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EVEN TYPE AND ODD TYPE SETS
IN A STEINER SYSTEM AND LINEAR CODES

GIUSEPPE TALLINI (Roma)

1. General properties of even type and odd type sets in
S22, k,v).

Let (S,L£) be a Steiner system S(2,%,v), that is a linear space
in which every line has & points and |S|=wv. It is:

r =7’ lines through a point = (b —1/(k-1)
b=|L|=v(w—1)/k(k - 1).

In (S,£)=S5(2,k,v) a subset P is an even type set iff every line
meets it in an even number of points. We denote by P the family of
even type sets of (S,L). A subset D of (S,L) is an odd type set iff
every line meets it in an odd number of points.

We denote by D the family of odd type sets of (S, L£). We set:
(1.1) H=PUD

It is:
(1.2) peP; keven »—SeP; kodd - S eD.
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Moreover it is:
keven - [XeP — X' =85 -X €P;
(1.3) XeED—X'=5~XeD]
kodd »[X €P & X'=5 - X €D]
Since for any [ € L it is:
X, YCS-»|XUY -XnY)Nni=|XNI+Y Nl -2XNY NI,
we get:
X, YeP H(XUY—XhY)E’P,
(1.4) X, YeED-»XUY -XNY)eP,
XeP,YeED»XUY-XNY)eD.

It is known that the power set of S, with respect to the
symmetric difference:

(1.5) X, YCS XoY=XUY-XNY
and to the product times a scalar in Z,:
(1.5 0-X=9¢, 1.X=X, 01ec2,

1s a vector space over Z;, (IP(S),®, -, Z,) isomorphic to Z3(v = |S).
By (1.4) we get that (K, ®, -, Z») is a subspace of (IP(S), +, -, Z2), such
that, if D=0, P is an index two subspace.

We easily prove:

XeP, X8 — |X|=0 mod2,
(1.6) .
XEP, X#p— |X|=1+7r mod?2,
Moreover:
XeD, X#S— |X|=r mod?2,
(1.7)
XeD, X#f— |X|=1 mod2.
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It follows:

L If r is even the only either even type sets or odd lype sets are
the trivial ones, that is §, S. Moreover If v is odd:

X eP, X#0,S — |X| even,
(1.8)
X eD, X#§,S — |X| odd.
From now on we assume r odd:
(1.9) ] r=2p+1.
We easily prove:

(1.10) DeD —I|D|>r;|D| =7 < kodd, D is of type (1, k)]

(1.11) PeP,P#f[|P|>7+1; |[P|=r+1 o Pis of type (0,2)].
By (1.10), (1.8) we get

(1.12) keven — |D|>r+2 DeD.
By (1.10), (1.11), (1.12) we have:

II. Every non-zero vector of (H,+,-, Z) has weight w > r if k is
odd, w > r+1if k is even (we recall that the weight of U € H is the
number of non-zero components of the vector U, that is the number
of points of U). 1t follows that H is a linear code of Z3 correcting
e > (r —1)/2 errors.

Assume now D#J and let be D € D. Set |D|=2n+1. The
equation of characters, [2], with respect to D provides:

D Tt =b, Y (@2s+ Dizgr = (2n+ Dy,
(1.13)
> (25 + 1)2stas = Qn+ )20

By (1.13);, (1.13); we get:

228-t23+1+b=2m+'r}——>b=r+20, g EN.
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Therefore:
(1.14) > sty =mr—o, b=r1+20.
By (1..13)3, (1.14) we get:

22 82t23+1 +nr—o=20"+n
and then, since r is odd, it is:

o=21, b=r+4r

Since it is vr = kb, we have:

v = kmod 4

vr =k(r+41)— (v — k) =47k —
v = kmod 8 if k is even.

So we prove:

III. If D is non empty, it is b=1r mod 4 and v = k mod 4; it is
v =k mod 8 if k is even. Moreover for any D € D, |D|=2n+1, set
b=r+4r, itis (r=2p+1):

(1.15) Z Stog+1 = mr — 27, Z 52t23+1 =+ 7 np.
By (1.15) we get (r =2p+ 1):

(1.16) D (s — 8)tagr = n(n— 1) — 3np +37.

Since the left hand side in (1.16) is even, by (1.16) we get:

(1.17) np=71mod2 (b=r+4r,r(v—k)=47k).

If p is even, that is r = Imod4, by (1.17) we obtain that 7 is
even, that is b = rmod 8, whence v = kmod8, v = kmod 16 if k is
even, that is:

IV. If D is non empty and r = lmod4, it is b = rmod§,
v=kmod8 and v = kmod 16 if k is even.
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If p is odd (that is » = 3mod 4) and 7 is even, that is 6 = r mod 8,
then n is even, that is |[D| =2n+ 1= 1lmod4. If 7 is odd, that is
b # r mod8, then = is odd, that is |D| = 2n+1 = 3mod4. So we prove:

V. If D is non empty and r = 3mod4, it is:
b=rmod8+— VD € D,|D|=1mod4,
(1.18)

b# rmod8+— VD € D,|D| = 3mod4.

As corollaries of I, III, IV we get:

VL. In §(2,q,q™), q even and m > 2 (for istance in an affine plane
of order q even) it is D = .

VIL In S(2,a+1,a’+1) (abstract unital) if a is even, it is D = {S}.
If a is odd and a # 1mod8 it is D = 0.

