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EXISTENCE OF SOLUTIONS FOR SOME DEGENERATE
QUASILINEAR ELLIPTIC EQUATIONS

ALBO CARLOS CAVALHEIRO

In this paper we are interested in the existence of solutions for Diri-
chlet problem associated to the degenerate quasilinear elliptic equations

- }"lej[w<x>£4<x,u,Vu>J T o(x)g(ru(x), Vu(x) = fo - 21 D,
J= J=

on Q, in the setting of the weighted Sobolev spaces Wé”7 (Q,m).

1. Introduction

In this paper we prove the existence of (weak) solutions in the weighted Sobolev
spaces W(l)’p (Q, w) (see Definition 2.3) for the Dirichlet problem

Lu(x) :fo(x)—i‘,D,-f,(x), on Q
~
u(x) =0, on 8JQ

(P)

where L is the partial differential operator

Lu(x) = — ile [0()7 (x, u(x), Va(x))] + 0()g(x,u(x)Vu(x) (1)

Entrato in redazione: 11 novembre 2008

AMS 2000 Subject Classification: 37J70, 35J60.
Keywords: degenerate quasilinear equations, weighted Sobolev spaces.



102 ALBO CARLOS CAVALHEIRO

where D; = d/dxj, Q is a bounded open set in R",  is a weight function,
and the functions &7; : QX RxR"—=R (j=1,...,n) and g : QxR xR"—R
satisfying the following assumptions:

(H1) x—27;(x,n, &) is measurable in Q for all (n,§) eRxR”
(n,€)—j(x,m,&) is continuous in R x R” for almost all x € Q.
(H2) [« (x,n,E) — o (x,n',E")].(E —&") >0, whenever &, E'eR", E£E’, where

ﬂ(xanaé) = (42/1()6,7175)7---,42%1(9677775))-

(H3) o (x,n,&).E > AIE)” + AIn|P — hy(x)|n| — ha(x), with 1 < p < oo, where

A and A are positive constants, h; € L (Q, ®) and hy € L' (Q, @) (we denote by

p’ the real number such that 1/p+1/p’ =1).

(H4) | o (x,0,E)| < K1 (x) +ha(x) |77 + ha(x)|E|P/P, where K1, h3 and hy are

positive functions, with /3 and hy € L*(Q), and K; € L’ (Q,w).

(H5) x—g(x,n,&) is measurable in Q for all (1,£) eRx R
(n,&)—g(x,n,&) is continuous in R x R” for almost all x € Q.

(H6) | g(x,1,&)| <Kz (x) +hs ()| |P/7 + he(x)|€|P/7, where K, hs and hg are

positive functions, with /s, hg € L*(Q) and K> € L7 (Q, ®).

(H7) g(x,n,§)n >0, for all n €R.

(H8) (g(x,n,8) —g(x,n",8"))(n—n') > 0, whenever n,n'€R, n #n".

By a weight, we shall mean a locally integrable function @ on R” such that
o(x) > 0 for a.e. x€RR". Every weight o rise to a measure on the measurable
subsets on R” through integration. This measure will be denoted by u. Thus,
U(E) = [; o(x)dx for measurable sets E C R".

In general, the Sobolev spaces W*”(Q) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. For degenerate
partial differential equations, i.e., equations with various types of singularities
in the coefficients, it is natural to look for solutions in weighted Sobolev spaces
(see [3], [4],[5] and [8]).

A class of weights, which is particulary well understood, is the class of A -
weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see
[10]). These classes have found many usefull applications in harmonic analysis
(see [11]). Another reason for studying A,-weights is the fact that powers of
distance to submanifolds of R" often belong to A, (see [9]). There are, in fact,
many interesting examples of weights (see [8] for p-admissible weights).

Equations like (1) have been studied by many authors in the non-degenerate
case (i.e. with @(x)=1) (see e.g. [1] and the references therein). The degene-
rate case with different conditions haven been studied by many authors. In [2]
Drabek, Kufner and Mustonen proved that under certain condition, the Dirichlet
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problem associated with the equation —div(a(x,u,Vu)) =h, he [WO1 P(Q,w)]*
has at least one solution u € W, ” (Q, ®).
The following theorem will be proved in section 3.

Theorem 1.1 Assume the conditions (H1)-(H8). If @€A,, with 1 < p < o, and
fj/a)eLl’/(Q, ®) (j=0,1,...,n) then problem (P) has a solution uEWol’p(Q, o).

The basic idea is to reduce the problem (P) to an operator equation Au =T
and apply the theorem below.

Theorem 1.2 Let A : X — X* be a monotone, coercive and hemicontinuous ope-
rator on the real, separable, reflexive Banach space X. Then for each T € X* the
equation Au = T has a solution u € X.

