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ON THE REGULARITY OF OPTIMAL CONTROL
FOR A PARABOLIC SYSTEM OF ORDER 2m

ORNELLA FIODO - SALVATORE GIUGA

An optimal control problem for a parabolic operator of order 2m with
the boundary conditions containing the control is considered.
A regularity theorem for the parabolic problem and the regularity of the optimal
control is proved.

Introduction.

In [1] M. GIURGIU studies an optimal control problem with quadratic cost
functional for the equation QPy(t,z) = 0 where Q@ = §; — 92 and p € N
with same of the boundary conditions given by means of the solution of a linear
differential equation system that contains the control u(t) with w : [0,T] — U
(T < 4+o00; U = L?(0,T; R™)). Furthermore in [1] it is proved that if data are
continuous, then also the optimal control u is continuous in the closed interval
[0,T]. '

In [5] T.I. Seidman considers an optimal control problem with quadratic cost
functional for the equation §; — Au = f where A is a second order uniformly
elliptic operator, with the boundary condition containing the control ¢ and states
very strong regularity results, for the optimal control &, in the open interval

10, T]. -
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In the present paper, starting from the mentioned papers and making use
of some results in [2], we have considered an optimal control problem with
quadratic cost functional for the parabolic equation 8,y = Ly, where L is a
strongly elliptic operator, having order 2m (m € N)in ]0,7] x R"~! x R*
and, following [1], the boundary conditions containing the control are given by
linear operators 3 satisfying assigned conditions. Besides, a regularity theorem
is proved for the parabolic problem; this results allows us to study the regularity
of the optimal control in the closed interval [0, T7.

1. Setting of the problem.

Let X a Hilbert space; for every o € N, let us denote by:
-C(0)([0; T]; X) the space of the functions f that are continuous in [0, T], with
values in X and norm:

|fleoyqo,my;x) = Bax |flx;

-C19)([0, T]; X) the space of the functions f such that
2 f(H) e CU[0, T} X) Vse{o,...,0},
with norm:

| fleeqo,yx) = Zlatsflc(o')({O,T];X) ;
=0

-L*(0, T; X ) the space of the functions f that are Bochner measurable on ]0, 77,
with values in X, such that

T
/ |f())% dt < +00
0

with norm .
3

T
|fleago,1x) = [’/0 |F(1)I% dt] ;

-H?(0,T; X) is the space of the functions f € L2(0,T; X ), differentiable of
order ¢ in L%(0, T; X ), equipped with the norm:

|fleeomix) = Y10 fli20,7x) -
s=0
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- H°(Q) is the ordinary Sobolev space with @ = R"! x R} forevery o€ N.
-H§ () is the completion of C'§°(Q2) with respect to the norm in H7({2).
Let us consider the following parabolic problem: '

Oy =Ly, (t,z)=(t,2',2,))€]0,T]x Q
(11) ‘ y(0,2) = 2Pyo(z), € N
- 53;51?/(% (wl’o)) = 7j(w’)tq(ﬂu)j’
(t,2')€]0,T]x RY, je{1,...,m}.

where:
i1) L=L(z,0;) =(-1)" > 0%a.(z)02 (0 = 0/0z)

la]l=m
is a strongly elliptic operator in §, with real coefficient. We also assume
that, for every multiindex 3, the functions 02a,(z) are convergent for
|z| — +o00 and:

S [ aclozo@iE @ <o e HP@)

lee|=m

i2) p is nonnegative real and ¢ > -%;

i3) v(z') = [y;(z")] isa 1 x m matrix with values in S (R?,"1);

i4) B = [B:,;] is a m X k matrix, whose elements 3; ; are continuous linear
operators: L?(0,T) — H?(0,T), and their adjoint 3} ; are also linear and

continuous: L%(0,T) — H(0,T);
is) (1+27,)P/2 g0 € L*(Q);
i¢) the control u = u(t) belongs to L2(0, T’; R¥).

