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REMARKS ON K-MIDCONVEX SET-VALUED
FUNCTIONS WITH CLOSED EPIGRAPH

KAZIMIERZ NIKODEM (Bielsko-Biala) (*)

In this note we present some continuity results on K-midconvex
set-valued functions. In particular, we give conditions under which K-
midconvex set-valued functions with closed epigraph are K-continuous.

Let X and Y be real topological vector spaces (satisfying the T,
separation axiom). Assume that D is a non-empty convex subset of
X and K is a convex cone in Y. A set-valued function F: D — 9Y is
called K-midconvex if ‘

—;—[F(x) +F(y)]C F (_x;—_y) + K for all z,y € D.

Equivalently, F' is K-midconvex if its epigraph, i.e. the set
epiF :={(z,y) e DXY :y € F(z) + K},

is a midpoint convex subset of X x Y. Similarly, F is said to be
K-convex, if its epigraph is convex. We say that F' is K-continuous at
a point zy € D if for every neighbourhood W of zero in Y there exists
a neighbourhood U of zero in X such that

(1) F(z) C F(zo)+ W+ K

(*) Entrato in redazione il 2 ottobre 1989
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and
(2) Flzg) CF(2)+ W+ K

for all ¢ € (zo + U) N D. If only condition (1) (condition (2)) is fulfilled,
we say that F is K-upper semicontinuous (X-lower semicontinuous)
at zo. For single-valued functions the K-continuity coincides with
continuity whenever K is a normal cone.

Denote by B(Y") the family of all non-empty bounded subsets of
Y and by IN the set of all positive integers.

The main result of this note is the following

THEOREM 1. Let X be a real topological vector Baire space, D —a
non-empty convex open subset of X, Y — a real topological vector space
and K —a convex cone in Y. Moreover, assume that there exist compact
sets B, CY, n €N, such that

(3) ' U (B, —K)=Y.
nEIN

If a set-valued function F : D — B(Y) is K-midconvex and its
epigraph is closed in D x Y, then F is K-continuous on D.

Remarks. The assumption (3) is trivially satisfied if Y is a locally
compact space (and K is any convex cone). It is also fulfilled if there
_exists an order unit in the space Y, i.e. such an element ¢ € Y that
for every y € Y we can find an n € IN with y € ne — K (we put then
B, := {ne}). In particular, if intK # 0, then every element of intK is
an order unit in Y. Theorem 1 in the case of single-valued functions
extends a closed epigraph theorem proved by R. Ger [4, Th. 1] for
midconvex operators. In the case where K = {0} the above theorem
gives conditions under which midconvex set-valued functions with
closed graph are continuous (in Hausdorff sense). This result crosses
with the closed graph theorems due to Borwein [3, Proposition 2.3],
Ricceri [8, Th. 2] and Robinson-Ursescu (cf. [1, Th. 1, 3, Chpt. 1]).

Proof of Theorem 1. Consider the sets
An={2z€D:F(e)N(B,—K)# 0}, nelN.

We will show that these sets are closed in D. To this end fix an
n € IN and take a point = € D\A,. Then

F(z) N (Bn — K) = 0,
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whence
({z} x Bp)NepiF = 0.

Since the set {¢} x B, is compact and the epigraph of F is closed,
there exist a neighbourhood U of zero in X and a neighbourhood V
of zero in Y such that

({2} x Bn) + (U x V) NepiF = 0.
In particular, for eizery w€ Uy := (z+U)N D we have
({u} x B,) NepiF = 0.

Hence
Fuyn(B, —K) =0, ue U,.

This implies that U, ¢ D\A,, and proves that A, is closed in D..
Now observe that in view of (3) we have

U A, =D.

nEIN

The set D, as a non-empty open subset of the Baire space X, is
a Baire space. Therefore there exists an n € IN such that

intpelpAn # 0,

where intp and c¢lp denote the relative interior an closure in D,
respectively. Since A4, is closed in D and D is open, we infer that
intA, # 0. By the definition of A,, F is weakly K-upper bounded on
An. Thus F is a K-midconvex set-valued function weakly K-upper
bounded on a set with a non-empty interior. This implies that F is
K-continuous on D (cf. [6, Corollary 3.3]).