Proof. See Theorem 26.A in [13]. O

2. Definitions and basic results

Let @ be a locally integrable nonnegative function in R" and assume that
0 < w(x) < oo almost everywhere. We say that @ belongs to the Muckenhoupt
class A, 1 < p < oo, or that @ is an A,-weight, if there is a constant C = C,, o

such that
! ! 1/(1=p) o
_ - -p <
(‘B’/Ba)(x)dx) <\B!/Bw (x)dx) <Cpo

for all balls BCR", where |.| denotes the n-dimensional Lebesgue measure in
R". If 1 < g<p, then A,CA, (see [7],[8] or [11] for more informations about
Ap-weights). The weight  satisfies the doubling condition if ®(2B) <Cw(B),
for all balls BCR", where w(B) = [; w(x)dx and 2B denotes the ball with the
same center as B which is twice as large. If w€A,, then ® is doubling (see
corollary 15.7 in [8]).

As an example of A ,-weight, the function ®(x) = |x|*, x€R", isin A, if and
only if —n < a < n(p—1) (see corollary 4.4, chapter IX in [11]).

If o€ A, then
E[\” o(E)
=) <c, =7
(IB! ~ " 0(B)

whenever B is a ball in R” and E is a measurable subset of B (see 15.5 strong
doubling property in [8]). Therefore, if @(E) = 0 then |E| = 0.
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Definition 2.1. Let @ be a weight, and let Q CR"” be open. For 0 < p < oo, we
define L”(Q, ) as the set of measurable functions f on Q such that

1/p
LP(Q,) </ |f |p > < oo,

Remark 2.2. If w€A,, 1 < p < o, then since o~ '/(P=1) is locally integrable,
we have

/1

LP(Q, 0)CLjo(Q)

for every open set Q (see Remark 1.2.4 in [12]). It thus makes sense to talk
about weak derivatives of functions in L”(Q, ®). O

Definition 2.3. Let Q CR" be open, 1 < p < o, and let ® be an A,-weight,
1 < p < . We define the weighted Sobolev space W!7(Q, ®) as the set of
functions u € LP(Q, w) with weak derivatives DjucL?(Q, ), for j=1,...,n
The norm of u in W7 (Q, @) is given by

n 1/p
s = ([ Fa@a 3 [ DaPomd) . @

We also define WO1 ?(Q, ) as the clousure of C(Q) in W!'?(Q, @), and

1/p
g = ( £ [, o)

The dual space of W, (Q, @) is the space [W,”(Q, 0)]* = W7 (Q, ®) (see
[4D),

w7 (Q, o)
={T=fo—divf: f=(fi,..../n), [/ 0EL” (Q,0), j =0,...,n}.

It is evident that the weight @ which satisfies 0 < ¢; < @(x) <c¢; for xeQ
(c1 and ¢, positive constants), give nothing new (the space W(l)’p (Q,w) is then
identical with the classical Sobolev space W(l)’p (Q)). Consequently, we shall
interested above all in such weight functions @ which either vanish somewhere
in Q or increase to infinity (or both).

In this paper we use the following two theorems.
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Theorem 2.4 Let w€A),, 1 < p < o, and let Q be a bounded open set in
R". If u, —u in L (Q, @) then there exist a subsequence {uy, } and a function
P cL?(Q,) such that

() up, (x) = u(x), ngp—eoo, p-a.e. on Q;

(ii) |un, (x)| <P(x), u-a.e. on Q.

Proof. The proof of this theorem follows the lines of Theorem 2.8.1in [6]. [
Theorem 2.5(The Weighted Sobolev Inequality) Let Q be an open bounded set
inR" (n>2) and @w€A, (1 < p < o). There exist constants Cq and 0 positive
such that for all u € Cy’(Q) and all & satisfying 1 <k<n/(n—1)+9,

lull i 0,0) < CallVillr (@ w)-

Proof. See Theorem 1.3 in [4]. ]

Definition 2.4. Let 1 < p < . We say that an element ueWol’p (Q,m) is a
(weak) solution of problem (P) if

Z/ a)lej(x,u,Vu)Dj(pdx+/g(x,u,Vu)(pa)dx
j=17% Q

for all p e W, ”(Q, o).