Such hypotheses ensure (see [6]) that the problem (1.1) has a unique
solution y,, in C(©([0,T); L(Q)) N L2(0, T; HFY()), depending of the data
with continuity. :

The cost J(u) is the functional:

(12) J(u) =
T

_ / dt / dz / Kyt 2, €)[(valt, @) — yr(t, 2))(Waltse) — yo(t, )] de
0 Q Q

+ /Q dx /s; Ky (2, )[(yu(T, 2) — wr(2))(yu(T, €) — wr(e))] de +

T

T
+ /0 < E(tu(t), u(t) > dt + /0 < H(t)u(t), fu(t) > dt,
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where <, > denotes the scalar product and:
Jj1) the kemels:

Ki(t,2,6) € CLO([0,T] x @ x Q) n CO([0, T]; LA(Q x Q)),
Ky(z,e) e COQ x Q) n H*™(Q x Q) n H(Q x Q),

are positive semi-definite and symmetric in z and ¢.

J2) E(t) is a k x k simmetric positive definite matrix, whose elements are
in CM[0,T]; H(t) is a m x m symmetric positive semi-definite matrix,
whose elements are in C(0)[0, T7].

Ja) the rarget state yr(t, x) and the target trajectory wr(z) are in

CO([0,T); L(Q)) and L*(Q)

respectively.

The present optimal control problem consists in determining a function
u € L%(0,T; R*) (the optimal control) such that J(w) < J(u) for every
u € L?(0,T; R¥).

The following lemma (see [2]) holds

1.1. Inthe hypotheses iy ) to ig ) and j,) to j3) the functional J (u) is strictly con-
vex, Gateaux differentiable, coercive and lower semicontinuousin I (0,T; R).

It follows that (see [2], [4]) :

1.2. In the hypotheses of lemma 1.1 there exist a unique optimal control.
Furthermore the control @ € L*(0,T; R¥) is optimal if and only if:

T
(1.3) /0 dt /Q do /Q Eat,2,)0u(t,) = 1a(t,2)) (1)~
—yT(t,E))d€+/(;d$/S;I(z((l),é‘)(yu(T,LE)—yﬁ(T,ib))(yﬁ(T,E)—
T
—wr(e)) de + / < EQ)Ut), u(t) - G(t) > dt +

T
+ / < H@)Bu(t), Blu—0)(t) > dt = 0
0

for every u € L*(0,T; R¥).
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2. A regularity theorem for the parabolic problem.

Let us consider the problem:

Bty(t,w) = Ly(t’x) + f(ta "7) (t>x) € ]OvT] X ()

(2.1) y(0,2) = yo(z)
01-1y(t,2',0)=0 je{l,...,m}

Let E denote the space of the couples (p(¢, z), 6(x)) such that:
p(t,z) € HY(0,T; L*(Q)

0(z) € Hy"(2)

Lo(z) € L*(Q)
and T operator:

r:(p,0) € E — 7(p,0) = p(0,) + LO(x) € L}(Q2).

Besides, U denote the space C(O([0, T]; L3(Q)) n L%(0, T; H(R)). Let us
observe that from [2], (see th.1.1) it follows that problem (2.1) is uniquely

solvable in U; let us denote the solution by Y[ £, yo].
By the same theorem one gets

(2.2) - (fiw)€E

then

(2.3) Y[f,90] € CO([0, T]; H*™(Q))
(2.4) 0:Y[f,yol €U

(25) at}/[fa ?/0] - Y[atf,r(fv yO)]

Let us now prove the following regularity theorem.
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Theorem 2.1. Ifa o € N exists, such that

(2.6) {é?:Ljf(t,m)eLz(O,T;Lz(Q)) Vi,j€ENy i+j<o
' 0L f(t,z) € CON[0,T]; HIWQ)) Vi,jeNy, i+j<o-1

(2.7) {Lfyo(x)eﬁ(ﬂ) VieEN, j<o

' Liyo(z)€ HM(Q) VjeN, j<o-1
then
(2.8) 8;Y[f,30] € CO([0,T; H*™(Q)) Vs<o-1
(2.9) Y[f,wl€U Vs<o

Proof. Let now observe that the hypotheses imply (2.2), and therefore, (2.3)
and (2.4), i.e. the conclusion for ¢ — 1. If 0 > 1, the hypotheses imply (2.2) and
(2.5), too, where the couple (0 f, 7(f, yo)) belongs to E. Relations (2.3) and
(2.4) hold also with 8, Y [ f, yo] instead of Y[ f, yo] and this implies the conclusion
for o — 2. It is easy to see that (2.6) and (2.7) allow to apply such a procedure
exactly o — 1 times. The theorem follows.

