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#22+2.REGULARITY OF THE SOLUTIONS
TO NON HOMOGENEOUS PARABOLIC SYSTEMS
IN DIVERGENCE FORM

LUISA FATTORUSSO - GIOVANNA IDONE

In this paper we study the £%**+%-regularity (0 < A < n + 2) of the
solution v to the Cauchy-Dirichlet problem'

{ 2 DAy (D) + 5 —'—ZD F+fing
v _Ju on the parabolic boundary Tg of Q
under the assumptions
el (QRM),0<A<n+2 i=0,1,...,n,
ue L QRN NHFV(QRY)
D;ue L2"\(Q,]RN) i=1,2,...,n
For such a solution the following estimate holds:
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1. Introduction.

Let © a bounded open set of R™ with sufficiently smooth boundary 02 (for
istance of class C?), T a real positive number, ) the cylinder  x (-T',0) and
X = (z,t) apoint of Q. Let N be integer > 1, (+|-); and || - || are the scalar
product and the norm in R* . We shall omit the index whenever no ambi guity can

arise.
Let us consider in ) the following Cauchy-Dirichlet problem (with non

homogeneus data)

ov

- A A.. , i - . fi 0
(1.1) -ijélD,(A,J(X)DJv) + 5= ;sz +f inQ
(1.2) ~v=u on Ig M)

where

(1.3) we LA(-T,0, HYQ,RN)) 0 H*2(~T,0, L}, RY)), (%)

() Tg = [ {_T}] U o9 x (=T,0)]
%) H%T(—T,O,Lz(Q,RN)) [HO%(-—T,O,LZ(Q,]RN))] is the Banach space of those
functions u € H%(—T,0, L*(Q, R™)) such that

/_OTdt/n ”"Z(ﬁp dz < +00 [/_ldt/ﬂﬂf‘%i“fdx<+oo}

with norm

2
u = u +
I ”H_%T(—T,O.L?(Q,KN)) {“ ”H%(—T,o.ﬁ(n,m"’))

0 2 1/2
(Xl
dt d
+/_T /ﬂ T+ T
2
u = u +
[“ ”Hf(—T,o.Lzm,m”)) {“ ”H%<—T,0,L’-’<n,u«“’>>

[ u)_n..d}] |
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(1.4) flel*(Q,RY) i=0,1,...,n
and A;;(X),4,j=1,2,...,nare N x N matrices satisfying the conditions
(1.5) A;€CYQ,RY)  4,5=1,2,...,n

(1.6) there exists ¥ > 0 such that:

Y (As(X) P p) = v DOIPIE, Y(X,p)e@xR™ ().
i=1 .

t,j=1
Kaplan [4] éstabli.shed the existence and the uniqueness of the solution v to the
problem (1.1), (1.2) in the following theorem:

Theorem 1.1. If assumptions (1.3) - (1.6) hold, the problem (1.1), (1.2) admits
a unique solution v in L*(-T,0, H}(Q,RN)) N H'%.(~T,0, L}Q,R")), in
the sense that

w=u—veL}(=T,0, H(Q,RY)n HE (~T,0, 1%Q,RM))

and

(1.7) / Z (A,'ijw]Dicp) dX + ﬁ(w,c,o) = E <u,p >+

Q=1

+/Q g(jz:;Aiiju—filDiQQ)dX_/C;(fOI‘P)dX,

1 . .
H'Z(-T,0,L*(,R")) is a Banach space of those u € H2(—T,0, L2(Q, R™)) for

0 _ 2
which there exist h € L*(Q,R") such that / dt lu(z,t) — h(z)||

de <
- Ja t+T < oo

with norm

2
[Jull

= +
(~T,0,L2(2,&V)) { HY(-T0,L2(Q.kV))

Il .,

H—-—T
1

N /T e [ 10 (e, oD iz}’

where u(z, —T) = h(z) (Cfr [6]).
G p=(@"]...1p"), p' €RY denotes a vector of R™",
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Yo L3(~T,0, HA(Q,RN) A HZ (=T,0, L}, RN)) (4).
For such a solution the following estimate holds

1.8 / Div||?dX + ||v|* <
(18) Q ;” | | ”Hﬁ(—T,o,L%Q,RN))

+/ > IDiul* dX +
Q

i=1

. 1412
»+/Q;ufn dX}

M. Marino - A. Maugeri [6] established the L2} -regularity (0 < A < n+2)
of the spatial derivatives of the solution v to the problem (1.1), (1.2).