VIIIL. In S2,n,7cn—c+ 1)) (maximal arc) it is:
c,nodd — D ={S},
codd neven — D =0,

c,neven,cZ Omod8 — D =10.

Assume now that in S(2, k, v) a non-empty even type set P exists )
and let k£ be odd. Then D=5 — P € D (see (1.3)) and by Theorems
III, IV, V we get:

IX. S(2,k,v), k odd and P={0}, it is b= rmod4 and v = kmod 4.
If r=1mod4 it is b=rmod8 and v = kmod8. If r = 3mod4 it is

(b=rmod8+— VP P — {#},|P|=v — 1mod4,
(1.19)

b rmod8 — VP € P — {0},|P| = v —3mod4.

Let be P € P and |P| =2n By the equations of characters referred
to P, we get:

[P =2n,)  stas =nr, > 5Q2s — Dtgy = n(2n— 1)
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whence (since r =2p+1):

Y st =nlntp), Y stas = n2p+ 1),

so that:
2(32 —s)tas =n(n—p—1).

If p is odd, that is » = 3mod 4, since the left hand side of the
previous equation is even, we get: n= Omod 2, that is |P| = Omod 4.

So we state:
X. In S2,k,v), r=3mod4, for any P € P, it is |P| = Omod 4.

If r =3mod4 and k£ is odd, by prop X and (1.3) we get (see
prop. V):

XI. In S(2,k,v), r =3mod4 and k odd, if D#8, for any D € D it
is |D| = vmod4, whence:

=rmod8 — v=1mod4,
(1.20)

b % rmod 8 — v = 3mod 4.

2. Linear codes related to a S(2,k,v),r = 3mod4.

Let S(2,k,v) =(S,L) be a Steiner system with » = 3mod4. As
we previously considered we associated to it the subspace H =P UD
of the vector space IP(S) = (P(S), ®, -, Z,) that is a linear (v, w, d)-code,
where v = dimIP(S) = |S|, w=weight of H > r, d =dim*. Our aim is
now to calculate d.

In P(S) we define a scalar product in the classical way:

X, Y € P(S), X(z:),Y =(y), X - YV = E z;yi(€ Z2).

We easily prove:

=0if | X NY| is even
X, Y,eP(S), X Y =|XNY|= ,
=1if [ X NY| is odd.
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So in IP(S) the following orthogonality is defined:
2.1 X1Y «|XNY|p=0, X, Y €IPS).
If T is a subspace of IP(S) vx;e set:
2.2) T+={X €P(S): XLY,VY € T}.
We easily prove:
@3 dimT +dim T = dim P(S) = v,

By proposition X we get:

(XEP =YY EP, XY |=|XUY —-XNY]|=
=|X|+|Y]|-2|X NY]| = 0mod4,
(2.4) J
|X|=0mod4,[Y| =0mod4 — |XNY| =
L =0mod2— X1Y,VY € P

Set a=11if b=rmod8,a =3 if b % rmod8. By prop. V we get:
XeEP VY eED,|[X@Y|=|X|+|Y]-2|XNY|=amod4,
(2.5) |X|=0mod4,|Y|=amod4 ~ | X NY|= Om§d2 — X1Y,
V¥ eD.

By (2.4), (2.5) we get:

(2.6) XEP-VYWEH, X1Y o X e HL
that is:
2.7) P CHL—dmP <dimHL.

If D =@, that is P =H, by (2.7) and (2.3) we get: 2dimP <
dimP +dim P+ = v, that is

(2.8) D=0rd<v/2
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If D#p, whence dimP =d—1, by (2.7) and (2.3) we get:
2d —1=dimH +dimP < dimH +dimH+ = v, that is:

(2.9) D#f i d < (v+1)/2.

Assume now £ C H, whence £ C D and k is odd, moreover
S(2,k,v) is a projective plane of order ¢ = kK — 1, that is a
S2,q+1,¢*+qg+1), with ¢ =2mod4 (since r =g+ 1 = 3mod4). We
have:

XeEHRH VY EH,XLY & |[XNY|=0mod2,VY € H s

—VYleLl,|XNIi|lis even <+ X € P,
that is:

(2.10) HECP — dimH* < dimP.

By (2.10) and (2.3) we get: v =dimH +d1m'Hl < dimH +dimP =
2d——1r—>d>(v+1)/2 that is:

(2.11) LCDw—d>@w+1)/2.

By (2.9) and (2.11) we obtain:

L. In a projective plane S(2,q+1,¢*+q+1) with ¢ = 2mod4, it is
d = (¢*+q+2)/2 and H is a linear (v = ¢*+q+1,w = g+1,d = (¢*+q+2)/2)-
code.

At last we prove:

II. In PG(m,2) = 5Q2,3,0n), H isalinear (v="0,,,w =0,,_1, m+2)-
code (where 0, =2™"1 _ 1),

Proof. In PG(m,2) every odd type set is either PG(m,?2)
or a hyperplane (since it is of class [1,3]). Then every even
type set is either § or the complement of hyperplane. It follows
W = Oty |H | =200, +2 = 2™2 and then d = m + 2.

Theorems I and II are well known but here they follows as
particular cases of the general geometric theory previously explained.
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