In [8] (cf. also [7]) B. Ricceri proved that if a midconvex set-valued
function is closed-valued and lower semicontinuous, then its graph
is closed. The following theorem is an analogy of that result for
K-midconvex set-valued functions.

THEOREM 2. Let X and Y be real topological vector spaces,
D — a non-empty convex open subset of X and K — a convex cone in Y.
Assume that F : D — B(Y) is a K-midconvex set-valued function and
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F(z)+ K is closed for every x € D. If F is K-lower semicontinuous at
a point of D, then the epigraph of F is closed in D x Y.

~ Proof. Fix a point (zo,y0) € (D x Y)\epiF. Then yo ¢ F(zo) + K.
Since the set F(zo) + K is closed, there exists a neighbourhood W of
zero in Y such that

(4) (yo + W) N (F(zo) + K) = 0.

-Take a symmetric neighbourhood V of zero in Y satisfying V+V C W.
Since F is bounded-valued and K-lower semicontinuous at a point
of D, it is K-continuous on D- (cf. [6, Th. 3.2]). In particular, there
exists a neighbourhood U of zero in X such that 2o+ U ¢ D and

F(z) C F(zo)+V + K
for all ¢ € zo + U. Hence, using (4), we get
(o +U) % (yo + V))ﬂ epiF' =0,

which shows that epiF is closed in D x Y.

- Remark. J. Gwinner has proved (cf. [5, Lemma 2.2]) that
Hausdorff upper semicontinuous set-valued functions with closed
values have closed graph (cf. also [9, Remark 3.1]). We can give
another proof of Theorem 2 applying this result to the set-valued
function F + K. |

' Similarly we may use the result of Ricceri mentioned above.
Finally we shall present an application of Theorem 1. Let D
be a set, Y —~ a¢ vector space and K —a convex cone in Y. We say
that a set-valued function H : D — 2¥ supports a set-valued function
F:D—2Y at a point 2, € D if H(zo) C F(zo)+ K and F(:v) CH(z)+ K
for allze D.
The following theorem is a generahzatlon of a standard result
for real-valued functions.: '

THEOREM'S. Let X,D,Y and K be as in Theorem 1. If a set-valued
function F : D — B(Y) has at every point of D a K-midconvex support
with closed epigraph, then F is K-convex and K-continuous on D.

Proof. Fix points z,y €D and take a K-midconvex set-valued
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function H supporting F at (z + y)/2. Then
1 1 ) .
Fz)+ F(y)] C g[H(ﬂ?) + K+ H(y)+ K] C

5[
CH(M>+KCF<{E;y>+K,

2

which shows that F' is K-midconvex. Now observe that

epiF = () epiH,,
z2€D

where H, denotes a K-midconvex support of F at » € D with
closed epigraph. Consequently, epiF is closed in D x Y. Since F is
K-midconvex, this implies that it is K-convex (cf. Borwein [2, Prop.
1.13]). Finally, by Theorem 1, we get that F' is K-continuous on D.

REFERENCE?S

[1] Aubin J.P, Cellina A., Differential inclusions, Set-valued maps and
viability theory. Springer-Verlag, 1984.

[2] Borwein J.M., Multivalued convexity and optimization: A unified

" approach to inequality and equality constrains, Math., Programming 13
(1977), 183-199.

[3] Borwein J.M., A Lagrange multiplier theorem and a sandwich theorem
for convex relations, Math. Scand. 48 (1981), 189-204.

[4] Ger R., Convex transformations with Banach lattice range, Stochastica
11 (1) (1987), 13-23. '

[5] Gwinner J., Closed images of convex multivalued mappings in linear
topological spaces with applications, J. Math. Anal. Appl 60 (1977),
75-86.

[6] Nikodem K., K-convex and K-concave set-valued functions, Zeszyty
Nauk. Politech. Lédz. 559 (Rozprawy Mat. 114), L6dz1989..

[7] Ricceri -B., On multifunctions with convex graph, Atti. Accad. Naz.
Lincei Rend. Cl. Sci. Fis. Mat. Natur. 77 (1984), 64-70.

[8] Ricceri B., Remarks on multifunctions with convex graph, Arch. Math.
52 (1989), 519-520.

[9] Sterna-Karwat A., Convexity of the optimal multifunctions and its
consequences in vector optimization. Optimization 20 (1989), 799-808.

Department of Mathematics
Technical University

PL -43-309 Bielsko-Biala
Poland