In this paper we study the .#°?***2-regularity (0'< A < n+2), from which
the Holder continuity of v follows for A > n, of the solution v to the same
problem. To achieve this result we need before demostrating some preliminary
lemmas that have interest in themselves and that we list in sect. n. 2.

< C{ [lull?

H*}(-T,0,L2(Q,RY))

2. Preliminary lemmas.

ByI(X%0),Q(X%0),Qt(X%0),M(X°0), Mt (X° 0)wedenote
the cylinders of R? x R;:

I(X%0)=B (2% 0)x(t* ~a*t* + 0%

Q(X°%0)= B (% 0)x (t* - %1

*) B < f, g > is the sesquilinear continuous form that extends / (g—{ |g> dX to
Q

1 1
HZ2, x H{ (see, for more details, [4] e [5]).
Let us recall that for every ¢ € H'(=T°,0, L*(Q, RY)), ¢(z,0) in it results:

~ 8
B<w,go>:—/ (wl———)dX
0 ot

B<ugp >=—/Q(u %it‘i) dX—/n(u(:v,—T)lgo(a:,—-T))da:.
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Q* (X%0)= Bt (2%0)x (1 — 02,19
M (X% 0)=B(2°%0)x (1,1 + ¢?)
M* (X°0)= Bt (2°0)x (1° ¢ + 0%)
where X° = (z° ,to)eRant,a>O B(z%0)={zeR": ||z-2°| < o};

Bt (z°,0)= B(2°,0)n{z€R™: z,, > xn}
We list in this section a few lemmas concerning the solutions to the system

(2.1) -}:D AODw+%1: ‘9“’ ZDF’+F°

1,j=1

with A? i &J = 1,2,...,n, N X N constant matrices satisfying the strong
ellipticity condition

(2.2) there exists v > 0 such that:

n n
Yo (AG PP ) 2v Y PP, VpeR™.
i,j=1 ‘ i=1
Lemma 2.1. If u € L*(~T,0, H(B(z°,5),RN)) n H*%.(~T,0, L} B(°,
o),RN)), and Fi € L*(B(z°,0) x (-T,0),RY), i = 0,1,...,n if w €
L*(-T,0,HY(B(2°,0),RM)) N H2,(-T,0 Lz(B(:c ,a),R™)) is solution
in Q(XO o) C B(z°,0) x (-T, 0) X0 = (29,10), to the system (2.1), in the
sense that

/ ?ijwIDic,o)dX+E<w,cp >'——§<u»99>+
Q(X 0') z] 1

n

¥ /Q(XO,a) { ;(Fi | Dig) + (F°| 90)} dX

Vo € L2(t° — o%,1°, H}(B(2%,0),RM)) N [Ht%o_az N Ht%o](t0 - 02,10,
L*(B(z°,0),RN)), then there exists a positive constant ¢ = c(v) such that
Vp € (0,0) it results

2
. - <
(2:4) /Q(X",p) e wQ(XO’p)“ s
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n+4
<e@{(2) [ lw-ug X+
) o Q(X0,0) Q(X",0)

+/ U—1u 2dX + p? / Diul|* dX +
SR RN oy 2211 D01

t / - uFfu?de } ¢)
Q(X?0,0) ;

Proof. This result is obtained with the same technique of the lemma 2.1 of [6],
using a well known estimate (see [2] Lemma 2. II) that assures Vp € (0, o)

- 2dX <
Jyo 1 Paae 4 <

p n+4
< - — : 2d
- C(V){ (0) /Q(Xo,a) 1= e oI A2 #

1 p? /Q( lef"ll2dX}

XO,U) 2=0

Lemma 2.2. If u € L*(~T,0, H(B(z°,0),RN)) 0 H™3(~T,0, L*(B(<°,

o),RM)), and F' € L*(B(2°,0) x (-T,0),R"), 1 = 0,1,---,n, if w €
~ 1

L*(-T,0, HY(B(2°,0),RN))N H2(-T,0, L*(B(z°, o), RM)) is a solution

in M(X°, ) C B(2°,0) x (-T,0), X° = (2°,°), t° = =T to the system

(2.1) (%), then there exists a positive constant ¢ = ¢ (v) such that¥ p € (0, 7)