Let us now consider the problem

Oy = Ly (t,z)€]0,T] x Q

y(0,2) = 2fyo(z) z€9Q

A1~ y(t,(2',0)) = t9v,(¢, z")
je{l,...,m}(t,2")€]0,T] x R*!

(2.10)

where p and ¢ are nonnegative reals. The following corollary holds.

Theorem 2.2. If there exists o € N such that :

(2.11) p > 2mo
1

(2.13) v;(t, 2"y € HOYY(0,T; S(R™™1))
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(2.14) (14 22)P/2y5(2) € H>™(Q)
then the problem (2.10) admits a unique solution that belongs to
C([0, T]; (@) n Cl=D([0, T); H*™(R)).
Proof. By putting the following

2

“%n

_ e
y(t, ) tqZ:c’ -1 1)'v1(t,x')

(2.15)

(0: = L)y(t,z) = 1*""g(t, 2)
(2.16) y=y"+y
the problem (2.10) is reduced to

Owy™ = Ly* — t97g(t, )
(2.17) y*(0,z) = zf yo(z)
851:7‘1—13/*“’(‘7;,70)):0 jE{l,...,m}

| the hypotheses (2.11>) - (2.14) allow to apply th. 2.1 to the problem. We have
(218)  y*€CU(0, T L¥(R) N CI([0, T B*™(2).
The mentioned hypotheses also guarantee that

7(t, 2) € C((0, T I(R)) N €=V ([0, T]; H*™(2));

then the conclusion from (2.16).

Remark. If p is an integer, the result holds again, provided that (2.11) is replaced
by

(2.19) p>2mo —m.
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3. Adjoint state and implicit representation of the optimal control.

In order to represent the optimal control, let us put
f(t,2) = — / Ki(t,2,)(yalt,e) — yr(t,e)) de
Q

3.1) |
m@0=—ARM%d@dﬂd—wﬂh@M€

and consider the problem

—0p(t,x) = Lp(t,z) + f(t,z) a.e. (t,z)€[0,T[xQ
(3.2) p(T,z)=pr(z) ae z€ Q
OITp(t,(,0))=0  j=1,...,m

where y; (¢, z) is the solution of the problem (1.1) corresponding to the optimal
control u. By corollary 2.2, for o = 1, y;(t, z) belongs to

([0, T); () n CO([0,T); H™(%)) -

This property is inherited by the function f(¢, z), introduced in (3.1), in virtue
of the hypotheses j;) and j3).

From th. 2.1 it follows that the problem (3.2) has a unique solution p; in
CO([0,T); L3(Q)) n CcO([0, T); H>™(Q)) and in HV(0,T; H(Q)). Let
us now consider the following differential operators of order 2m — j

Qi(a',0:) = ) (-1)™192 an(2",0)02 ji=1,...,m.
jal=m .

Applying the notation:

(33)  wjt,2") = 7;(2)Q;(2", 0:)pa(t, (2", 0)) i=1...,m

we get w;(t,z') € CO([0,T); LY{(R"1)), forevery j € {1,...,m}.
With the further notations:

'wl(t)
(3.4) w;(t) = (=1)7 / w;(t,z)ds’ , w(t) = :

Rr-1 Wy (1)

we are now able to say that w(t) € C(©([0, T]; R™).
The following proposition holds



ON THE REGULARITY OF OPTIMAL CONTROL. . . 21

Theorem 3.1. Under the same hypotheses of th.1.2 the optimal control satisfies
the functional equation:

(3.5) a(t) = E7N(0)[ - 5*(w(t) + H(1)5T)].
Proof. Let us recall that, if it results:
p(t, ), y(t,2) € CO[0,T]; H*™(Q)) n C*([0, T); L))

82 p(t,2',0)=0 Vie{l,...,m}

then the Green’s formula holds
T
(3.6) / dz / p(t,2)(0 — L(z, 8,)y(t, 2)) + y(t,2)(3: + L(z, 8s)) -
Q 0
-p(t,z)dt = p(T, z)y(T, z) — p(0, z)y(0, )
e -1 T i—1 |
-;(—1) /O dtR,.[l Oz, y(t, (2, 0)Q;(2", 8o)p(t, (= ‘,O))d:c.