3. Proof of Theorem 1.1
We define B: W, 7 (Q,0) x Wy ?(Q, @) =R and T : W, 7 (Q, ®) — R by

B(u,p) = Z/Qa)fg/j(xju,Vu)Dj(pdx—l—/Qg(x,u,Vu)(pa)dx;
=1
T((p) = /Qfo(pdx—i—Z/ijDj(pdx.
=

Then u e WO1 P(Q, ) is a (weak) solution to problem (P) if

B(u,@) = T(9), forall peW, ”(Q, ).
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Step 1. We define the operators
Fi WP (Q,0)—L7 (Q,0) and G : W, 7 (Q, 0)—L" (Q, ®)
by (Fju)(x) = (x, u(x), Vu(x)) and (Gu)(x) = g(x,u(x), V).

We have that the operators F; and G are bounded and continuous. In fact,
(i) Using (H4) and Theorem 2.5, we obtain

1Ful]) g = | [P0l @d

_ / | (x, 1, Vi) | @ dx
Q

IN

/ / p/
/<K1+h3]u\p/p+h4]Vup/p> o dx
Q

IA

c/ [(K{"+hg"\u|f’+h§’|v14|l’)m] dx
Q

_ c[/ Kf/a)dx+/h§/]u|pwdx+/hf/|Vu|pa)dx}
Q Q Q

< c [Hm 17 0 (Calls 2y + Hmuf’w@))\uug’vgﬁp(m} NE
Therefore, in (3) we obtain
e (L e T ) @

Analogously, by condition (H6), we have

1G]} gy = | lex Vi) @
/ / p/
< /(K2+h5|u|p/” +h6|Vu]”/p) wdx
Q
S C|:’K2||€P’(Q7(D)+(CQ||h5||£Pl(Q7a))+”h6||zm(9))||uHPWO]‘P(Qa)):|'

Hence,

160l <C(1Kalise + Il ) )
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(ii) Let u, —u in Wol’p(Q, ®) as n—oo. We need to show that Fju,—Fju and
Guy,—Guin L” (Q, o).

If w,—u in W, ?(Q, ®), then |Vu,| — |Vu| in LP(Q, ©) and u,—u in LP(Q, o).
Using Theorem 2.4, there exist a subsequence {u,, } and functions ®; and ¥,
in L?(Q, o) such that

Uy, (x)—u(x), p—ae.inQ,

|, (x)| <Py (x), u—a.e.inQ,
Vit (9] V(o). i —ae.in €,
|Vity, (x)|<Pr(x), u—ae. inQ.

Hence, we obtain

[t = Fylly = [ 1Fitn () = Fu()

= / |2 (X, g, Vity, ) — %(x,u,Vu)\plwdx
[

IN

C/ <"Q{](x7 M”k7vunk)’pl + "‘Z{j(anV“”p,) odx
Q

IN

p/
c[/ <K1—|—h3|unk|”/”—i—h4|Vu,,k|”/”) wdx
Q

/ / pl
+ /<K1+h3\uy!’/1’ +h4\Vu|”/p> a)dx]
Q

IN

/ / pl
2C / <K1+h3c1>’1’/” +h4q>§/P> o dx
Q

~- ¢ /Kf"wdx+/hg"q>fwdx+/hf{'cbgwdx]
| Jo Q Q

< C ||K1H +||h3\|pw(g)/gcbfwdx+\|h4\iw(g)/gtbga)dx}

L" (Q,0)

< C HKlH +Hh3H”m D117, )+ 15 ) [9217) . |-
L (Q,0)

Analogously, we have

|G = Gl ) < é[uKzuiﬂmﬁHhsuf’m(g)rdauzp(g,w)

+ ||h6||ZN(Q)||CD2HZP(Qyw) .
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By condition (H1) and (HS), we have
Fjun(x) = (0%, un(x), Vit (x)) =7 (x, u(x), Vu(x)) = Fju(x), asn — oo,
Gty (x) = g%, (x), Vity (x)) =g (5, u(x), Vu(x)) = Gu(x), asn— o,
for almost all x€Q. Therefore, by Dominated Convergence Theorem, we obtain
| Fjutn, — FjuHL,,/(Q7w)—>0 and [|Guy, — Gul| 1/ g )0

that is, Fju,,—F;u and Gu,,—Gu in U’l(Q, ). By Convergence principle in
Banach spaces, we have

Fity— Fjuin ¥ (Q,0), and Gu,— Gu in L”(Q, o). (6)

Step 2. We have,

7o) < [ Inlloldr+ Y, [ 1f1D;0ldx
Q ioile
_ [ 1l [,
_ /Qw |q)|a)dx+j_; | FaDjglods

< 1o/ 0l gy 19licm) + X 15700 .0 1250 1 0
j=1

< (Callo/ollyan + X 15/0lram ) 19y a0
=1

Moreover, we also have

Blug)|< Y. [ [ (x,Vu)|IDjgl@dx+ | lg(x.u Vulpaads
j=1

IN

/ <K1 + ha|ulP!” +h4|Vu|p/”/> \Vo|wdx
Q

. (K2+hsru|”“”+hﬁrw\f’“")|qo|wdx
Q

IN

c[um I o+ 1Kol g + (cg<uh3um> 1)