(2.6) [ sy X
M(X°,p) M)

n+4
<e@{(2) [ wowy. IPdX+
o M(X0°,0) M(X",0)

(®) If u(z,t) € L' (E), E is an open non—empty set of (, then

1 v
= , ) dz d
Ug misE/Eu(x' )dz dt

(®) Inthe sense considered in the statement of Lemma 2.1.
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e [

H 3 (1°t°40%,L%(B(2%0) ,RY))

+/ ]Diu]2dX+/ F' QdX} :
M(XOJ);I | M(X00) ;H |

Proof. In M(X°,0) let us decompose w in the sum w; + w; where wy €
1

L*(t%,¢° + 0%, H'(B(2%,0),RM)) n H3(1°,1° + 0%, L*(B(2°,0),R"Y)) is

solution (®) in M(X?©, o) to the system |

(2.7) -3 b (A?ijw) + %”ti =0
i=1

and w; = u— vy with vy € L2(¢%,° + o%; H1(B(2%,0),RM)) N H:o%(to, 94
+0?, L*(B(z°,0),R")) solution (") to the C. D. problem

- 6’01
(2.8) -y Di(A?ijvl) + 5t =
=1
n n )
:_ZD"( A?iju—F’) - F° in M(X°o0)
i=1 i=1
(2.9) vp=u on Tp ®)

Fixed p € (0,0) and set X* = (z°,t° + p?), let us consider the extention
wq(z,t) of the function w, to the cylinder B(z°,0) x (t° + p? — 02,1° + 0?)
obtained setting:
wo(z,1) in M(X°, o)

2.10) Wy(z,t)=
( ) 2(.. ) {w2($,2t0 _ t) in B(:BO,O‘) % (tO + P2 — 0-2,t0),

W, (z,t) belongsto L2(t° + p — 0%,t° + 0%, H'(B(2°,0),RY)) and is a weak
solution (in the usual sense) in Q( X *, o) to the system

(2.11) - i D; (45, DjW2) + Q{;—"tﬁ‘l =0.

h,j=1

(") In the sense indicated in section 1.

1
(®) Then w; = u — vy € L*(t°,t° + ¢, H{(B(2°,0),R™)) N Hfo(to,to +
o, *(B(z®, o), BY))
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Then by means of the estimate (2.5) of [2], we get

2.12 W, — (W 2dX <
(2.12) foe W= 02X <

n+4
<ew) (2 Wy ~ (W) . |PdX
g Q(X‘,cr) Q(X "7)

from which, in virtue of (2.10) and being Q(X*, p) = M(X?, p), it follows

(2.13) /M(Xo,p) W, — (Wz)M(Xo,p)H? dX <
<e(v) (ﬁ)m / W2 — (We) I?dX <
- o Q(X* o) Q(X™,0)
< c(u)(ﬁ)m / 1Wa - (W) I?dX <
- o Q(X".0) M(X*,0)

n+4
se V)(_) / Wy -~ (W), o I7dX +
Vs { B(29,0) x (104 p2 ~02,10) | W) pyx0

n+4
2 4 .
n W2 = (W2),, o | dX} <c)(2)

'B(z0,0) x(1%,t%4p?)

40
. dt 2t0 —1) - 2 d
{ /150+02—<72 /1‘3(7:0,0) o2 =, ) (wZ)M(XOsU)” Tt

04 p?

— 2 —_
+ dt/B(xo,a) lwa(2,t) = (w2), oy df'?}

10

n+4 %4 p%40?
_ c(u)(ﬁ) / [ un(et) ~ (wa), e e+
g 10 B(xo’a-) ' M(X ,0’)

t%4p° ,
dt 1) — dz <
Rl B R CA NN

0

p n+4
<ceW)| = lws = (w2), o [I*dX.
ag M(X°,0) M(X",0)
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Then it results:

2.14 / wy — (w o JJPdX <
(. ) M(XO ) ” 2 ( Q)M(X ,p)“

n+4
P 2
<c(8) [ T e P AX, VoE(.0)

On the other hand, in virtue of Teorema 1.1, v; satisfies the estimate

/ S IDmlPax <ef ful? o ¥
M(X%,0) &3 (£°,t°+0%, L*(B(2°,0) RV ))

