class of a k-colouring of G for r = 0). If
Y(G — v) = Y(G) — 1, then a minimal colouring of G is

{v},Il,Iz,. . ‘7Ik—-17

where I, I, ..., I;_1 are independent sets of G, and there exist the vertices
v;, € Iy, vy, € In,...,v;_, € Ix_; which are joined, every one, by an edge
with v, since, otherwise, J(G) = k — 1. In this case, we have

Clk+r,G)<Clk+r-1,G—-v)+
+Z Z Clk+r—1,G-v—vj ~--—w;)

921 vj v, €V —{v,viy,vip 1}

n—k—r
. ~k
<Cn-1,k-1,7r) + Z (n ¢ )C(n—1~q,k—1,r)
g=1
= C(n,k,r),
the equality holding only if the vertices from V' — {v,v; ,...,v;, _,} are iso-

lated (we have also used the fact that if {v} U {v;,,...,v; } is a class of
a (k + r)-colouring of G with Y(G) = k and Y(G — v) = k — 1, then
YG-v—vj;, —...—v;)=k-1).

Obviously, Y(G) = k implies that {v,v;,,...,v;,_,} is a complete k-
subgraph. O

Corollary 1. If we denote by P(G,; A) the chromatic polynomial of a graph
G, with n vertices, then

PG\ = AA=1)... (A =k + 1)A"F
y(rgg)xzk( )= X( ) ( +1)

for each )\ € N (the set of natural numbers), and the maximum is attained for
each X > k, only for the graph G, with the chromatic number k and which
is composed by a complete k-subgraph and n — k isolated vertices and whose
chromatic polynomial is

P(GpiA) = AA=1)...(A =k + 1)A"F,
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Proof.. Obviously, for each A < Y(G,), we have P(Gn;A) = 0. Thus, if
A > Y(G,), then

min(n,A)

aA :
P(GniN)= Y 1(7)C3,G) <
i=¥(Ga) 7

min(n,\)

< Y )OI G = PGr) = A(A=1)...(A— k£ DA™
=Gy 7
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