LE MATEMATICHE
Vol. XLVI (1991) - Fasc. I, pp. 117-126

HYPERBOLIC-PARABOLIC SINGULAR
PERTURBATIONS IN GENERAL REGIONS

BERARDINO D’ACUNTO (Napoli)(*)

We consider a singular perturbations problem for the inhomogeneous
damped wave equation and the inhomogeneous heat equation with
moving boundary. We give rigorous and explicit estimates and show
the uniform convergence.

1. Introduction.

Hyperbolic-parabolic singular perturbations problems have been
considered some years ago by several Authors [8, 9, 5]. They analyzed
both the Cauchy problem and the initial-boundary values problem.
However, in all these papers the boundary is assumed to be fixed.

More recently, it has been emphasized that hyperbolic heat
transfer models could play an important role in technological
problems when high energies are involved [4]. Thus, some questions
related to hyperbolic free boundary problems have been discussed [6,
7, 1] ; ’
In this connection, in some works we studied hyperbolic-parabolic
singular perturbations problems related to initial-boundary values

(*) This research was supported by Italian Ministry of University and Sci-
entific Research.
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problems with moving boundary [2, 3]. Following these researches
we consider, now, the singular perturbations for the equations

(683 +'(9t’)ug = (CY(?,? + C)ue + f’

Ou = (b2 + c)u + f,

in an initial-boundary values problem with moving boundary of
equation z = r(t). We deduce a rigorous and explicit estimate for
the difference of the solutions and, as consequence, the uniform
convergence. More precisely, denoting by u.(z,t) and u(z,t) the two
solutions, we obtain the following estimate

. lut —Ul Skap, :

where k is a constant independent of z, t, ¢ and p is a positive
rational number.

2. Statement of the problem.

We want to discuss the singular perturbations problem that arises
when we study the convergence of the solutions of the inhomogeneous
damped wave equation to the solutions of the inhomogeneous heat
equation for the boundary values problems defined in (2.1)-(2.6). The
hyperbolic problem is the following

(2.1 (87 + Or)ue = (0dO2 + ¢)ue + f(z,t), 2>r(t),0<t < T,
(2.2) ue(2,0) = @), e (2,0 = $(z), >0,

(2.3) ue(r(t),t) = a(t), 0<t < T,

In the parabolic case the same boundary value problem, obviously,
requires only one initial condition

(2.4) Opu = (a2 + c)u+ f(z,t), ¢ >r(t), 0<t<T,

(2.5) u(z,0) = ¢(z), z >0,
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(2.6) u(r(t),t) = a(t), 0 <t <T.

Here o and ¢ are assumed to be constant. The small parameter ¢ is
called material relaxation time. Moreover, z = r(t) is the equation of
the moving boundary. |

We consider the singular perturbations problem on the region

(27) Q= {(Ivo,tg')o <ty < T, T’(to') < g < tm/a/a},T > 0,

“since for zo > tp\/2/« the hyperbolic boundary values problem becames
a Cauchy problem and the solution converges to the corresponding
solution of the parabolic initial value problem [5].

By using the fundamental solution of (2.1)

(2.8) Vi(zo—z,t0—17) = 6\_/%6_ g (\/(1 + 4ce) [(toél;zr)z a (%4;:)2]) ,

where I,(n > 0) is the modified Bessel function of order n the solution
u. of (2.1)-(2.3) can be written as

e—-to/?& o
(2.9) Ue (2o, t0) = 5 ¥ <-’Co + to\/;) +

+ /O%HO\/;[W(“«’) +(z)(1 + 0]V (20 — 2, to)dz+

+@e-‘%;l o a(7)[F(r) — er(r)0r — a0y ]V (2o — r(1),t0 — T)dT—
__/0 V(o — r(r), to — 7)[ei(r)a(r) + aw, (r)(1 —}5-7"2(7')/6”)]‘1”'
N /Oqto 0 /:no+\/§(to—-7') f(:z:, r)Vc(xO —x,tg— r)d:v, (mo,tol) € Q.