So the formula (3.6) applies to the couple (pz, ¥, — ¥z ). By (3.1), (3.3) and (3.4)
and problems (1.1) and (3.1), we get

T |
/Q i /0 dt (ya(t, ) — ya(t, o)) /Q de K1(t,2,¢)(yalt, €) — yr(t,€)) =
= —/ dx/ Ky(z,e)(ya(T,¢e) — wr(e))(yu(T,z) — ya(T, z)) de

Q Q

# 3 [ w0 - 5wt e

Therefore, by using the optimality necessary and sufficient condition (1.3), we
obtain, for every u € L%(0, T; R¥)

T
/O < E()u(t), u(t) — 4(t) > dt +

T
+/0 < H(t)pu(t), B(u — u)(t) > dt +
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m AT _
+ 3 [ (i) - B0 dt = o
j=170
Thus, for every u € L%(0, T; R¥)
T ' -
/0 < ut) = @), EQ)U(t) + B(t9w) + F*(H($)Bu(t)) > dt = 0

and, u(t) being arbitrary, the conclusion follows.

4. Regularity of the optimal control.

In this section we shall use (3.5) in order to study the regularity of u(t).
The results are expressed in the following theorem

Theorem 4.1. In the hypotheses iy) — ig) and j1) — j3), if there is 0 € N
such that:

i) p>2moandqg>o+1

iq) Vs €{0,...,0} the operators Bi,; and B} ; are linear and continuous,

respectzvely H*(0,T) — H*t%(0,T) andH (0,T) — H**1(0,T);
i5) (14 22)P2yo € H*™(Q) p > 2mo;
ji) forevery i,j € Ny itis:

O; L (z,0,)K1(t,z,6) € CON[0, T L (O x Q) i+j<o

O; L% (z,0;)K1(t,2,e) € CON[0, T HMOQ x Q)  i+j<o—1
Li(z,8;)Ky(z, ) € L} (Q x Q) j<o
Li(2,0;)Kq(z,6) € HP(Q x Q) j<o-1;

Jg) the elements of the matrices E(t) and H(t) belong to C(?)([0,T]) and

Ce=1([0, T)] respectively;
7%) itis: yp(t,e) € CLO([0,T7; LZ(Q)) and wr(e) € LZ(Q) then the optimal
~ control u(t) belongs to H()(0,T).

Proof. Let us recall the functional equation of the optimal control
(3.5) u(t) = E7N(t)[ - B*(t7w(t) + H(t)87)].

Asu(t) € L*(0,T),by j») and i4), itis H(t)B% € C(9[0, T]; besides, recalling
‘Section 3, w(t) € C(9)[0, T from which, by 44) and j,), we get & € H(0,T).
So, the conclusion holds for o = 1. ,
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Let us suppose o > 1.
As © € H(0,T) by ¢) the functions v;(¢,z) = 7,(z')(6%); belong to
H3(0,T; S(R™ 1)) Vj€{1,...,m}; this implies

8iv;(t,2") € H*(0,T; S(R™1))
forevery 1 < 1. As yo(z) fulfils ¢5), by 5 ) and corollary 2.2, we get
ya € CO((0,T; L)) n M ([0, T); H*™(Q)).
This, together with hypotesis j; ), implies by 2.1
pa € CO([0, T]; H*™(Q))

and so w(t) € CV[0, T].

Proceeding in a similar way, we have H(t)5u € C(1[0, T], so that, by (3.5), &
belongs to H?(0,T), i.e. the conclusion for ¢ = 2.

In virtue of the hypotheses, the procedure can be applied o — 1 times.
Therefore the theorem follows.
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