2 - 1112
; /M S Dl dx + /M(Xo,,,) > IF dX}

(X 70) i=1

and hence, being w; = u — vy

/ S Dl dx < e ful? " -
M(X%0) =3 (¢°,t°+0%,L*(B(®,0)RY ))

+ | D; u||2dX+/ |1F'||2 dX 3.
Z M(X°,0) ;

M(X ,0’) i=1

Then being w; € L2(t%,1° + o, H}(B(2°, ), R™)), it follows

(2.15) [ lwlFax <
M(X9%,0)

Sco {IIU|l2;_,OO , ot
‘ (t°,t°4+02,L%(B(z°,0)RY))

+/M }:HD un2dx+/( ZHFlH?dX}

(X%0) =1 X%9) -0

Since w = w; + we, from (2.14) and (2.15), the assert (2.6) follows.

125

Using the Lemma 2.1 and the same technique of the lemma 2.3 of [ 6 ], we

obtain:
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Lemma 2.3. If u € L*(~T,0, HI(B*(2°,0),RN)) N H 3.(~T,0, L*(B*(
z%,0),RN)), and F* € L*(B*(2°,0) x (-T,0),RM), i = 0,1,---,m, if

w € L¥(=T,0, HY(B*(2°,0),R)) 0 HZ,(~T,0, LX(B+(z°,0),RN)) ()
is solutionin Q*(X°,0) C B*(2°,0)x (-T,0), X0 = (2° to) to the system
(2.1), (%) then there exists a positive constant ¢ = c(v) such thatVp € (0,0)

2.16) - 2dX <
( ) /Q+(X°,p) e wQ+(X°,p)“ -

n+4
p 2
< — - X
- C(V) { (O’) ~/Q+(XO,U) ”w wQ+(XO,U)” d t

2 2
+/;2+(X°,0) “u ¢ QF(x?, )” te [/62+(X°,o) i=1 | U”

oo ST |

Analgously using the Lemma 2.2 and following the technique of the lemma
2.4 of [6], we obtain

Lemma 2.4. If u € L*(~T,0, H'(B*(",0), RN)) nH i( L2(B+(

z°,0),R™)), and Fi ¢ L*(Bt(z°,0) ><( ,0),RY), i = ,n, if
w € L*(=T,0, H(B* (%, 0),R¥)) n HzT( 0, L*(B* (2P, ) )) is
solution in M+ (X0 o) C Bt (2% 0) x (-T,0), X0 = (29,19), ¢

to the system (2.1) (%), then there exists a positive constant ¢ = c(v )such that
Vpe(0,0)

2.17 - 2dX <

(2.17) [N CETO

n+4
P 2
< = -
=) {(‘7) /M+(X°,a) v e, )” e

+02[/ Z[[D ul* dX +
M

+H(X0,0) ;

(®) H}(B*(2° o), R¥) is the class of the functions u € H'(B*(z°,0), R¥Y) whith
trace on the iperplane z, = 2% zero.
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n
+ (lulf? + / F 2dX] L
| ”H,"o*<t°,t°+aﬂ,L2<B+<m°,o),RN>> M*(X°,0) ;” |

3. #%*.Reguiarity results.

Let L2*(Q,R"), 0 < A < n + 2, be the usual Morrey space related to
parabolic metric

d(X,Y)=max{ o= yl, [t-7l, X =(2,0), ¥ = (y- 1)}

and let Z*>*(Q,R™), A > n + 2, be the Campanato spaces.
01
Let us denote by H_?IZ2 ’(A)(Q, RM), (cfr [6]), 0 < A < n + 2, the space of
those functions u(X) € H2.(—T,0, L%(€2, RN)) for which

[w)”

B DRy
1 e e Ju(X) — u(z,©)|?
= su — dt/ d dzr +
s ox( [ [ M

o>0

Mg X . . 2
) DR
-T B(z%,0)NQ t+ T

where m, = min (0,--T + o?).
Let we L%(-T,0, HY(Q,RV))n H2,(-T,0, L*Q,R")) a solution in
() to the system

= ow __ ou e ; 0
(3.1) =) Di(4i;(X)Djw) + =5 ;D,F +F

i,j=1
where, foracertain A\, 0 < A < n + 2
(3.2) Fie L*Q,RM) i=0,1,...,n
while v and A;;(X), ¢,7 = 1,2,....,n, verify the conditions (1.3), (1.5) and