(r)
Here ¢ and s(r) are respectively defined by

t =ty — Ve/aleo — r(t)],
s(r) =r(r) for 0 < 7 < t,s5(r) =z — \/g(to —r)fort<r< to,.

and the function

(2.10) we (1) = ue z(r(1), 1)
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satisfies the following Volterra integral equation

(2.11) w,(2) [1 —~ ﬁ(t)\/;ﬂ = e—t/2‘<p" (r(t) +t\/9 + 2ep(0)Ve(r(t), 1)+

r(t)+ty/afe
/0 [ed!(2) + ¢'(2)(1 + eV E(r(t) — z,)dz—

+2
_2_1; [a()(1 + €0y, + e(T)0ry) — ca(r)]V(r(t) — r(r),t — 7)dr—
__\/gd(t) + Q/Ot Vi(r(t) — r(r),-t — Tow, (7)1 — 6_7"2(7‘)/a]d7'+
t r(O)+/E(t-1) '
2 [ dr oz, T)VE(r(t) — 2,t — 1)dz,0 T.
+_/0 _/,(T) fo(e, T)VE(r(t) — 2t — 7)d2,0 < t <

Moreover, introducing the fundamental solution of (2.4) given by

(zg—x)?
ec(to=7) o~ islin=ry

2.12 E°¢ —2z,tp — = ,
( ) (:EO Z,to T) \/mm
the solution u of (2.4)-(2.6) is
(213) u(xo,to) = / go(.’l,‘)Ec(iL‘o -— :U,to)dl‘-——

10

- -/0 “la(r)(i(r) - @0z)E* (20 — v(1),0 — 7) + aw(r) E*(20 — 7(r), Lo — 7)]dr+

to oo .
+/ dr f(x, T)Ec(z’o —2z,tg — T)dx, ((L’o,to) € Q,
/0 Ir(t)

where the function
(2.14) w(t) = ug(r(t),1)

verifies the following integral equation

(2.15) w(t) = 2 /0 " @ E(r(t) ~ 2, )da—

-—-2/0 {[a(T) — ca(m)]E°(r(t) - r(7),t — 1) — aw(T)EL(r(t) — r(1),t — 7)}dr+
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+9 /O Fr(7), TYES(r(t) = (7).t — 7)dr+

+2/ dr fo(2, T)ES(r(t) — 2, t — 7)dz, 0 <t < T.
0 (1)

3. Singular perturbations.

We study the singular perturbations problem with the following
hypotheses on the data

(3.1) ¢ € C*([0,+00]), ¢(0) = a(0),

(3.2) le(e)] < My, |¢'(2)] < My, |"(2)| < M,

(3.3) ¥ € CU[0, 2TV a/e]), ()] < My, |¢/(2)] < M},
(3.4) a € C*([0,T1), la(t)] < Ma, la(t)] < M}, |a(t)] < M”,
(3.5) FeEC{(z,t) : 0<t<Tr(t) <z < oo}),
(3.6) (2 0)] < My, |fo(z,0)| < M.

In (3.1))-(3.6)) M(p,M{p,M{p’,Mw,M{p,Ma,M‘;,M;’,Mf,M} are positive
constants. Moreover, on the function r(¢) describing the moving
boundary, we assume

(3.7)  r(t) € C*([0,T]), 7(0) =0, |#(t)] < ri, r = constant < \/a/z.

Finally, we recall two inequalities [5, Sec.2] about the fundamental
solutions (2.8), (2.12) when ¢ > 0 and |z| < tva/e

(3.8)  V(z,t) < CoE(2,t), d=1+4ce, Co=/2n(2/d+ 1/e) < 4,

2 z?2
de— 2= I (d 4 T 4as>

\/405 \/1 — 5x2/at2 S C].Ec(x>t), Cl = dz\/ﬂ(Q/d_}_ 3/6)3/2,

(3.9)
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Now, we consider the two solutions (2.9), (2.13) and get
(3.10) ue(zo,t0) — u(zo,to) = m(zo,t0,€) + ms(zo,to, &) + my(o,to, &)+
1
+/ a{w(r) — we(r)[1 — 57"2(7')/a]}V°(:v0 —r(7),tg — T)dT,
/o
where

(3.11) m(zo,t0,€) = —a /;t w(r)Ve(zg — r(1),t0 — 7)d7+

‘+a‘/(; i w(r)E(xo — r(7),t0 — T)dT,

~to

(3.12) my(zo,to,€) = c ;t 7 (zo + tO@ —-/ o(2)E° (o — 2,t0)dz+
_ - /o

wot+to/Z
+ [ e 0) + o)1+ 0V (20 2, t0)d

pU) - | atr)ied. = #(n]E (w0 - r(r), to — r)ar+

+/(; [ea(T)?(T)0r + a(T)a8y — a(T)i(T) — er(T)a(T)]V(z0 — r(r),to — T)dr,

| to ﬂ?vo+\/¥(to—r)
(313) my(zotoe) = [ ar | Fla, 7Y V(20 — 2, — 7)dr—
/0 ls(T)
to (e.0]
—/ dr f(z,T)E (29 — 2,10 — T)dT.
10 lr(T)

First, we discuss m(zo,t0,&) and show

THEOREM 3.1. Under the hypotheses (3.1) — (3.6) there exists a
constant K,, independent of ¢,zo,tq, such that

(3.14) | Im(zo,t0,€)| < Kme?,

where q is a strictly positive rational number.
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Proof. Setting

(3.15) my = QA w(r)(E° = V) (zo — r(r),to — 7)dr,

to
(3.16) mg = a/ w(r)E (2o — r(7),t0 — 7)dr,
/t
from (3.11) we have
(317) | m(l’o,to,&f) =my + ms.