+ Uhsliegay + il )02 |19l ™
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Since B(u,.) is linear, for each uEWol’p (Q, ®), there exists a linear and continu-
ous operator Au : W, 7 (Q, ®) — [W, 7 (Q, ®)]* such that (Au, 9) = B(u, @), for
u, @ W, " (Q, w), and

\Auu*sc(||f<1um,w)+uKanpf(g,a,) + Hu||';v/;.’,,(g7w))- (®)

Consequently, problem (P) is equivalent to the operator equation Au =T,
with u e Wol’p(Q, ).

Step 3. Using conditions (H2) and (H8), we have
(Auy — Aug,uy —up) = B(uy,u; —ua) — B(ua, uy — uz)
= /g 0 (x,u;,Vuy).V(u; —uy)dx— /Q 0 (x,up,Vuy).V(uy —up) dx
+ /Qa)[g(x,ul,Vm)—g(x,uz,Vuz)](ul —up)dx
= /Qa)(,fzf(x,ul,Vm)—;zi(x,uz,Vuz))V(u] —up)dx
+ o[g(x,u1,Vuy) — g(x,uz, Vur)| (g — up) dx > 0.

Q

Therefore the operator A is monotone. Moreover, using (H3), (H7) and the
weighted Sobolev inequality (with £k = 1), we obtain

(Au,u) = B(u, u)
= /w%(x,u,Vu).Vudx—i—/a)g(x,u,Vu)udx
Q Q
> /<A|up+7L|Vup—h1]u|—h2>wdx
Q
= A/ ]u|pa)dx+7L/ Wu|pa)dx—/ h1]u|a)dx—/ hyodx
Q Q Q Q

> A/ ]u\”a)dx—i—l/ VulP 0 dx
Q Q

/ 1/p 1/p
- ([ oas) " ( furoar) =l

>l g )~ 1l 2.0 29— 2 120
> Clall1s g, 00~ Cal .ol Vel = 21l
> Clal 1y g, 00—~ Cal s 1y, 00— Mozl
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Hence, since 1 < p < oo, we have

(Au,u) _1 HhZHLl(Qw)
T =Cllulll i o~ Callbillr e =7
|’”‘|W0‘-P(Q7a)) Wy 7 (Q,0) LY (Q,0) ”””WO‘-P(Q,w)
and
LN
HMHWOLV(Q#))

as ||u||W01,,,(Q7w)—> + oo, that is, A is coercive.

Step 4. We need to show that the operator A is continuous. Let u,—u in
W, ?(Q, ®) as n — oo. We have,

|B(utn, @) — B(u, @)
Z/ ’%(x,umvun)—%(x,u,Vu)|]Dj¢\wdx
j=178

IN

+ /Q 10t thn, Vitg) — g (v, V) || | @ dx

n
_ Z/ \Fjun—Fju|\Dj<p|wdx+/ |Gty — Gul| 9| @dx
=ile Q

n

Y 1t — il .0 1Pl s 0y + 16t — Gt .0 191010
j=1

n
C( 32 1t~ Fl g+ 1610~ Gl . ) 19l
Jj=1

IN

IA

for all ¢ EWOI’I’(Q, o). Hence,

n
”Aun—Al/iH}’< SC(Z ||Fjun_Fju|Lp'(Q7w)> + ”Gun_GuHLPI(Q,CO)'
j=1

Therefore, using (6), we have ||Au, — Au||,—0 as n — oo

Therefore, by Theorem 1.2, the operator equation Au = T has a solution « in
WO1 P(Q,®) and u is the solution for problem (P).
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4. Example Let Q = {(x,y) €R" :x?+y? < 1}, and consider the weight func-
tion @(x,y) = (x> +y?)~'/2 (@ €A»), the functions & : QxRxR>—R? and
g : QxRxR?>—=R defined by

%((%)’)arlaé) :h4(x,y)§
g((xay)vnvé) = 770052()0’)'

where ha(x,y) = 2¢° . Let us consider the partial differential operator

Lu(ry) = —div[w<x,y>~ef<<x,y>,u,w>]+w<x,y>g<<x,y>,u,w>
= 5ot 3E] - 5 [atamen 5]

+  o(x,y)u(x,y)cos” (xy).

Therefore, by Theorem 1.1, the problem

has

u(x,y) =0,0ondQ

a solution uEWOI’Z(Q, o).
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