(1.6).
The following theorem holds:
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Theorem 3.1 If w € L*(~T,0, H'(Q,RN)) N HZ,(~T,0, L3, RN)) is
solution in () to the system (3.1), if the conditions (1.3) (1.5) (1.6) (3.2) are
satisfied and if

(33) = 22,/\+2(Q,RN) N Hi(')ly‘%,(/\) (Q,RN)
(3.4) Dyue L*(Q,R") i=1,2,..,n
(3.5) Diwe L*Q,RM)

withQ < A < n+2, then, for every cilinder Qo = Qo x (=T,0) with Qo CC Q,
it results

(3.6) w e LEMQo,RY)
and we have
1 2
(3.7) “w“ff2 A+2(00 RY) <c(v,n,A) {034_2 ”w”LQ(Q’RN) +

2

n n
D;w||? ul)? D;
Dl o F I s gy + S IDAE

+ [ + > IFP }

P NQrY) 2T 1M oRY)
where o is the positive number defined by (3.8).

Proof. Letusfix Qo = Qo x (—7,0) with Q¢ CC £, let us denoted by R, the
euclidean distance of §)y from 92 and let us set

(3.8) | op = —;—min (Ro,\/T>.

Theorem (3.1) will be achieved if for every X° € Q,, Vo € (0, 0,] and
Vp € (0, 0) it results (12)

2
. w—w dX <

(}°) This because

J 10 =0 g, I 44 <
I(z°,9)0Qo 1(=°,p)NQo

g/ llw— w |]2dX§/ W — w 2dXx.
I(z°,p)NQo I(=°,,)0Q (2, 9)NQ | I(=%,pNQ I
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1
< : ’)‘ A+2) - / _ 2 dX
S el A)p 08\” M(z°,0) I wM(zo,c')” +

2 2
LDl nnyﬁmmN+§JWuM“wM{+

+ [u]® + > IIF|
[] *O %('\)(QRN ; LQ)‘(QRN)}

Let us fix X% = (2° = (29,1°) € Q,; to achieve (3.9) we must consider two
cases (cfr. Theor. 9.1 [1]) :

a) 10 = -T.
Forevery o € (0, 0¢] we have
(310)  I(X°0)nQ = M(X°0)C B(z*,0)x (~T,0)C Q;

the function w belongs to
L*(=T,0, H\(B(z°, o), RN)) N H2,(~T,0, I}(B(z°, 0),R™))

and is solution in M (X9, o) to the system

= ow JOu "o
— AAAXONND . 72 ft 0
(3.11). ;jzjl D;(A;;(X°)Djw) + 5 = 51 ;:1: Dif*+ F

with
= F" +Z i(X%) = Aij(X))Djw] € I* (B(2°,0) x (~T,0,RM)),
¢ = 1,2,...,n. The lemma 2.2 assures that V p € (0, o)

N N e
M(X0 p) M(X%,p)

n+4
P 2
< A —w X 4
- C(V){(O') /a\f(xo,,,) Hw M(XO,U)” d

[/ EJWMVmwww% ¥
M(X0,0) 4 7(t° t°4+0%,L*(B(z%,0) RV ))
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+ S dX + /[ |F°u2dx]}
M(XO,U) =1 (XO,O')

and, then, for every p € (0, 0)

12 - 2dX <
(3.12) /M(Xo’p) 0 =y o P X <

n+4
P 2
< L - dX
< c(v>{ () [ 10 O+

+ o? [/M Z | Diwl||? dX + /M( Z | Diu||? dX +

(XOU) 1=1 ’U) =1

F v P x|
I %(tot +02,L*(B(z°,0)RY)) M(X°,0) ?“; |

On the other hand, taking into account the assumptions on u, F* and w, it
results: |

3.13 / Dul|?dX < o D;u . (1Y)
(3.13) y le I ZH HLH(Q )

(X ’0) 1=1

(3.14 ’ <
3.14) lu ”H "2 (t°,t°+ 0%, LA(B(2°,0) R"))

<o ul|? + [u)?
- {“ HL“(QR”) []H*"?“’(QR”)}

3.15 / FY2dX < o F|2
(3.15) M(X00) ;H I ;H IILH(Q )
and

(3.16) / Z‘ |Dswl|? dX < o™ Z | Dsw||?
M(Xx°,

(11) Using hypothesis (3.3), we get u € L**(Q,R").