Considering that |w(t)] < M,,0 <t < T, where M, is a constant
independent of ¢ (see [2, 3]), we obtain
(3.18)

:t:—r(r)] to—T

to "'4at T to ——Q—,—-
]m2|<,/ MyeT [ &2 dr<,/ MeCT —6—;
VAa(to — 1) VAa(to — 1)

since efzo — 7(7)]* > a(to — 7)? for t < r < t,. Hence,

1/4 to oT TE: 1/4
/. (t0_7)3/4_-\/—M2 ( )

The\n, we consider m; and suppose ¢ < ¢; recalling (3.8) we have

(3.20) Im;| < \/§5Mwe°T /t __dr_ < \/_§5MweCTal/2.
- 7!' /0 \/4(to -7 T

If t > ¢, we introduce

(3 19) lmgl <

Di={0<r<t—¢ : £
(64
:{0<r<t—é_ : g[xo_—r(_r)} > 1/4},
and note that

(3.21) | ma| < mag + mag +mys
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with

my; = aM, / [(E°— V) (zo — r(r),to — 7)|dT,
.Dl

' Dq
t
mig = CYMw I(E'c - Vc)(m() - T(T)7t0 - T)IdT'

ft—e

The last integral is easily estimated as

(3.22) miz < \/ESMweCT /t _dr < \/§5Mwe°Ts_1/2.
T ft—e \/4(t0 — 7') T

Moreover,
tQ—r
(84 16¢
mig < \/—5Mwe°T
T /D, \/4(t0 - T
hence

ab t—e 40\ /4 dr
< JE2Mm,eT =y 7
’””—\/;2 ‘ / <> (o — )2/

and therefore

1/4
(3.23) myg < \/gl(JMwecT <4%> .

Finally, we consider m;; and observe that
(3.24) my1 < M1 + Mirz + Mg + Mg,

where

to=r ‘
e~ "o d(to T) £ :co -7 7')]

d(tQ—f \/ z: -—r(r

10—

«m[l— : (—u)]/

dth— ) zg—r(r
102-1’ e 2¢ . 1_—‘;-( tg=—~ S" )2 1
€

|dr,

=

My = My« — 1ldr,
e ’ ./D1 Vidra(to — T) I[1 — £ (zo=r(r)y211/4 |

o to—T
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e_toQ—re-t-%—:—r\/l—'( zg=r(r))s
miig = My — — E%(zg — r(r),ty — 7)|dr,
113 V7 .D1| , dmalle = 7) (zg —r(7),t0 — 7)|

myi4 = Mwa/ Ec(mo —7r(1),t0 — 7')]1/‘/3— 1|dr.
/D,

Afterwards, m;;; can be evaluated by applying the following property
of the modified Bessel functions [10]

|1.(¢) — ¢ /\/27€| < K/¢, K = constant, £ > 0.

Indeed, recalling also that 1 — [g(zo — r(7))%/a(to — 7)%] > 3/4 on D, ,
we have

t—e —

tg-r 5
© T dr <AK My /225,
to—T - 3

2K Jae

(3.25)

Now, we estimate m;;; obtaining

mits < M-“( )1/4/ B* (20 — r(r), o — ) 2=

va alty — )2

and, therefore, using (3.8),

c AN faen 1/2
(3.26) mi1z < 4eT M, (5) (?) .
Similarly,

cTM

(3.27) mis <~
Lastly,

(3.28) mi14 < Mwa/ E¢(zo —r(7),t0o — T)(\/c—l— dr < My, j;r—aeCTllca.
/D,
Recalling (3.15)-(3.28) we see that the theorem is proved.

Analogous results can be shown for each of the integrals at
right-hand side of (3.10) by using the methods introduced in [2, 3]
and rearranged to this situation following Th.3.1. Thus, we achieve
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THEOREM 3.2. If the hypotheses (3.1) — (3.6) are satisfied there
exists a constant k independent of ¢, zo,to, such that

’us(xo,to-) — U(mo,to)] S k&ip,

where p is a strictly positive rational number. Therefore, u. converges
uniformly to u.

Finally, we remark that Th.3.2 gives also a rigorous and exﬁlicit
estimate of the difference of the solutions.
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