2/\(QRN).
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From (3.12) (3.13) (3.14) (3.15) (3.16) we reach Vo € (0, 0¢] and Vp € (0, 0)

n+4
o) <c) (2] (o) + el m,

where
_ _ 2
o= [ oI

and

n
M2 = D;w 2 + {u 2 -+
;H HLQ,A(Q’RN) [ ”L?»*(Q,RN)

+ D;ul|? + [u)? + Fi|? .
,;” “Lz'*(Q,R”) | ]H:Oq?%'m(Q,RN) ;“ ”Lz"‘(Q,RN)

Then, applying the Lemma 2.VI of [3], in corrispondence to the number
e=n+2-—\VYo€(0,0] itresults:

;O\ M2
‘P(P)SC(V)(;:Z) @ (o) + ¢ (v,n, \)M2p*+?

from which, Yo € (0, 0¢] and Vp € (0, o) we get:

2 4
. w— w dX <
(3 17) / ( 0’p) ” M( O,p)” =

1
<c(v,n,\)prt? ~————/ w— w 2dX + M? 3.
= ( ) p { 0_3\.}.2 M(XO,U) “ M(Q?O,G') ”

Taking into account (3.10), from (3.17) the estimate (3.9) follows for every
o € (0, 0¢] and for every p € (0,0).

b) t9¢(-T,0]. B
We shall prove that ¥ X° € @, with t° € (=T,0], Vo € (0,00 and Vp € (0, o)
it results

(3.18) I?dX <

~/Q(X°,p)ﬂQ lw = wQ(XO,P)nQ

1

<c(v,n,A) prt? ———/ - 2dx
= C(V n )p {05\4—2 Q(XO’O-) Hw wQ(XO,O)” +
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n

4 Dwl|? + [[al|? + D;ul|? +
;H i |IL2"‘(Q,RN) I Ilz o) ZH I°,

2»A+2(

+ U2 1 Fz 2 )
[ ] *0,%(A)(Q,RN) ;” ”LgA QRN)}

H_7

Let us suppose just now we obtained this estimate.

Thenif t® = 0, forevery p € (0, 0p) itresults I(X°, p)NQ = Q(X°, p)NQ
and hence (3.18) coincides with (3.9).

If 1 € (-=T,0), for every p € (0, 0¢) we have:

(3.19) I(X°,p)NQ =
= [Q(X%p) QU [M(X°%p)nQ]UB (% p)x {t°} =
[Q(Xo,p)ﬂQ] [QX*,p)NQ]UB (2% p) x {t°},

where X * = (a: ,t*), t* = min (0, % + p?).

Taking account that X* = (z°,1*) belongs to Q, and that t* € (=T, 0],
from (3.18) written with X* instead of X?©, it follows, Yo € (0,00] and
Vpe(0,0)

|I2dX <

3.20 w —
(320 /Q(X*,p)nQ 1 =gk oy

1
< e, A)pm{ [ w-ug., Paxs
A+2 Q(X*,0) QX" ,0)

+ ) [ Diw]? + [Julf? ot Diul* -
;Il IILQ,X(Q’RN) | “_ng ZH [ L @R

2 112
+[u] *o%(x) Z IF |'L2"(QRN)}

H—T

The estimate (3.9) is a consequence of (3.18), (3.19) and (3.20).
Hence it is enough to show the estimate (3.18).

Setting 0* = min (0%, VT +1°), we have Q(X°,0*) C Q; then, for
every o € (0, 0*], the function

we L*(~T,0, H'(B(z,0),RM)) N H2p(~T,0, IX(B(z°, 0)R™))
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is solution in Q(X°,0) C B(z°,0) x (=T, 0) to the system (3.11) with

fi=Fy i (4i;(X°) = A;(X))Djwe L¥(B(z°,0) x (~T,0),RM),
J=1

i=1,2,...,n. Lemma 2.1 assures that Vp € (0, o)

/ lw — wo(xo,ll* dX <
Q(Xoap) ’

n+4
P ne
< — —_
< c(u){ (a) [9(){%0) [|w wQ(XO’a)” dX +

+/ u—u_, . |PdX + o? / | Diude—{-
o I oo [ oDl

10) =1

9) =1

N 31 12> S5 N T
Q(X?° Q(X0,0)

and hence, forevery 0 < p < 0 < o*

21 - 2dX <
(3.21) fo 1= o X <

n+4 o
P 2
< — - X
=<l {(0) /Q(XO,U) I wQ(XO,G)” ot .

n
+ g M2 D.wl? + o M2y : n
SMDwI O o

+0_A+2 Dz-u 2 +0_A+2 Fz 2 )
;n I en 0w, ;n I s oms

Hence, if we set

= - 2d
R N UETONN (3
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being 0* < gy, if 0 €(0,0*] and p € (0, 0), it results

¢ (p) < C(V)(§> n+4s0(0)+

' n
+c(v,n,A) o Mt? D,w||? +
( ) ;H IIL:’"‘(Q,RN)

+ [|ul|? + Dul)? + Fi|? ’
11, s ;n [ ;n HLQ,A(Q,RN,}

from which, making use of Lemma 2.VI of [3], we get Vp € (0, 0*)

3.22) w-w_ -, [FdX <
(3.22) Jo 180 iy P 4X <

1
< c(v,n, ) p*t? -———/ - *dX
< c(v,n, )P‘ {a*’\+2 Q(X0,07) llw 'UJQ(XQ,U*)” +

n
+ ) ||IDiw]? + [Jul)? +
;” ”L2'*<Q,RN) | HEZ'W(Q,RN)

+ > |I1Diu|)? + ) |IFY? :
;” ) ; L>*(QRY)

L**(Q.RY

Now we have two possibilities.
If 0* = 09, from (3.22) it follows (3.18) Vp € (0, 00) and Vp € (0, 0).
On the contrary if o* = /T + 10 < 0y, it results

QX% 0% = M(X*0*) , X*=(2°-T),

fl

and (3.22) can be written, V p € (0, ¢*), in the following way

3.23 | | — 2dX <
(3.23) Joo s 110 Wz 4 <

A+2
: C(V,n’/\){(f:) /M(X* - = w0y o gy 1P X+
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A+2 |2 2
st DL R T '

L2 (QRY)

1

4+ D;ull? + F|)? ] .
;II ”LZ*A(Q,RN) ;II IILZA(Q’RN)

Making use of (3.17), with p = 0* < g and X° = X*, we get

1

- _ 2
620 oo [, 0w XS

S C(l/,’l’b,)\) {;(—S\TZ— ”’U)Hiz(Q RN) + M2}

From (3.23) and (3.24) the estimate (3.18) follows forevery o € ( 0,vVT + t9)
and for every p € (0,0*). While if /T + 1% < p < 0° we have

QX%p)NQ C M(X*p)CQ, X*=(z°,-T)

and hence from (3.17), with X° = X* we obtain

(3.25) I2dX <

/ fo-w_ o
QX°,NQ QX".2)NQ

s/ lo-w_ . [PdX <
M(X*,p) M(X™,p)

' 1
< c(v,n, \)pE —— ||w]|? + M?
R R L

and hence the assert.
Now let us show the following

Theorem 3.2. If w € L*(=T,0, H}(B*(1),RN)) n HZ,(~T,0, L} B*(1),
RM)) is solution in Q@ = Q*(1) = B*(1) x (=T,0) to the system (3.1),
if the conditions (1.3), (1.5), (1.0), (3.2) are satisfied with ) = B*(1),Q =
Q+(1) and if u € LIQT(1),RY) n BN (Q+(1),RY), Diu €
LPMQT(1),RY),0< A< n+2,i=1,2,..,n, Dywe L2XQ*(1),RY),
O<A<n+2,1i=1,2,...n,then YR € (0,1) it results

we L2 (QF(R),RY)
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and moreover
| 1

(3.26) [Jwl|? <c(v,m,A) s [Jw||? +

2L2X2(Q+(R),RY) L*(QRY)
n
2 2
DI, I ZHD Al
2 1112

o0 g Z i RN)}

where QT (R) = BT(R) x (=T,0), Q = Q% (1), oy is the positive number
defined by (3.27). .

Proof. Letus fix R € (0,1) and let us set
(3.27) op = -;-min (1 - R,R, \/T)

We shall prove the theorem if, V X° € Q*(R), Vo € (0,00) and Vp € (0, ),
we have an estimate of the type

3.28 - 2dX <
L
< c(v,n,A\) prt? !wz D;w
et Lt ¢S,
| n
+ (lul? + Dl +
I llgz,m(Q,RN) ;H HLE,A(Q,RN)

+ u? + Fz 2
| ]HZ‘)T’%’(”QRN Z” o R”>}

Let X0 = (22,1%) = (9,29, ...,29,1°) be a point of @+ (R); we must consider
several p0851b111tles let us show (3.28) when:

a) z) =0,1 = -T.
For every o € (0, og] we have:

(3.29) I(X°0)NQ = BT (2% 0) x (=T, ~T + o) = M*(X°,0) C Q:
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the function
w € LA{(~T,0, H{(B* (2°,0),RM)) N B2, (~T,0, LX(B*(°, o), R™))

and is solution in M*(X°,0) C BT (2% 0) x (=T,0) to the system (3.11),
with

fi=F+ Z(/ol,] —A;j)Djwe L*(BY(2°,0)RY) i=1,2,..,n.
J=1
The estimate (2.17) of the lemma 2.4 assures that V p € (0, o) we have

2
30 w—w dX <
(3 3 ) / +( 0’p) ” M+(X0’p)” —

n+4
P 2
< Lt —
- C(V){(O_) /IVI+(X°,0') ”w wM+(X0,cr)” dX +

+ o2 / D;ul|?dX +
| [ Mt (x0) ;H I

+ 1l DIF dx +

o,
H,(;%(t°,t°+a2,L2(B+(x°,o),RN)) M*(X%,0) ;21

+/ adlE dXJ }
I M+(X%,0)

From this estimate, taking into account (3.13), (3.14), (3.15), (3.16) and that
. . N (o]
fi=F+) (Ayj —Aij)Djw i=1,2,...,n,
Jj=1
follows V0 < p < 0 < 0y

n+4
(<) (L) plo)+ew) ot ar

where
— . _ 2 .
o= [ 0wy XS
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n
= > |IDsw]]? +lal® 4
=1 L**(QR") L**(Q.RY)
+ D;u + [u]? + Fz 2 .
.Zn I s oy T80 ) ;n A

Hence, in virtue of lemma 2.VI of {3], in corrispondence with the number
€e=n+2-A,Vo&(0,00)and Vp€(0,0)

A+2
e(p)<c(v) (g) @ (0) + c(v,n, \ )M 2
from which, Vo € (0, 0¢] and Vp € (0, o)

2
— dX <
/M+(X0,p) ”w wM+(XO,P)|I -

1 .
< c(v,n,A) pt? ———/ w— w 2dX + M?
—_— ( )p 0-0A+2 M+(X0,O.) ” M+(X010)”

From this estimate, taking into account (3.29), (3.28) follows Vo € (0, 0] and

Vpe€(0,0).
With easy variations of calculations and using the same technique of [6]
one can achieve the estimate (3.28) also in the following situations:

b) 2% =0, -T <19 <0

c) 0<m%§%¢et°:—-T

d 2 <2) <Ret'=-T

e) ¢ < 29 <R

o<zl <Pe-T<t®°<0
and then the assert.

Taking into account theorems 3.1, 3.2 and following the same tecnique used

in [6], the final theorem can be easily showed:
Theorem 3.3. If v € L*(~T,0, H\(Q,R"N)) n Hz(-T,0, L%, R"N)) is so-
lution in Q) to thg problem (1.1), (1.2), if the conditions (1.3), (1.5), (1.6)
are fulfilled, if f* € L*MQ,RN), 0 < A < n+2,¢ = 0,1,...,n, if
we 22+2(Q, RV n BV (Q,RY), Diue L2MQ,RY) i =1,2,..,n

then it results
vE zZ,A-}-?(Q, RN)



LrAt2 —REGULARITY OF THE SOLUTIONS. .. 139

and the following estimate holds

(331) ol < { > D) -

22,A+2(Q’RN) L2’/\(»Q,RN)

SO } (2).

+ luf? o
) i=0 L5 (QRT)

+
L#AHQRY)

+ [u)?
| ]Hi"T’%"”(Q,RN
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(*?) Invirtue of the theorem 4.1 of [6] and taking into account the assumptions of theorem
(3.3), itresults D;v, D;w € L**(Q,RY), i = 1,2, ...,n, u = v + w and moreover the
estimate (4.2) of [6] holds.



